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Factorization of the residual operator and
canonical decomposition of nonorthogonal factors in
the analysis of variance

By A. T. JAMES
University of Adelaide
AND
G. N. WILKINSONY}
C.8.1.R.0., Adelaide

SuMMARY

A factorization is given of the residual operator for nonorthogonal analysis of variance.
It is interpreted geometrically in terms of the critical angles between the subspaces de-
termined by the factors. The factorization determines a recursive procedure for analysis
as described by Wilkinson (1970). Canonical components are defined and a method of
computing them is given together with formulae for their variances, since these would
be required for combining information, as for instance, in the recovery of interblock
information.

1. INTRODUCTION

Consider a simple randomized block design with ¢ treatments assigned in b blocks of ¢
plots,and let B and T be the operators on a vector of observations which replace the observa-
tions by the corresponding block or treatment means, respectively. The residual operator R
which produces, from the vector of observations, the vector of deviations from a least
squares fit of the usual additive model comprising block and treatment effects, can be
expressed in the factorized form

R=(I-T)I-B)=I-B)(I-T) (1-1)

in which I denotes the identity operator.
Similarly, for a balanced incomplete block design, one can deduce from the relationship
algebra of the design as given by James (1957) the factorization

R =(I-B)(I-¢1T)(I-B), (1-2)

where e = (At)/(rk) is the efficiency factor (Yates, 1936) for the design with parameters
b, k,t,rand A = r(k—1)/(t—1).

A general recursive relation for specifying factorizations of the residual operator of the
kind illustrated above was derived in an unpublished paper by G.N.Wilkinson and is
applicable to generally balanced designs, that is, in which each factor of the corre-
sponding model is characterized by a single efficiency factor. The factorization of the
residual operator determines a sequence of sweep operations on the data vector, for instance,
(I-B)and (I—e1T)in (1-1) and (1-2) above, in each of which a set of effects are calculated
and subtracted from the input vector as described by Wilkinson (1970).

1t Now at Rothamsted Experimental Station.
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280 A.T. James AND G. N. WILKINSON

The authors independently obtained generalized factorizations applicable to any ex-
perimental design. These derive from a polynomial relation for the residual operator which
is stated and proved in this paper. If R, is the residual operator corresponding to a fit of
a linear model up to but excluding a current model factor and R is the residual operator
corresponding to the extended fit including this factor, and if M is the projection operator on
the subspace spanned by the incidence vectors for the parameters of the current factor,

then R = P(Q)R,, (1-3)

where Q = R, MR, is termed here the shrinkage operator for the current factor, and P(Q)
is the reduced minimum polynomial of the operator Q, normalized with constant term I;
see §4. The correspondence with the particular relation (1-2) above is

R,=1-B, Q=R,TR,, P(Q)=1I-¢1Q.

The derivation and interpretation of the fundamental relation (1-3), in relation to an
experimental design, depend on the geometrical interrelations of the vector subspaces
defined by the incidence vectors for the factors in the corresponding model for analysis, for
instance, the block and treatment subspaces in the examples cited above. The charac-
terizing geometrical properties are summarized by a canonical decomposition theorem for
vector spaces, due essentially to Jordan and to Hotelling (1936). In § 2 we give a formulation
and proof of the theorem in terms of projection and shrinkage operators.

Parallel results have been given by Mann (1960) who obtains them by analysis of the
relationship algebra of a design with two nonorthogonal factors.

The significant implication of the decomposition theorem is that the analysis of variance
for an experimental design is characterized by the canonical correlations between the sub-
spaces corresponding to factors of the model. The roots of the polynomial P(Q) in (1-3),
which are the distinct nonzero eigenvalues of the operator Q, are termed the canonical
efficiency factors for the corresponding factor of the model. The complements (1—e;) of
the canonical efficiency factors e; are the squares of the canonical correlation coefficients
between the subspace defined by the current factor and that defined by previous factors in
the model.

2. A CANONICAL DECOMPOSITION THEOREM FOR VECTOR SPACES

The following results are needed.

A subspace  in a vector space R”, uniquely determines the orthogonal projection
operator E,4 upon it. The linear operator E, is idempotent, E} = E, and symmetric,
E; = E,. Linear operators can be considered either as matrices with the vectors upon which
they operate written as column vectors, or as linear mappings of vectors, e.g. the averaging
operators B and T above. Conversely, an idempotent symmetric linear operator A uniquely
determines the subspace %, upon which it projects as its range, i.e. the set of vectors of the
form Ax for xeR”, Hence A and % determine each other, A « %,

R(A)=U%, A=E,.

