
Continuous and Discrete Differential Geometry,
Notes 1: Plane Curvature and Curve Shortening



Definition. Parametrized curve,

regular parametrization.

Definition .

T
,
N , K.

Theorem . If TCt) :=t pp and
N(t) : = T(t)- then

KIt) : 4γtB
If I'(t) /1 = 1 , simplifies to

K(t) = (N(s),T'(s)).



Som neat results about K(t)
.

Proposition. If P(s) = angle between

TCs) and horizontal , then

Sa
'

kes) ds : φ (b 2 - φ Ca)
.

Proof. Differentiate cos(9(s)) = <T(s) , * )

and solve to show 9's) = (((s) .



Note. When the tangent winds
more than once

Uls)

e around the
㉚

⑧ rlb ) circle
,
we have

Ulal to be careful !

Proposition. If I is a closed,

embedded curve , then (((s)ds = 2T.



Note. Actually a corollary of

出ん
theorem. If U(s, t) : 5

*

x [0
,1] is a

smooth map wit Uglsoit .) #8 for

all (soto) , then the total curvature
of U(s ,

O) and 81s , 1) are equal.

Extension. (Planar Gauss-Bonnet)

If2 is a domain in RR2 with

smooth boundary 22
and n holes,

名KCs) ds = 2t (n + d ) .



How do we generalize to polygons?
¤

여옳 를→Tvi
A> . ¤
Definition1 . The discrete curvature
at a vertex of a polygon is the

turning angle. Oi

Motivation .

If Sg(x) dx = G(b)-Gla)
for all (a,b)

, and is differentiable

euerywheretheng ( x)= G '(×) 。



If there is some Radon measure-
so tha (% = G(b)-Gla) for all

(a,b) we sayI
is the distributional

derivativeof G.

Idea1
.

((s)ds is replaced by a measure
with atoms at vertices

,
while K .

(s)N(s)
is a vector measure with atoms so

" vector

"TCs) := atomic"measure at
corners.

vector atom\,ralve
of

at V,



Length Variation
• More formally, consider an arbitrary change in the curve γ, given by a 

function                                with                                  .

Note that "PIs)" := atomic cular
measure at corners

· value of atomic scalar_ measure at Vi
成¤

second idea. Length variation.



Length Variation

• Therefore, the motion that most quickly decreases length is                .

• More formally, consider an arbitrary change in the curve γ, given by a 
function                                with                                  .
Then

normal
of γ

curvature
of γ

variation

Prove it here (if time permits)



Gradient of Length for a Discrete Curve
• To find the motion that most quickly increases the total length L, 

we now just sum the contributions of each segment:

• Using some simple trigonometry, we can 
also express the length gradient in terms of 
the exterior angle 𝜃i and the angle bisector Ni:

We can compute VLength as a
function of the vertex positions.



Discrete Curvature (Length Variation)
• How does this help us define discrete curvature?

• Recall that in the smooth setting, the gradient of 
length is equal to the curvature times the normal.

• Hence, our expression for the discrete length 
variation provides a definition for the discrete 
curvature times the discrete normal.

(length variation)

A Tale of Two Curvatures
• To recap what we’ve done so far: we considered two 
equivalent definitions in the smooth setting:
1. turning angle
2. length variation

• These perspectives led to two inequivalent 
definitions of curvature in the discrete setting:
1.  
2.

• For small angles, both definitions agree (sin(ε) ≈ ε).
• Is one “better”?  Are there more possibilities?  Let’s keep going…



-

U: r(b)

~∵m～
proposition. (Steiner's Tube Formula)
If Uls ,t) : = j(s) + +N(s) then

b

Len(y(s ,t)) - Len (jls ,0)) =t KCs) ds.Jo
pro

. Uls, t) = U'(s) + tN'Cs)

= T (s ) - ERT (s )

= ( I - ER ) TLs)



0

Len (U(s,t)) = SA-tK(s) ds
= Len (γ (s , o)) - tS

.

