


We start with some exterior algebra.
formal

Definition. Suppose ... in is a"basis

for an n-dimensional real vector space.V.

1"(v) = the (i) - dimensional real

vector space whose (formal)

basisiconsists of vectors

denoted

êin ... seik
where 1 < <1 ... p >M.



Elements of 1(v) are called

K-vectors.

Example.

I -der+ 2 esε MCIR3)

281 +1 + Les -> 1* (IRP)

- Zexnes - 3exnes + 3exnert
_

E(1
R

]

Definition. The wedge product
is the bilinear map 1 :1"21
defined uniquely by

Lin ...Ein Lein ...Meistel

=>sgnlo) Eioci . - . Necackte)



where o is the unique permutation
so that these are in canonical order

;

and any input K-vectors
which

have indices in common map to zero.

Example.

( e) n (exner)=neznec β( 1R
3)

e() n (): - exneic( R㎥)

c) n (ez) = exaezt( CIR3

a- dez + 2esInextiecttes )
ㆁ

=xneHexner- dexnes = 3 equer
t 2 xnec- decneOxeraes -3 nez

O Beznes
- Hidnez-2eznes2enes



It's often convenient to write

a K-vector as

Vxn... aYK ,
whereWit V=L

*

(V).

Formally ,
we can compute this by

expanding ou each Vi: (vilje; and

using bilinearity of wedge (a lot).

Definition. If V is an inner product
ー

space wit inner product( ,
>

,
then

1 (V) is an inner product space

with

<Van-_n,n…nur) = det( sWi ,us》。

Gram matrix !



Gram Volume
_

theorem. If Vin ...n =1" (v)
, then

= Vol LuI , . .
,e )

2

where vol(81 ..,Uk) is the signed
volume of the parallelipiped spanned
by ,- ,VcE (V ,

S ,> )

Example< 了、子[ J“ []] : 51 = 27
et II*I'1l:l2 - <*,

2> =

t = Il ilk IllP( 4-cos θJ
J θ …

…

= 11 v×1211× :
?sin2θ

ー
…

。
…

-
…

VΨ
= area?



We can use th inne product to

defin a special n-vector.

vol n…nvil,a.-iinf.bas V
If the inner product on V is defined

by the quadratic form Q
,
this is

VoQ
which is "a unit amount of top dimensional

Example.

vol- in ( IR
㎥

,
<

,
》

standard dot

product



Definition .
If (V ,

<
,
() is an

n-dimensional inner product space,

we define1" ->1" by
an.B =<α ,B> v01

for all2
, so Br = IBIvol.

This is called the Hodge ar.

Examples .
If <, > is the standard

dot product and V = R" then

* êija... nêik = Ejjn ... nêjn-k
so that

( e
'

dn … aeic
)
nCe;san… nEeja-k)



Idea :

睡vqnvi
completes the 、 ↑
parallelogram

→ V2

to a parallelopipedや
"

↑whose volume is '

→

area(V1,Yz)? _
Homework : In IR EnYz = FIXTEN.

Definition. The collection of 1"(V)

together with 1 and form an

exterioralgebra on V.



We now consider the dual space.

Dfinition.

space ,

thFVisa realrecora
V *.= 5 f : V- RR/f is linear3

V * is a vector space with

C -g) (δ J : = FCO ) + g
(O )

and the elements in V
*
are called

"covectors" .

Example. V = Mataxx ,
V=Matixn

F ()= [ F.… 以

[∵]
"row vectors are crectors"



Theorem. If V is a finite-dimensional

inner produt space ,

the maps

"sharp" # : V
*
-> V

,

a (F) =<âtE
"Flat" b : V -> V * WP(t) = <W ,

* >

are isomorphisms (called the"musical"

isomorphisms).

In tensor notation ,
vectors have

upper indices V = (v ..,U") and covectors

hav lower indices , a = (x1 ...kn) and

the musical isomorphisms raise/lower.

D - viei
,

α=α idxi

The theorem (and #,b) apply to Hilbert

spaces (Riesz-Frechet theorem) , so

V = ECS*) ,
V

≈ECS *)



In general , things are more complicated

V = CCS*) VRadon measures
on 5t

by Riesz representation theorem.

For example,

fle SFCxIdx = Lebesgue
measuredx

fie f(T/2) = "atomic" measure
at T/2.

not a map in (L2)
*
because

L2 functions don't have pointwise values.

We now defineforms to be "multilinear,

alternating functionals on K-vectors"



Definition . (1"(V))
*

is the (2)
dimensional vector space of maps:

2: Vx ...
xV -> IR or c : 1" (V) -R

_

K copies

which ar alternating and multilinear.

We write the basis elements for

(
* (v))

*

as ox* ...

dyn where

dyicej ) =δ ij
and let 1 be the unique bilinear

*

map 1" (v)
*

x1" (v) -> 1
*e(v)

*

defined by
^

x*n.… ndxik ) ^(dxik * n … ndxite )

= sinco) dxocn .... adxocktes

lor 0 if any index is repeated



where (as before) o is the

unique permutation that puts

these indices in ascending order.

Fact . 1 is associative

Uefulformula: Given dxitn ... ndxk zw

we can evaluate w (v1..., k) by

taking the determinant of the kxK
matrix obtained

1 by selectingdetfi coords (1, .., ik

of the Yj.
VVs



But what does it mean to evaluate

(dx
*

ndx2) (5 ,W) if V is 3-dimensional?