The operator A = I— A, which projects orthogonally on the orthogonal complement,
A(A)L, of Z(A) determines % as its kernel, % = o#°(A), i.e. the set of vectors ueR” such
that Au = 0.

The range and kernel of a symmetric operator A are orthogonal and span R?;

R™ = Z(A)@ A (A).
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Consider orthogonal projection operators A and B in the vector space R” and the related
symmetric operators ABA, BAB. We have first

LemmA 1. The distinct nonzero eigenvalues of ABA and BAB are the same, with the same
respective multiplicities.

Proofs of this, the subsequent theorem and its corollaries are given in the appendix.

Denote the common nonzero eigenvalues of ABA and BAB by A, ...,A,,and let %, and ¥;
(¢ =1,...,7) denote the corresponding eigenspaces of ABA and BAB respectively; that is
such that ABAu = A,u for ue %, and BABv = A, v for ve?. If %, and ¥, denote the
orthogonal complements of Z(ABA) and Z(BAB) in Z(A) and %(B) respectively, then

A(A) = UyDR(ABA) = U DU, ®... U,
A(B) =7, ®Z(BAB) = 7, ©710...07,.

The relationship between the two subspaces Z(A) and #%(B) is summarized by the
following decomposition theorem.

(2-1)

THEOREM 1. For any two subspaces % and ¥ in R, let A and B be the respective orthogonal
projection operators on them. Then with Uy, ¥y, U; and ¥V defined as above, the sum U +V~
decomposes as follows:

U+YV = RA)+AB) = U@V (U1 +Y)D... (U, +Y,) (2-2)
and, fort=1,...,r,

Further, all vectors ue %, make the same angle, 6;, with the subspace ¥, and vice versa. The
0; are critical angles given by cos®0, = A;.

CoroLLARY 1. The nonzero eigenvalues and the corresponding eigenspaces of the operators AB
and BA are the same as for ABA and BAB respectively, that ts, ABu = A,uand BAv = A, v
forue,, ve¥;. The respective ranges are also the same,

Z(AB) = Z(ABA), Z%(BA)= Z(BAB).

CororLARY 2. If A; and B, are the orthogonal projection operators on U, and ¥; respectively,
(¢ =0,1,...,7), they satisfy the relations

A=A)+A+...+A, B=B,+B;+...+B,, (2-4)
with AgBy =0, and fort +j =0,1,...,r,

CoroLLARY 3. Consider the symmetric operator ABA, where A = 1— A. Then
#(ABA) = 7,04;0...0%,, (2:6)
where Wy = (U;+73) 0\ Ui (i = 1, ...,r) s the orthogonal complement of U in U;+V;, and the
distinct nonzero eigenvalues of ABA are 1, if ¥ is nonnull and 1 — A,if A, & 1 (6 = 1,...,7), with
corresponding eigenspaces ¥y and Wy (i = 1, ...,r) excluding the null space #; corresponding
tO Ai = ]..

Note that if the ranges of A and B are the spaces spanned respectively by the column
vectors of matrices X and Y, which are deviations of variates from their sample means, the
values A; = cos2; are the squares of the canonical correlation coefficients of the two sets
of variates (Hotelling, 1936).

19-2
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The canonical correlations depend only on the subspaces Z(X) and %(Y) spanned by the
columns of X and Y. Moreover, the angular relations between the subspaces are invariant
under simultaneous orthogonal transformation of X and Y, i.e. for any orthogonal matrix H,
X-—>HXand Y—HY imply that A—>HAH’ and B—>HBH’, so that ABA—->HABAH' and
itsroots A; = cos?§, are invariant. The critical angles 6, are invariant under rotation of R”,

3. JLLUSTRATION OF THE DECOMPOSITION THEOREM

Consider a lattice design with n? treatments arranged in a square; see Table 2a for the
case n = 3. Two replicates are set out, the columns of treatments being taken as blocks in
the first replicate and the rows in the second. Let B and T denote the orthogonal projection
(averaging) operators for blocks and treatments respectively. The pseudo-factorial structure
of the treatment grouping, namely rows x columns, suggests the eigenspaces for the operator
TBT given in Table 1.