"

kis\ ds
.
四

We can offse polygon edges by t.

tt t t

circle arc straight line

Length =- > 0; tsingil xtsingilz

curvature = Qi

same as (A ε ε

&

O
Length= 2t sin Oilz

、 curvature = ZsinGi/2
α

same as K2



The choicT leading again toI:

Definition. The tangent cone to a

set A at Xo is given by

T* X - EOEIR
" YAXi → * , * itX }

Ci →0
,
Cixo

stci(Xi-x) =T

The nnormal cone

NxX = { πε 1R^| V ε+xλ, <δ, ω
)≤ 0 }.

↑xX
=Fous
in NxX

x: ---- NxX

λ



Definition .

If XCRY then Xx is

XE = EYER' IJXEXSt . Iy
-XKE3

.

Definition .

A subset X of R2 has

reach -> if every element of Xe

has a uniqu nearest neighbor in X.

Theorem (Federer/Morgan Steiner formula).ー

If X is a compact set of

positiv reach .

in 1R? then

よ (
*) = よ (D +ε( 2 X) + ビfŵ

Nx

wher w measures length onS
as long as reach (X)

.



Osculating Circle

• One final idea is to consider the 
osculating circle, which is the 
circle that best approximates a 
curve at a point p

• More precisely, if we consider a circle passing through p and two 
equidistant neighbors to the “left” and “right” (resp.), the osculating 
circle is the limiting circle as these neighbors approach  p.

• The curvature is then the reciprocal of the radius:

p

r

p

Discrete Curvature (Osculating Circle)
• A natural idea, then, is to consider the circumcircle passing through 

three consecutive vertices of a discrete curve:

• Our fourth discrete curvature is then the reciprocal of the radius:



TURNING ANGLE

Playing the Game

• In the smooth setting, there 
are several other equivalent 
definitions of curvature.

• IDEA: perhaps some of these 
definitions can be applied 
directly to our discrete curve!

• Actually, all four can—and 
will have different 
consequences…

LENGTH VARIATION

STEINER FORMULA OSCULATING CIRCLE

Proof. The law of sines
B

最A
=品B臨に 2R

so setting A :T-Oi
A and a = Wi

,
and

solving for YR ,
we

get wi
ー = 2R
sin (TT-Oi)

and * asini , as claimed
.I



"Curve-shortening" flow .

Suppose we define a flow on

plane curves by letting F(xit)

be a solution to the
PDE
^

Fe = TF + KN T5 = 27)Kds.
whereds is integration wrt arclength
and F(x

,
0)= (x) is a curve of length

ZTT
,
and N is the Frenet normal.

Lemma. The lengthof F(x,t .)) = JT.

Proof. The rhs is parametrization

independent , so wlog assume that

x is the arclength parameter.



Then

Len ( F (x、 t ) ) =表 、
F)
”
dx

= }。Fxε,F》 dx
=>

) (Fex ,
Fx> dx

= 哉兆F + KN )、 F×> dx
=> ([TT + kxN = k(KT)

,
T) dx

= S 5 ~- x㎡ d×= 0 .

recalling that x is an arclength
parameteron U.H



Note : If U(s) = F(s , 0) is the unit

circle
,
the right hand side is

8

.

FEF JEF + xN

= F + N = 総]器[] = 0 .

Note : We know Jkds = 21 for any
embedded closed curve

,
so by

Jensen's inequality ,

K
2
= * { x㎡ds ≥( < ds} = 上 。

Lexpectation
ar ke

)( Coquare
of

xpectation
equality [ > K

2
= *

becaus f(x) = x2 is

strictl convex.



We want to show

Theorem (Gage, Grayson,... (

The flow converges to the unit circle ;

all intermediate curves are smooth,

and if the initial curve y is embedded,

so ar all intermediate curves.

chords and arcs.
d (p ,9,
t)

_~Flait
⑧

Flpt)
((p,9t) = length of shorter arc.

For the unit
l=θ

circle
,
we again

have the ratio . & b= 2sin*/n



Definition. Let

f(x
,t) = Zet arctan (et sin (x/z)).

andabbreviate

E = e
-
tsin(x_) Q = I+ ZZ

Ca coS ( X 12 ) σ asin (×12 J = etz
.