7
ez

갠

_7ez
_ _
,

et
⇌

Geometrically ,
this amounts to

"project V and W along the es

direction to th E1 I Ez plane
and compute signed area of the

projectio as a fraction of

the area of theex, ez parallelogram."



Eact .
If 91 .., &p are 1-forms and

↑
1.- ,k are vectors ,

then

の… n α x )(u *、- … 、VK) = de+ [ aicv; )]
Note : at no point have we used

the inner produc on V .

That's

about t change.

We alread know one duality
which is independentof > .

Λ
a

( V ) = N (V )
one-for one-vectors

dxi ej



Here'sanother :

Λ
.

(V ) ≈ Λ← ( V )
one-forms one-vectors

_

b

ei ←s i

·
where we recall that ei(v) = <vei)

and that M(V) =V " as these

are clearly linear functionals (and
alternating doesn't mean anything
when there's only one argument) .



Definition .

If (V
, < )) is a

real n-dimensional inner product space

and ("(V) ,
> , >) has the induced

inner product on K-vectors
,
the

maps forms d
vectors

↓

#:
" (V)

*

- 1"(V) (sharp)

defined by

α ( Van…ΛK): =<α
,

Va.… nvie)
and

b : 1"(v) ->1" (V)
*

(flat)

vectors Forms

defined by

WanC…nVWR
)
' C.

.
.

'
k) = Lwin.nWicVaa.ik)

ar vector-space isomorphisms.



Lemma. Suppose ( α*^…n
α

“ )εとv )
*

where the X' are 1-forms. Then

(α“n… nα
k )=α*

'
n… nα

kb

Homework,

definition . If (V, ,
)) is an

n-dimensional real inner product

space , thenthvolume form

dVol =Ntetfii,eis]dxtn...ndx

Lemma
. (dVol)"= vol and vol= dVol.

Proof. Homework.



Definition. The inne product on

1(v)
*

is defined by

K-forms (W,7) : = <w*, 2
#>

where the right-hand side is the

inner product on 1 (v) .
& K-vectors.

We now have natural bases

vectors ㅣ covectors

b

exi … sen → e. … , en
ㅣ

Jei,ej) = gij = (e?, eb >

ㅣ
et,

...,
e"> dx*,..., dxn

< ei ,e
; ) :

'

gij - < dxi
,
dxi>

ㅣ



where gis =(gij, the ij-th
element ofthe inverse matrix.

Proposition. dxi (v) = vi =(dx, >
and [dxidxi) :=< dx *,dxi

imply (dx" ,
dx = gi

Proof . dxitej ] =δij = < dxities?
Now (ox")#- cen for some <it
So

δij - < ciker,
e

'
j,)

= (ik9kj
expanding by
linearity ,

this is

[cikLexie;
K

= cikgies



Read asa matrix equation,

In = cg

wher g = [ 9ij] is the Grammatrix
of the Ei (or the metric) and

c = [cij] is the matrix of
coefficients. But in this

form,

it's clear that c = g
*

as matrices .

Now consider

< dx、dxi>: = () #、 (dxi )
*
>

=< gikek
, gibee



a double sum
= gik giegreEgigige

=gikgcegie ←(☆ s
matrix product

= Diegie z Diege of gt and g,
il-entry

= giie gse
= gij= (AF)T= (AT) *, so inverses

of symmetric matrices
are also symmetri D

Note : It's reasonable to worry
abou whether [Sij]

*

= [gij] really
defines an inner product . We already
showed that it's symmetric.



Since th eigenvalues of [gij]
*

are the reciprocals of the eigenvalves
of [gij] , they are positive as

well
, so [gij]

*
is also positive

definite.

Definition. The Hodge star on forms

is the unique map :1"(v)
*

->1
""

(v)
*

defined by
&n* B = (x,() dVol

where <, > is the inner product
on forms defined above.



Example . (easy

* dx " = =Wet[gij] dx1n ...nox ;a ...noxn

Example (harder).

Let's compute xe?. We know

ej
"
axe "

-
< ej'
.
ei "
>
dNol

=(e;,ei) dVol

= gij dVol.

and we also know that

dVol = vol"

)=の”
=en …nenb



which means that

*e (iP ) :gea.
…nen … nenb

Notice that if the E; are orthonormal,
this reduces to the previous formula.

We are now ready to transition

from "K-vectors and K-forms"

to "K-vector fields and differential

K-forms."

You will spare yourself much confusion
if you keep repeating "a differential

form is a vector-valued map
into

the vector space of K-forms. "



efinition. A Riemannian manifold

is a smooth manifold M" together
with a smoothly varying choice

of inner produc glp) on each

tangent space TpM.

A differentialform on the

manifold isa smooth map

y : M -> 1"(TpM)
*

where TpM has inner product g(p).

We usuall assume that M is

parametrized by a map

X : Uc/R"- M



so that U is open and X(8) =

p

.

The coordinates on U are x.., x"

and the corresponding basis vectors

fo TpM are 5x ...,2xn = ex...,en
dual 1-forms dx*

..,
dx?

Each

そ a fid, ik dxian … ndx :
K

where the coefficient functions

ar smooth functions

fidi- , ikiU→ IR
of th local coordinates X..,