Table 1. Eigenspaces of the operator TB'T associated with
treatments in a lattice design

Eigenspace of Eigenvalue of Efficiency
TBT Dimension TBT factor
Mean 1 1 0
Pseudo-main effects 2(n—1) 3 3
Pseudo-interactions (n—1)2 0 1

Table 2. T'ransformation of eigenvectors associated with
treatments in a lattice design

(2)

Treatments Design
Tl T2 T3 Tl TZ T3 Tl TZ T3 B 4
T4 T5 T6 114 T5 Tﬁ TA T5 Tﬁ BB
T7 TB TD T7 T8 T!) T7 T8 T!) B 6
B, By B,
(®) .
A pseudo-main-effect Corresponding sample-space
contrast vector
1 1 1 1 1 1 1 1 1
-1 -1 -1} =t -1 -1 -1 -1 -1 —-1| =Xt.
0O 0 o 0o 0 o 0o 0 o0
(¢) Transformation of Xt by TBT
T B [0 00 I 1 11« [ 3 3 3 [ £ % 3
Xt—> Xt—— |0 0 0 -1 -1 —-1|l—>|—-% —-% -3 -3 -3 —}| = Xt
[0 0 O 0 0 0] | 0 0 0] L 0 o0 o]
(d) Transformation of BXt by Q = BTB
- B _ [ 1 1 1] 10 0 0] « [ % %+ 4] [ & % ¥
BXt—> BXt=]-1 -1 —1 00 0]—|-%—-% -3 -3 -3 -3
| o o ol |lo o o | o o ol L o o o
B + 3 4] o 0 0] _
—_ |- - -3 0 0 0] =4BXt,
0O 0 0 0 0 0]
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Table 2¢ gives the transformation by TBT of a particular sample-space vector Xt
(Table 2b) corresponding to a pseudo-main-effect contrast t, and shows that Xt is an
eigenvector of TBT with eigenvalue %. Clearly therefore the subspace corresponding to all
main-effect contrasts is a 2(n—1)-dimensional eigenspace of TBT. Similarly one can
readily check that the pseudo-interactions define an (n — 1)2-dimensional eigenspace with
eigenvalue 0. There is also a one-dimensional eigenspace corresponding to the grand mean,
with eigenvalue 1.

Corollary 3 of the decomposition theorem is illustrated by projecting the sample space
vector Xt, corresponding to the pseudo-main-effect contrast t, on the subspace

W ={Z(B)+2Z(T)} n{#(B)}* (3-1)

to give the vector BXt, where B = I — B. By Corollary 3 it is an eigenvector of the operator
Q = BTB with eigenvalue 1 —} = 1 as verified in Table 2d. The eigenvalues of Q are the
efficiency factors for treatments; see § 4. The zero efficiency factor in Table 1 corresponds to
the contrast ‘mean treatment effect’ which is aliased with the grand mean.

The analysis of the lattice design in Table 2 is discussed in detail by Wilkinson (1970).

4. A POLYNOMIAL RELATION FOR THE RESIDUAL OPERATOR

Suppose that a linear model &9(y) = X, (41)
has been fitted by least squares to a vector of observations y, and consider the problem of
fitting an extended model with an additional model factor Xr,

E(y) = X7, + Xr, (4-2)

where the vectors of expectations are expressed in terms of the parameter vectors <, and
< and the corresponding incidence matrices X, and X.

Let E; and M denote the orthogonal projection operators on the subspaces spanned by
the column vectors of X, and X, respectively, and let R, and R be the residual projection
operators that produce the vectors of deviations from least squares fits of the models (4-1)
and (4-2) respectively.

The operator R, is given by R, = I-E,, (4-3)
and Risthe orthogonal projection operator on the orthogonal complement, {Z(E,) + Z(M)}+,
of the subspace spanned by the column vectors of X, and X. The relation of R to R, depends
on the relationship of the subspaces Z(E,) and #Z(M), which in general will be nonorthogonal.

To relate R to R, we introduce the operator

Q = R,MR,, (4-4)
termed the shrinkage operator for the current factor Xt of the model (4-2). The reason for
this term will become clear from the geometrical interpretations discussed in § 5.

The relevant canonical decomposition of the sample space R” corresponding to the model

(4-2)is given by the decomposition theorem in §2, with the operators A and B of the theorem
identified as E, and M, respectively. Let

My = R(Eg) N B(M) (4-5)

be the eigenspace with eigenvalue 1 of the operator E,ME,. This is the space corre-
sponding to aliased contrasts. Suppose otherwise we have r eigenvalues A,,...,A, of
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284 A.T. JAMES AND G. N. WILKINSON

E,ME, strictly between 0 and 1. Then in the notations of Theorem 1, the sample space R*
decomposes as
R" = MOU DY D (U1 +Y1)O®...0 (U + V) OZ(R)
= MOUDW DU DW1®... U, D W, DX R). (4:6)

The subspace A, %,® ¥ is the orthogonal component of the model, and the mutually
orthogonal subspaces #;+V; = %;®W; (i = 1, ...,r) are the sums of the nonorthogonal
canonical subspaces %; and ¥; which are eigenspaces of E, ME, and ME, M respectively,
corresponding to the eigenvalues A; = cos?0,.

