Continuous and Discrete Differential Geometry,
Notes 1: Plane Curvature and Curve Shortening
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Length Variation

* More formally, consider an arbitrary change in the curve y, given by a
function 7 : [0,L] — R? with 7(0) = 5(L) = 0.

e



Length Variation

* More formally, consider an arbitrary change in the curve y, given by a
function 7 : [0,L] — R? with #(0) = 5(L) = 0.
Then

L

oo lengt(y + ) = = [ (n(s),x(s)N(s)) ds

e Therefore, the motion that most quickly decreases length is 7 = kN.
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Gradient of Length for a Discrete Curve

* To find the motion that most quickly increases the total length L,
we now just sum the contributions of each segment:

VL
Yi
L _ uj+v;
Yi-1 ’)’i—&.—l N;:= [u;+v;|

¢ Using some simple trigonometry, we can
also express the length gradient in terms of V., L = 2sin(0;/2)N;
the exterior angle 6; and the angle bisector N:



Discrete Curvature (Length Variation)

e How does this help us define discrete curvature?

* Recall that in the smooth setting, the gradient of o - —KkN
length is equal to the curvature times the normal. /_',
™

* Hence, our expression for the discrete length /
variation provides a definition for the discrete -
curvature times the discrete normal. 1

kPN; := 2sin(6;/2)N;
(Iength variation) - .\
' /

A Tale of Two Curvatures

e To recap what we’ve done so far: we considered two

equivalent definitions in the smooth setting: ﬂ

ot
O~

1. turning angle
2. length variation

* These perspectives led to two inequivalent
definitions of curvature in the discrete setting: .

1. KlA =0; \
2. kP :=2sin(6;/2) /\\ p .

e For small angles, both definitions agree (sin(¢) = ¢€).
e Is one “better”? Are there more possibilities? Let’s keep going...
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Osculating Circle

e One final idea is to consider the
osculating circle, which is the
circle that best approximates a
curve at a point p

* More precisely, if we consider a circle passing through p and two
equidistant neighbors to the “left” and “right” (resp.), the osculating
circle is the limiting circle as these neighbors approach p.

e The curvature is then the reciprocal of the radius: «(p) = —

Discrete Curvature (Osculating Circle)

* Anatural idea, then, is to consider the circumcircle passing through
three consecutive vertices of a discrete curve:

Yi

0

i
Vit w; 1= |’Yz‘+1 - ’Yi—1|

* Our fourth discrete curvature is then the reciprocal of the radius:

1
kP = - = 2sin(6;) /w;
i
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