Proposition. For each tEIR , if + f x ,+" fxx
( ) FCO ,t) = F (25, t)= 0 OLFCX, t]<2sin (iJ <x
FCX ,t ] = FC25 - X 、 E )

Ci ) F '=z 1
θ
“

=

-
+ ze

)

-eなez
'

Off 1 on +" strictly concave
Co

,
TJ on [ 0 , 2153

FY5) = 0

(iii) Ifweletg (z) := arctan - - EI+z2 )

ft = 2etg (z) ,glo ) = 0 ,g'(z)=O
and limf (x

,
t) = 2 sin (x/ 2)

,
limfCxst) = 0

.

->-0 tsr∞



(iv (strict subadditivity) If x ,40 ,
and xty ? 21 , then

f(xty, t) <
f(x,t) + fly ,t)

(v) (Taylor expansion) For a>0 ,
x+0

flx , 、 - loga ) =×一
×
3 + OLXs

(vi f-xf' > 0 for xx (0x2T)
.

Proof of (ii)
. Looking back at our

definitions
,
we have Z= e -too

で = etcos ({) 。 麦麦ec
and

f = Le arctan (z)
ㆀ

F
'
= 2et、我起E 愛



Now

c= coS (×12) =⇒ Ca -sin(×h ) -12 = -2

while

Q = I + zC = 2 Q = 2ZZzE .etc

Now

= 貴一量に 最機一。

Proof of (iii) . Note Ze = -E.

ft = 2 et arctan (z) + 2et路
= 2et arctan( z ) -2et政
ュ 2etglz) 。

Now



as a function of z,

g
' (z) = 政 ー (起

しはz')
= (*+Z^ )-

zeyz

=れる O

and
g (
o) = 0 - 1= 0, so g(z) s0

for all 7.

Note that this means that

↑ (1
,
+) increases monotonically

in t from 0 toGsin(1/2)
.



Definition. For any
fixed time

curve
,

let 1 and d be its length

and chordlength functions and let

alpiq) = {
o
,

if odlp.9 ) ≥ 2sin
(e_ )

e%, if 0 < d(p,9) < Isin (9/2)

where we define 8. by d= 11
,
-0
. )

and assume PF9

Note that for any
b > 0

, fixing (p,9)

alpiq} ≤ b =⇒aCp,q ) = 0onalpoa )-
e
:

In the first case,

↓> [sin(1/2) > f (1 ,
+) for anyt

In th second,



but f(2 ,
-) is increasing in the

second argument , so

=> f(1, -0.) > fll , -logb)

=> d fCl
,-logb).

The converse issimilar
.

erLemma. a (p .9) extends continuously
to the diagonal with

a (p ,p ) =max
In particulara = sup a (p ,9) <8.

orollary . With E = loga , at5 =0

d (p,9) > f(((p ,9) , -E)



This lets u finall state our
main tool.

(Andrews - Bryan Comparison .) For

any
- > 0 and all p ,gES, the

chordlength and arclength functions

d (p ,9t) and ((p , 9 , 7) obey

d(p, 9, t) > f(l (p , 9it) , t-E)

Note that if ((p .9) > 0 ,
so is the

right-hand side : in a quantitative
sense the flow preserves embeddedness!



Proof. Welet K > 1k(p ,t)) on [O ,
ti],

Zx (p, 9 +) := d(p , 9 t) - Xf(e(piqt) , t-E).

where IE(0 ,1) , (p ,
t) = 5

*
x [0 , +1].

Lemma
.

(Lower bound on 7x near diagonal)
Let 10:= min (T/K

,
STIK ,

T/2)
,
then

for t > [0
,71] , p , 9 with ((p ,9) ? lo

Zx ( p . 9 、t ) ? % (*_λ ) e (p. a、t ) >

Proof . Step 1 .

Let y be

a unit-speed reparametrization of the
portion of F(s

,
t) between p and 9.

