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Euclidean Distance Geometry

by (2)is p.s.d., then D is Euclidean. However, it has not yet been demonstrated that this
is a necessary condition. To do so consider the vector ¢ such that 'L = 1. then

(-0l —1s)y=1-1r

‘_._
'
o

and
(= e — 1Yy =0 — 1D —117).

This shows thatif(2)is p.s.d. for some ssuch that 'l = | and s'D # G thenitis pos.d. for
all such s. Since for D to be Euctidean F must be p.s.d, for some s, we have now shown
that it must be ps.d. for all s. Thus we have shown the following.

Theorenr 2. D is Fuclidean i1 (2) 1s pos.d, Tor any s such that s'1 =1 and s'D # (.

From this theorem we can derive a result given by Blumenthal (1970). When Fis p.s.d.
then forall non-zero vectors x, x'Fx = 0. When 3’1 = O wecan set x = ytogive y' Dy =
y Iy 2 0. Conversely il "Dy 2 O, for all y such that y'T =0 one mayset y =/ — s1')x
for arbitrary xand x'1 = 1. Hence x'Fx z 0 for all x. Thus a dilferent way of expressing
necessary and suificient conditions for D to be Euclidean is that y' Dy = 0 for all y such
that y'1 = 0. This form is less convenient for constructive work than the version basexd
on {2} given above.

The geometrical interpretation of (3) 1s straightforward. From (2) it follows that
(I — 1) YY(] - t17) gives anew set of coordinates in which the origin is translated from
the origin of ¥ by anamount £ ¥, The interesting thing is that the starting origin of ¥ s
irrelevant. Aflter translation, the new origin is always such that £ Y = 0. a fact that will be
cxploited in the next section. Different decompositions may be used to give different
orientations of axes for the two solutions. but these have no effect on the amount of
translation. Thus all the solutions generated by diflerent values of s are equivalent (as
they must be) and represent translations in the smallest space that holds the
coordinates. These equivalent solutions correspond to only a subset of those generated
by ¢. which allows Y to be represented in more dimensions than the minimum required.
Further, even when D is Euclidean g generates some inadnissible solutions as can be
scen by taking ¢ = 0. From (1) we have that 2g = diag( Y¥")1 showing that 2g, gives the
squared distance of P, from the origin and hence must be positive, but there are further
constraints on acceptable values of g. The exact refation between g and s is complex.
but when det D # 0 things simplily 10 give some interesting results. Equating the
diagonal elements of (1) and (2) gives

g = {s'Ds)1 ~ Ds
so that
s=4yDsi D" "1 =D 'y
yvielding a quadratic equation [or « = {(s'Ds)
1D =291 + 1D 'y + ' D7 g
The condition for this equation to have equal roots is that

M=l +1D gy —(I'D™"1)g' D" 'g)=0



