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Definition. Let ey, ..., e, be the basis for an n-dimensional inner product space V. For each integer 0 < k < n, let /\k
denote an (})-dimensional vector space with basis elements denoted by e;, A - - - Ae;, for all possible sequences of indices
1<1i < --- < iy < n, corresponding to all possible “axis-aligned” k-dimensional volumes. Elements of A® are called k-vectors.
The wedge product is a bilinear map
k 1 k+1
Aeii N XN\ = A

uniquely determined by its action on basis elements; in particular, for any collection of distinct indices iy, . . ., iy,

(€5 Ao Nei) A (€ Ao Aei,,) = sg0(0) ep(ipy A+ Aeggiy, )

where ¢ is a permutation that puts the indices of the two arguments in canonical (lexicographic) order. Arguments with
repeated indices are mapped to 0 € A“*'. For brevity, one typically drops the subscript on A ;. Finally, the Hodge star on
k-vectors is a linear isomorphism
k =1
o N = A

det(a A *a) =1

uniquely determined by the relationship

where « is any k-vector of the form a = ¢;; A - - - A¢;, and det denotes the determinant of the constituent 1-vectors (treated as

column vectors) with respect to the inner product on V. The collection of vector spaces A¥ together with the maps A and x
define an exterior algebra on V, sometimes known as a graded algebra.
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