TCo) T(s) = (cos0(s) ,sin(s)

서
≈

· Fla
,
t) = j (l(p,9t))_

㉚

/ FLpt =γ Co)



The curvature of is ? K , so

10(s)- 010)/ < Ks along this arc.

(Since
. sclo ? */K , this angle is

< T
.)

d = IIF (at) - FCp,t)/)

= 11 FCa 、t) - FCP ,J
1 l11 T (o) l 1

s < Flqt) - F(pit) ,TCO))

=> [jll)-8lo) , Uo) >

= < ? 's) ds , U'10)
= 」

。

<γとs) 、 γ とo) > ds

= Scos ( ALs) - θ (oDds



= Scos(101s)-GII) as
s is even

But cos is decreasing on [0 ,
],

and 10(s)-oOKs on
10

,
1)

,

㉚

↳ S. cos (Ks) ds
=上
≥ e -

K

율
Note : Could be

= l 一- improved to 2sin (K1/2)
which is? sin (Kl) .



Now by your homework , f(l ,t) 1 ,
so

Zy ? 6-l ? 1-71-
= (*λ ) ( l-」)
= (* λ ) e ( *-)

Now 1 lo ? TLFx)/K by construction,
SO

上一翔 ” “一成響竺一に 以
2

and we have

入麦 ( 山λ) e 20 . 四



Big Picturee Curvature bound lets us
control behavior near the diagonal

(part of the boundary) .

So consider

M(t) :

=
min { Zx (p ,9it) /p,ghave]

eCp.9) ? lo'

When t = 0 , we know (corollary) that

d(p,9) > f (l (p ,9) , -E)

SO

Ex ( p , 9 ,
0

) = 4 ( p, a、 0) - λ FCl( p、 9、0

)、-E)

≥( - λ ) F ( l 、 -E )

Now f is increasing in 1 on [0 ,T]
and symmetric around T on [0, 2T]

,
so

its min on [1o
,
24-1o] is at lod

int



but we know fllo ,E) > 0 , so

Zx(p , 9, 0) > 0 when ((p .9)3 lo.
'

'

So we have M(0) > 0. Now if

M(t) > 0 for all-
>> [0 ,+1]

,
then

we're done.

The rest of the proof is devoted

to showing that the other
case

is impossible.

Let to be theFrst time M =0

and suppose Zy(p, 90 , to) = 0 .
We

know (barrier lemma) ((poigoto) > lo.
Further

, since Exppit) > 0 for -to,

死 x( po,90 、
t
0 ) ≤ 0 (λ)



γ

F(90)～Tp to -_ Ta .

d : - d ( po , 9o ,to) 30

FlPoJ

Notice tha FC-
,
to) is still embedded

Iwe hit the barrier function) . Let

ω :,TP -TTpo),T ε=T( 90).
(po , 90) is an interior min of Ex , 50

O = pZx [ p . a.t킹=∞이- λ
미 다

.-
- = -〈 ω ,Tp) +λf

1

0 = 影Zx ( p ; q 、to) =<ω 」Tq> -1
"

카나



which means that

<ω,Tp >=<ω,Tq >=λ
F

= : ℃
。

'

where we know OCF1
,
so CoE [0 ,X].

Note that x < 1 <=> Tp ,Ta = T , and
λ 20 =⇒Tpota ≠ - ω .

Case 1
.
Parallel tangents.

F

_σ{
<W , Np) = (w ,Ng) +O

so to is transverse to

curve at Po , 90



We see that the chord from Flpo) to

F(9o) meets & at some interior point

F(s). Wlog , we havepos so

11 = 5-Po ( = 90-5

where these distances ar measured

along the arc. Now

((P0 ,90) = 90-Po or IT-(90-po)

while latlz = 90-po .

In either case,

f((1+ (2) = f (l (p. 190))

since f(x) = f(2T-X). Similarly,

11 = ((pos) or 11 = 2T-((pois)
(2 = ( (5 , 90) or (2 = 2T-((5

, 9)
but either way

F(l1) = f (l (pois)) f(lz)= f (l .(s ,90))



By colinearity of FCP, F(s) , F(go),
d (PoS) + d (s , 90) = d (P0 , 90).

