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In the classical theory of electromagnetism
there are 3 vector fields and I function

.

Fields Function

E-- electric field F- charge density
B-- magnetic field
F- current density

These are related by four equations :

Gauss
•

law : dive =p
( No magnetic monopoles) : div 1.3=0

Faraday's law : Cert E=-3¥_
Ampere 's law :

curl B-- 3¥ + J



We now want to understand

electricity and magnetism from
our new perspective .

Spacetime :

1124 with coordinates × ,y,z,t
and volume form dtndxndyndz

We will need a new dictionary.
Previously , we used

141123 ) ± IR dim 131=1

1111123) E R
's

dim (E) =3

1211123 ) I 1123 dim (2) =3

1311133) EIR dim (3) =1



In spacetime we'll focus on

A- ( IR" ) ± IR
"

d.im/I)--4A4IR4)--1R6dim(I)--6
1311134 ) ± IR" dim (5) = 4

We note that # :ÑlR
" ) -141124 )

(and also & :Ñ( IR" ) →141124) )
we will need a new dictionary
to understand the relationship
between forms

,
fields

,
and functions

.

2-forms
"

Bivector
"

fields

4- dxndt We dyndz VII.f)
Vzdgadt + wzdzndx wtx.tl
Vzdzadt wzdxndy



Hodge star (modified for Lorentz metric)

4-dxndtwt-dy.no/zw,-dxndt-Edyndz@vzdgadt+WzdZndX--Wzdyndt - vzdzadx
Vzdzadt wzdxndy wzdzndt - vzdxndy

or

* ( ÑCI ,t),WC×,t))= (waist) , -Vlxit))

3- forms field + function

4- dyndzadt (JCE.tl ,fh%t))
W=+Vz dzndxndt

+Vzdxndyndt
+ fdxndyndz

field + function1- forms

v±d×
(JCE.tl ,fh%t))

w=
+vzdy
tvzdz
tfdt



While
4- dyndzndt - v±dx

fqqqq
+ V2 dzndxndt - vzdy
+ V3 dxndyndt

=

-

vsdztfdxndyndztfdtorhq@tfCJCx1.fCID-C-VCIJ.fCID
.

Now ol is kind of interesting :

Vzdgadt + wzdzndx¥÷:÷÷÷÷.tl?Ig-3I+?IE)dyndzndt
+ (3¥ -3¥ +3¥) dzndxndt
+ (3¥ - 3÷ +3¥) dxndyndt



+ ( 3¥- + 3¥ +3¥) dxndyndz
or

d l Thi
,
t)

,

Ñlx
,E))

= ( 0×8 hi
,
t) + It Ñciit )

,
☐ •Ñ exit))

while

V1 dy n dzadt

+ Vz dz nd ✗ ndt

d l + V3 dxndyndt )
=

+ f dxndyndz

(}÷, + ¥5 ?Éz - %É) dxndyndzndt
or

d l Ñciitl
,
fix

,
t )) = ☐ •V - 3¥



In classical physics , we had the
electric field ÉGJ

,
t) and the magnetic

field BCI
,
t)

. Together, these are
the

"

electromagnetic 2- form
"

W
.

W c- ( É II.t) ,BET ))

The first equation is

dw=O<→ ☐ ✗ E +¥-13 -- O lFaraday's law)
D. 13--0 (no magnetic

monopoles)



The second object is the
" current

charge
"

3-form
,
which describes the

motion and density of electrons

Q <→ ( Élxit )
,
-plait))

r e
current

charge
flow density

The second equation is

dC*•kw ) = 9 ← dl Bait) ,-Écxit)

<→ 7×13 - §zÉ=J (Ampére's Law)

- D. E = - p ( Gauss ' Law)



Now
"

to solve Maxwell 's equations
"

means , basically,
"

Given current flow (J ) and

charge density ( p ) , find
the corresponding electric
and magnetic fields ( E ,J ) .

"

or
,
in our new language ,
"

Given the 3-form ⑦
,
find

a 2 - form w so that

d l taw ) = ⑦ and dw = 0
.

"

we will now outline how
this

may
be done .



Since dw =0 on all of IR"
,
F some

1- form ✗ so old EW
.

Now ✗ is not unique , since

d(at df ) = da + d(d#
°

= W

for
any 0

- form f. So let's

choose f craftily by solving
the PDE

(d** d) f = - d*•a

and let 13 = atdf . Then

d•P=w ,
DAH B- = doba + d*•df

=d**x - oka

= 0
.

This trick is called
"

choice of gauge?



Now suppose

B = A±dx +Aidy + Asdz + Qdt
Then

B)3 = A, dyndzndt
Az d z n dxndt

As dx n dyndt
__ Q d × n dy nd 2-

and

0 = d ARP =

=/ 3¥ +3¥+3¥ + 3¥ ) dxndyndzndt
⇒ I + ¥;+3¥ +3-9-1=0



Further 0113 -- W , so

(d.Bad)p = dta.io

= ⑦

So we have learned that we

may define B to be the unique

1- form so that

(dBA d) 13=0 , 01*13=0 .

And then obtain W by computing
dB .

In more familiar terms, these

equations become

A- 321--2=-9
A -2¥ =p }w"e

equations



The field A is called the
"
vector potential

"

while 9 is

called the
" scalar potential .

"