The subspace #; = (%;+7;) N X+ (¢ = 1, ...,r) are eigenspaces of the shrinkage operator
Q = R,MR| with eigenvalues e; = 1 —A; = sin26,. Also #; = ¥, is an eigenspace of Q, if
nonnull, with eigenvalue 1. Note that the terms of the model (4-2) are orthogonal if and
only if E; and M commute, implying that r = 0 in (4-6).

Consider now the reduced minimum polynomial of Q, that is, the minimum degree
polynomial P(Q) such that QP(Q) = 0. (47)

The roots of the polynomial P(Q) are the nonzero distinct eigenvalues of the operator Q,
and thus correspond to the component spaces % of decomposition in (4-6). This suggests
that, for extending the fit of the model (4-1) to that of (4-2), an appropriate analysis will
be specified by the relation (4-8) in the following

TaEOREM 2. If E, and M are orthogonal projection operators, then the orthogonal projection
R on the residual space {Z(E,) + Z(M)}" is given by
R = P(Q)R,, (4-8)
where Ry =I—-E, and Q = RyMR,, and P(Q) is the reduced minimum polynomial of Q
normalized with constant term equal to 1.
Proof. Since M = E, M+ R, M, we have
R(Ey)+RM) = R(E) DR, M)
= Z(E) ®Z(Q), (4-9)
by Corollary 1 of Theorem 1.
Hence we must prove that
(i) P(Q)R, annihilates Z(E,) and %£(Q), and also that
(i) P(Q)R, acts as an identity operator on

AR) = {Z(Eo) ®Z(Q)}"
On noting that R, and P(Q) commute, (i) follows since R\ E, = 0 and P(Q) Q = 0. Now
P(Q)R, = (I+termsin Q)R,.

Since R, acts as an identity operator on Z(R) whereas Q annihilates it, the result (ii)
follows. Thus P(Q)R, is the required orthogonal projection operator.
If the degree K of P(Q) is zero, R = R,. Otherwise the relation (4-8) gives the following
factorizations of the residual operator,
K

R={I1 (- Q| R, = {1 R-* M) R, (+10)

i=1
where the ¢, (2 = 1,..., K) are the roots of the polynomial P. In relation to (4-6) K = r+ 1 if
¥, is nonnull, otherwise K = r. We term K the order of balance of the factor Xt in the model
(4-2) and the e; are the canonical efficiency factors.
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The relation (4-10) provides a recursive specification of the complete factorization of the
residual operator for a general linear model comprising several terms, and defines the
appropriate analysis process as a sequence of sweep operations of the form (I—e-1M) on
the sample vector. A detailed account of this analysis process is given by Wilkinson (1970),
who also describes an adaptive method of analysis for determining the reduced minimum
polynomials P(Q) and hence the efficiency factors required for the analysis. The geometrical
interpretation of the relation (4-10) is discussed in § 5.

We now give an equivalent relation for the matrix of the reduced normal equations. Itis
readily shown that a modified form A of the matrix A = X'R,X of the reduced normal
equations for the estimates of the parameters t in (4-2) has the same reduced minimum

lynomial as Q, that i
polynomial as Q, that is AP(A) =0, (4-11)

where P is the polynomial of (4-8).

THEOREM 3. Let R, and M denote orthogonal projection operators, with M = XCX', where G
1s the imverse or a symmetric positive semi-definite effective inverse of X'X, satisfying the rela-
tion X’XCX'X = X'X. Define Q = RyMR,, and A = CtAC?, where A = X'R,X. Then Q
and A have the same reduced minimum polynomial P, and the same nonzero eigenvalues with
the same respective multiplicities.

Proof. Let
Z = R,XC?. (4.12)
Then
Q = R,MR, = R XCX'R, =ZZ', (4-13)
A = GHRX) (R X)Ct = Z'Z. (4-14)

It follows that Q and A will have the same set of distinct nonzero eigenvalues and multi-
plicities and hence the same reduced minimum polynomials.

CoROLLARY. The theorem remains valid for A = CA or A = AC.

The equality of the reduced minimum polynomials of Q and A has useful applications. If
the reduced minimum polynomial P of Q is known, an effective inverse of A can be found
as follows.

Lemma. Substitution of A for x in x~1{1 — P(x)} yields an effective inverse of A.
Proof. Put g(x) = 2~{1— P(x)}. Then x —2%g(x) = P(z) and hence
A—-A2¢(A) = APA) =0, (4.15)

i.e. Ag(A)A = A. Thus g(A) is an effective inverse of A.