0 = λ
(
p 0、. 90) = d ( po 、 90) - λF ( l (po ,q0) )

= 1 (po ,s) tol (s , 90) - λ FClatlz )

which by f(xty) < f(x) +fly) (homework)

↓
. d(po , 5) - XF(11) + d(s

, 90)-xf(ls)
= d (po,s) - 7f(C(pos))+s,90) -7fI(s ,90))~

Zx (PoiS) Zx (s, 90)

≥ 0

because Ex is 30 for all pairs
at

this time. *



Case 2. Opposite tangents.

,
π FCa0)

.

j >…夜
F [po) ω

STa
We still have <w ,Tp) =<w ,Ta) = xf' = 1050.
Now our mission is to compute the

Hessian of Ex in the arclength variables

p and g , which is positive semidefinite

b/c (Po 1 90) is a global min in (P 19).

d ( p , 9) - < FCD - FID , FQ -FC
》

と

_中 ( piq)= < TCP)、7- FCp) 、 FCa 1 - FCD)》な
side computations ,

< TCp)」 FCp1 -Fq)》 = く 感( p), FCp1- Fl ε)》

+< TCP) ,T(P ) >

=>(KpN(p), F(p)-F(q)) +1



く + ( p)、 FCPJ- FCa]》= - <TCp) 、+(a)>

= ー coS (2θ ) = 4 - 2 c0 sθ= 4 - 2 c:

前 FCa)、 FCp)- F(a)》
= - 麦(

Fp>-Fla ) 、 FCp1 -F1a
)

α<+Cp) , Ftp) - FtooJ2

= - <「 LP)、
に cal.FCpl-y
ー

=
量「 (a
)」F ) -

Flq )(

a) _ FCp)>

, pip) _ FCa》
2

=

- <+ 1a),



These allow us to assemble

中に 常 ( 《 KpNp 、 FCp1-FCq)》 + 山)

+ (TCp) 、 FEp1 - F (a》 ( -<+(p))
=> - (KpNp ,

w) + - -<T(p) ,w)

and
= - <KpNp ,ω>+ ( * - C㎡ ) 。

。に +

+ <+ Cp) , F (0 ) -FCalD< -TCa ) ,FC
9

-

= 告 ( ① - 2 c% + (+ Cp) 、 ω><TLa) , w>)
= 告 ① -2 % +( ℃ ) = 告 ー ( ℃)、



and by almost-symmetry

に+< KaNa ),、 ω>+ 常 ( *-co).
↑
because

2g (T(a), Fla) - F(p)>
= (kqNq , F. (q)-F(p)) + 1

Now we have
+dw

Hd =
- {KpNp,] 0

号 ( *-ca] ][ ]
O + KgNa,>

so computing

C 上-上] [是了] =←
- α][8] = 0



we see that

( 上 -3H 6] : 山 3 [-<KpNp ,
w)

< kaNs , 0>
]

= <KgNg-KpNp , w)
.

Now in our expression for Ex we

also have f(((p,9)) , so

ヨ fCeCp ,9] ] = F
'

CeCp , q) ] lp
q

F( elp, q)] = F (l ( p、 ql) lp
㎡

=> f(e(p ,91) = f"(C(p ,9)) Ipla
aqap
∂z

aa



Now whether ((p ,9) = 9-p or 27-19-p) ,

we have 11p1 = /gl = 1 and Spla= -1.

Thus

HP = F
"
, [

← -*

]I d
and for our variation

,
we just

compute

C - 上上了[↓]] : C*
]没] = 4

and we finally get the second variation

C小灯 み[]=< KqVq-kpNp 、ω> -4入|

≥ 0 。



The endgame begins here...

Recall that we know

O ≥ CZλ
So let's compute

。 にく Fla )-FC0 ) , FCq) - FCP )》
と

= るく ^FCa]- FCP)F 1a)- aF1P》

= く FCa)- Flp]」 FCE) _- F (p)>

+ く F 1 a)- FCp )」 ( qNE- KpNP>

= 5d + (W, KgNg-(pNp)



and

Eel =215dx
= Ce - S

。

“

x(s) ds
.

by our original proof that length is
preserved during the flow .