In other situations the eigenvalues of Q can be calculated from A, as illustrated by the
following example. Consider the cyclic incomplete block design whose 5 blocks have treat-
ments (1,2,3), (2,3,4), (3,4,5), (4,5,1) and (5,1, 2), respectively. The matrix A of the
reduced normal equations for treatment effects is given by

6 -2 —1 —1 -2

-2 6 -2 -1 -1
A=il-1 -2 6 -2 -1, (4-16)

-1 -1 -2 6 -2

-2 -1 -1 -2 6
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in which each column comprises the treatment totals of deviations from the block means
of the corresponding column vector of the 15 x 5 incidence matrix for treatment effects.
Thus A is a symmetric circulant matrix, which we can represent here in the notation

A = 1%,6, —2, —1). (4:17)
With C = {1, we readily obtain
9A = %,(6, —2, — 1),
(9A)2 = %46, — 19, —4), (4-18)
(9A)3 = %,(360, — 175, —5).

Clearly (9A)3 is a linear function A(9A)+(9A)2 of A and A? and it is easily shown that
A = —55, 4 = 15. The polynomial P(A) is therefore

PA) = I-27A 4 8142 (4-19)
with roots
15 +./5
€1,€3 = _I—SL ’ (4-20)

which are the required efficiency factors for the treatment factor. The design thus
has second order balance, which corresponds to the fact that it is a partially balanced
incomplete block design with two associate classes of treatment.

5. GEOMETRICAL INTERPRETATIONS

The factorization (4-10), of the residual operator R determines a sequence of operations
on the sample-space vector, which for convenience we express here as the sequence of

triplet:
Hpiets R = (RySxR,) (RySx—; Ry)...(ReS;Ry) (Ry S Ry), (51)

where S; = I—e;'M = I—sin—20; M. Note that since R, is idempotent, the second R,
operation of one triplet suffices as the first R, of the next triplet. The geometrical interpreta-
tion of each triplet of operations is explained below.

With reference to the decomposition (4:6) of the sample space, let Y; = E;y be the
orthogonal projection of the sample-space vector on the subspace

UV = UV

corresponding to the eigenvalue A; = cos?6;. From the decomposition theorem it follows
that all transforms of R,Y; by sequences of the operators R, and M take place in the two-
dimensional subspace spanned by R,Y; and MR,Y,. Hence the transformations may be
drawn in a two-dimensional diagram as in Fig. 1, except for Y; which may lie outside the
plane.

This figure shows how the triplet of operators R,S; R, annihilates, i.e. maps to zero, the
corresponding component vector Y;. First, the operator R, subtracts from Y, the vector
X, t, which is the component in the ith subspace %;+ ¥ of the total regression Xt
on X,. The sweep S; then produces and subtracts the ith component Xt; of the partial
regression Xt on X. Notice that this operation requires more than the subtraction of
averages as would be done by an operator I — M. In fact I - M would only map the vector
R, Y, into the vector b in the orthogonal complement ¥7;- of 77, instead of into %;. However,
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dilating the operator M by the reciprocal of the efficiency factor e; = sin?6; produces the
required mapping, since, from the similarity of the relevant right-angled triangles in Fig. 1,

M = Sin 01: = Ial >
|a] |c—al
so that
lc—a| _ 2 .
b—a| = cosec?d,. (5-2)
The second R, operation then annihilates the vector
¢ = S;Ryy = Xty -t} (5:3)

in %, which is the 7th component of the difference between the total and partial regressions
on X,.

L 7
I

%,

¢ 0
R, ™>
Fig. 1. The transformation by R,S; R, of the orthogonal projection, Y, = E;y, of y on
Ui+ =U:DW i3 8; =1-sin20,M,b = (I-M)R,Y,, c = S;R, Y, = X,{t;, — t}.

The efficiency factor e; = sin?@, whose reciprocal ;! is needed as a dilation factor can
be interpreted as a factor of shrinkage. It is an eigenvalue of Q = RyMR, with eigenspace
;. The process can again be drawn in a two-dimensional diagram, Fig. 2.

So far, we have considered the effect of the operator RyS;R, acting directly on the
component Y,;. When the factorized form (5-1) of the residual operator is applied, the first
component Y, will be annihilated in this way by the first factor R,S; Ry, and will remain
zero under the operation of the subsequent factors.

Any other component such as Y; will first be subjected to (¢—1) operators of the
factorization (5-1) before the operator R,S;R, is applied. However, the transforms of Y,
remain within the subspace %;+ ¥ during the first ( — 1) operations and then the operator
R,S;R,, which annihilates the entire subspace, must map the resultant vector on zero.
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288 A.T. JamMES AND G. N. WILKINSON

In the next section, we make use of the successive transforms of Y to obtain equations
for the canonical components t; of t from which they can be calculated.