Now as

afunction of pigit

死入死中一入死 FCl(、q) 、t )

= Td + <W , KaNg-kpNp)
- Xf'(l

,
t).l - Xef !! part

↓ of 2nd

= Td +&TWillaNg-KpNp) variation
- xf' (CT5_ 99([ds) - Xft.



≥ HλF
"

t EC 6 - λRlJt λ楽
'

S
.

'ls -FE
↑
our second variation showed

< W
, KaNg-(pNp>> 47f"

Now Zx = 0 at this place and
time,

so d =λFg s 0

= 入 ( UP " + . (R -F'l ) +%ぐds - Fe )
We know K and f-f'l > 0
_
homework

sO JE ( F - F
'

CJ : E-DCF-FJNT F-FC
> 0

> O

By Jensen's inequality (as before)

idss ( S。
'

kds):響P

the change in

tangents is 20 <T
blc both have

positive dot with w



Homework. If h(z) = (arcos (z)?,

h is decreasing and convex (concave up)

on [0 , 1]. So

“ = (λA) ≥ h (FY
σ xad

F 「
2λf

1

↓ decreasing
so

S0 k
'

ds ; Ih (F)
l

and since f' > O (homework) we have

F'
S

,

'xrds ; h (Fリ
Now h is convex

,
so it lies above

the tangent line at z = cos((/).



At thi point

h (z) = arccos ( cos (
e1_))

"

: ely

while

h '(z ) =-α品二一悲た )
so the line is

g(z ) = 一(el_J( E - coslel_)) + 岸
canl

n(f') > eY-snTel(8'-cos(42).
Thus

F
' S
,

k

'ds ; 望 h (Rリ

↳>fl-tf (f'-cosle)



Now we go
back to

=λ ( UF " + ( R- F' l)+ %永ds- Fe )
and put in everything we've learned.
The blue terms become

, (-)--
> O

- (f'-cos (elz)) ,
'

>(T5-1) (f-f'l) +f-*
'

(f'-cos(42)).
sinlela)

So we finally have

O ≥λ ( C _-4 )( F- F 'eJ + DF )



Where I is the 2nd order nonlinear

differential operator

D [F ] : = Yee + f -1z(-℃cos (l_)]
- ョ F 。

Miracle Homework
.

[(f) EO.

o

O?(52-1) (f-f'l) > O

We conclude that = 1 (remember,

f-f'l > 0)
,
and hence K=1 and

the curve is a circle. But then

d = 2sin (l/2) > Fll) , so

0 =x= - DF> ( *
- λ JF 」 0

(At last ! ) a contradictio to case 2.



This completes the proof. (

We now prov convergence
to the

circle . Recall :

Definition. For any
fixed time

curve
,

let 1 and d be its length

and chordlength functions and let

alp ,q) = {
0
,

if dCp ,al , 2 sin ( elz )

e%, if 0 < d(p,9) < Isin (9/2)

where we define 8. by d= 11
,
-0
. )

and assume PF9

Since d > fll , t-E) = Fle , -loge
* -+)

we hav f(1,-0) > Fle , -logeE-t)
and (since f increasing in +) ,
- 803. -logeE - ta,eseE

-t



Thus

E - t
a (p ,9it) ? e

for all p ,9 and t . Letting gep,

E _ εse
Or

max を 1K台 4 , 0 } ≤ 2 e
- 2 (t-E )

Now T > 1 , so ( 1 for some p
and

max (p2 > 1 .
At that p,

m( ≤ It
2 e2 (t -E )

and we see max curvature decays

to 1 exponentially fast !



Corollary . Var (K) !Le 21-E)

since a)Kds = 1 (embeddedness),

Var (x) = E ( K
)- (生 (K ))

=

LE( K') - d

=□ (K
2
_ 上)

、

But we just showed that

2 e
- 2 ( t - E )

≥ max ( <= 上)

7
. LF ( K

2
- I)

,

Now what happens
to all these

results for discrete flows !