Wi

7

2,

Fig. 2. Transformation by the shrinkage operator Q of an eigenvector X in the eigenspace #;.
Here Q = R,MR,, Ox = sin26,x.

In a multi-stratum analysis, to obtain the analysis of any error stratum other than the
lowest, residual stratum, it is necessary to substitute in the sequence (5-1) a pivotal sweep
for the appropriate stratum (Wilkinson, 1970). For an incomplete block design, for instance,
the pivotal sweep generates a sample space vector comprising estimated block effects,
Y® = E,y. The mapping operation is illustrated in Fig. 3. The figure also illustrates
geometrically the relation between the intrablock and interblock component estimates
of treatment effects. The component estimates t{® of treatment effects ignoring blocks are
a weighted combination of the corresponding intra and interblock components,

t{9 = t,sin26,+ t{» cos?6;. (6+4)
This weighting is statistically appropriate only when the intra and interblock stratum
variances are the same. Otherwise the two components in equation (5-4) are additionally
weighted in inverse proportion to the corresponding stratum variances.

Note that Fig. 3 gives only a projected two-dimensional representation of the essential
geometry. The vectors Xt;, Xt{¥ which are superimposed collinearly in the figure are in
general noncollinear.

6. CALCULATION OF THE COMPONENTS OF REGRESSION IN THE CANONICAL SUBSPACES

The regression vector Xte¥” = 71 @®... ®¥x must decompose into a sum of its orthogonal
projections E, Xt on the respective orthogonal subspaces #; for j = 1,..., K, where E;
is the operator which projects orthogonally on ¥#;. The vectors t; such that

E,Xt=Xt; (j=1,...,K) (6-1)

are called the canonical components of regression. The following argument shows how they
may be calculated from the successive transforms of y by factors in (5-1) for the residual
operator.
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Fig. 3. Interblock analysis for a single treatment factor in a partially balanced incomplete
block design. Transformation of Y, = E;y by E,SP’E,; S’ = I-sin—2¢;M = I—cos26; M,
E, = pivotal sweep for block factor, t; = ith component of intrablock treatment estimates,
t® = ith component of interblock treatment estimates and t{® = i{th component of treatment
estimates ignoring blocks = t,sin26, 4t cos?26; = t,e; +t® .

Suppose that the operators S, ..., S;, ..., Sx within the factors R;S; Ry, ..., R, S;R,, ...,
R,SxR, successively subtract Xi,,...,X%,,...,X{x from y. From them the observed
components i, ..., T, ..., {x of treatments can then be found. Put

K
Si = E tk' (6.2)
k=i

An equation for s; in terms of the canonical components t,, ..., t; of treatments can be
deduced as follows. We consider the successive effect of the operators S,,...,S; ; on Xt;
forj > .

The middle operator S, in the sequence R,S;R,, which annihilates the first canonical
component Xt,, also subtracts e;e7'Xt; from the jth canonical component Xt; leaving
X(1—e;er?) t;. Likewise, the operator S, in the next sequence, RyS,R,, which annihilates
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the rest of the second canonical component X(1—e,e7?)t,, subtracts Xe;e3l(1—e;e7?)t;
from the jth canonical component, leaving X(1 —e¢;e3) (1 —e;e3%) t;. By the time the (i —1)
operators have been applied, the vector t; will be reduced to

i-1
h];[l (1— eje,jl) t;. (6-3)

Hence we have equation (6-4) of the following theorem

THEOREM 4. If s, is the vector defined in (6-2), then the canonical components t; of t satisfy
the equations B

i—1
? {h=1(l—eje,:1)} t,=s8;, (¢t=1,...,K) (6-4)

whose solution is, forj =1,..., K,

= oo
h+j

Proof. If equation (6-5) is used to substitute for t; in equation (6-4), then the coefficient of
8, in the resulting equation for s; is 1, and the coefficient of s, for k < ¢ is 0. The coefficient
of s;, in the expression for s; when k& > ¢ is

k—1 k 1
(L) [2+——).
IR M | G
h=1
kg

Since the second factor is symmetric in the indices ¢, 7 + 1, ..., k, it must be zero, because if
the denominators in it were brought to a common denominator consisting of the difference
product 1

e, —e
i<7‘.<7‘:<k( 1),

which is skew symmetric, the resulting numerator would also have to be skew symmetric,
but being of less degree, would thus be zero.

Asanexample, let us calculate the components t; and t, of the intrablock estimate of treat-
ment effect for the example given by Wilkinson (1970, Table 3). As we are not going to
perform matrix multiplication on our numerical vectors, we take the liberty of leaving them
written as arrays.

From his table, we have K = 2,¢;, = 4,¢, =1

2 1 0] -1 0 1
?l=[—l 0 1i, f2=[ 0 0 0]
-4 —1 2 1 0 -1
Hence F 1 1 1
s;=t=%+f,={-1 0 1], Sy =Ty
-3 -1 1

From formula (6-5)

o 1 2 1 0 -1
t,=8,+8,=|—-1 0 1}, ty=—s,= 0 0 0].
-1 0

This content downloaded on Wed, 30 Jan 2013 17:17:12 PM
All use subject to JISTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

Factorization and canonical decomposition in analysis of variance 291

7. VARIANCE OF COMPONENTS AND CONTRASTS
THEOREM 5. The variance V(Xt,) of the ith canonical component Xt; is given by
V(Xt;) = 0% E,,,

where o2 is the error variance, e; the ith canonical efficiency factor and E,., the matriz of the
orthogonal projection on the ith canonical subspace ¥; of Z(X).

Proof. Let X, be the matrix whose columns are the components of the columns of X in
the subspace %, +7; = U;®#;. Then

X; = EgioniX = By, X,
and since Xt; is a vector in this subspace,
Xti = Ey'zxtz = X'it’i'

The partial regression vector t; on X, is the same as the total regression vector on the
orthogonalized vectors X; = R,X;and since X . t,is the orthogonal projection of the sample
vector y on ¥, we have V(f(i t;) = 0%Ey;.

From the decomposition theorem, or the geometrical interpretation of the shrinkage

operator, B ~
P X;t; = e E Xt
Hence _1 . o
V(Xiti) = 67: Ey/'za' Ef;//,’tEd//-ze,L
= ¢;%¢,E,0?
=02 'Ey,.

CoroLLARY. For any estimable contrast y't,

K
V(y't) = V(eXt) = o2 T eitcie,
i=1

where ¢ = XCy, C is an effective inverse of X'X, and c; is the component of € in ¥, i.e.
c;=E,.c.
Proof. Since ye Z(X') and XCX'X =X,
V(y't) = V{(XCy)' Xt} = V(c'Xt) = TV (c;Xt,) = Zejl0%C;Ey,c; = 0%Ze7lCiC,.
In order to calculate the components ¢; of ¢ = XCy for a given contrast vector y, we

introduce vectors tf which are defined modulo the kernel of X, 7' (X), by Xt} = c;.
Si
mee XCy =c =3¢, = X>t¥
i @
their sum t* = Xt} will be given by
t* = Gy mod " (X).

The components t} can be obtained from an analysis of ¢ = XCy in the same way as the
components t; of t were obtained from y. From them, the ¢; = Xt can be calculated or the
variance of the contrast

K
V(y't) = 02 3 e tFX/Xt¥.
Y i=1 K 1
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For the example treated in the previous section, suppose we wish to calculate V(y’t) when
vy is the vector whose elements are given by the array

1 0 0
Y=0-1 0.
0 0 0

The calculations for the analysis are given in Table 3. In this case, X'X = 2I,,.

Table 3. Calculation of the variance of a contrast

1 O 0 (x’x)—ll-l 0 O-
y=0 -1 0of —20 -1 0
0 0 0 o o o
x 11 0 o0 [ 0 0
S0 -1 of Jo -1 o
o o o] o o o
R o[ 2 1 0 2 -1 1] ;[ ¢ 0-1
— - |-1-2 of |1 —2 1f, =] 0-4 1
6]_1 1 of lo o o 61 1 o
s 1[-2 1 1] [-2 -1 0]
—5-|-1 21 1 2 o0
6l o o of | 1-1 o
R 1[-1 0 1] [-1 o0 1] (-1 0 1
—5- 0o 1 -1 o 1-1f, B=cf 0 1-1
6] 1-1 o | 1 -1 o 1 -1 0
s, [0 0 0] [0 0 0
—5Jo o of [0 o o
o o o] o o o

-1 0

1 0 -1

t;":—s;"=— 0 -1 1

-1 1 0

X'X = 21,
XXt = 3, XXt =1,
12 11

t) =02 |-.—+-.=) = 502,

V(y't) =0 (%3 13) 5o

8. CONCLUSION

Canonical decomposition reveals the structure of an experimental design, in particular
the order of balance. The canonical efficiency factors measure the extent of the nonortho-
gonality. The best methods of computation are thereby indicated, and also the degree of
statistical dependence in the estimates, which affects the statistical interpretation. Designs
with maximum value for the lowest efficiency factor will usually be advantageous.

The number of degrees of freedom associated with the sth canonical component is the
multiplicity of the ith root of the matrix of the reduced normal equations. A simpler method
of calculating this would be desirable.
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The use of operators provides a much more convenient treatment of the analysis of
experimental designs, both for computational as well as for algebraic purposes, than the
use of the commonly used multiple-subscript notation for totals and means. The abstract
mathematical operators also provide simple computational operators realized as computer
subroutines. The addition and multiplication of the operators is given by the relationship
algebra (James, 1957) which they constitute.

A thorough treatment of the combination of information from different error strata, as,
for example, in the recovery of interblock information, will require decomposition of effects
into their canonical components. It will be discussed in a later paper.

Part of the research by A.T. James was carried out at Yale University with support from
the U.S. Army, Navy, Airforce and NASA under a contract administered by the Office of
Naval Research. Some of the research by G.N. Wilkinson was done at the University of
Wisconsin, supported by grants from the General Electric Company, the Graduate School
and the Computing Center of the University of Wisconsin.

APPENDIX

Proof of Lemma 1 and Theorem 1. Define Ay, ..., A,, first, to be the distinet nonzero eigenvalues of ABA.
Since this operator is symmetric, the corresponding eigenspaces %; are orthogonal and,

RABA) = U, ®... OU,. (1)

We prove now that the A; are also the nonzero eigenvalues of BAB. If u; e %;, then from the relations
B2 = B, u; = Au; and ABAu, = Au,, we have

(BAB)(Bu,) = BABu,; = BABAu; = A,;Bu; (2)

Hence the A; are eigenvalues of BAB, and the vectors Bu,e B, are eigenvectors of BAB.
Conversely, if A is any nonzero eigenvalue of BAB, and v is an associated eigenvector satisfying the
relation BABV = Av, then a similar argument to that in (2) gives

ABA(Av) = ABAvV = ABABv = AAv, (3)

so that A is also an eigenvalue of ABA, A = A; say. Hence the nonzero eigenvalues of ABA and BAB
are the same. Since AV is an eigenvector of ABA corresponding to the eigenvalue A;, it belongs to %,
ie. Ave,.

Furthermore, BAv = BABV = A, v, so that v = A;7'B(Av) e B%;. Thus B%; is the complete eigen-
space ¥"; of BAB corresponding to A;, that is, ¥7; = B%,. Likewise, from symmetry considerations,
U; =AY Since the subspaces %; and ¥ ; map onto each other, their dimensions are the same,
ie. dim%,; = dim %@ = 1, ...,7).

To prove that A¥, = 0 (and likewise, by a similar argument, that B, = 0) note that if v, e ¥7, then
since voe Z(B)n A (BAB) we have BAv, = BABv, = 0. Hence Av,e./ (B) and is therefore ortho-
gonal to voe Z(B), so that 0 = vyAv, = (AV,)’ (AV,) which implies that Av, = 0.

It follows from this that ¥ is orthogonal to Z(A). Likewise % is orthogonal to %Z(B). Wenow prove
that %, is orthogonal to ¥ (¢ £ j; 4§ = 1,...,7).

Let A; be the operator which projects orthogonally on %;. Then, since Z(A;) < Z(A),

A= AAY =AU, = 0. (4)

Hence ¥ < 4 (A,) and is therefore orthogonal to %; = Z(A;).

This completes the proof for part two of the theorem. Part three is proved as follows:

Consider ue%; such that u'u = 1, and let 0, denote the angle between u and its projection Bu in
Z(B). Then, since Au = u, (cos6,)? = wBu = wABAu = \,u’y, = A,.

Corollary 1 follows straightforwardly from the derivations of the theorem. Corollary 2 is a restatement
of the decomposition theorem in terms of the corresponding matrix operators.
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The proof of Corollary 3 is as follows:
AABA) = Z(AB)

= A%(B)
=AY, 0710...077)
=Y, @¥10...0%,. ()
Consider any vector w; € #;. Then W, is of the form w; = Av,, where v, ¥7;. Hence
ABAw,; = ABAv, = ABv;~ABAv, = Av,—A(A,v;) = (1-A,) W,. (6)

Thus W, is an eigenvector of ABA, corresponding to the eigenvalue (1—2;).
Also, if v e ¥, since Z(A) = KA (A) © ¥, we have

ABAVO = A.BVO = AVO = V,. (7)

Hence Vv, is also an eigenvector of ABA, corresponding to the eigenvalue 1. Clearly, therefore, the eigen-
spaces of ABA are ¥ and #; (i = 1,...,7), excluding the case A; = 1, by virtue of the decomposition (5).
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