Math/Csci 4690/6690 : Elementary properties of the graph Laplacian

In this minthomework, we will prove some of the basic properties of the graph Laplacian. First,
recall from the notes that

Definition. 7he boundary map for a graph G is the v X e matrix defined by
8(61) = head(ei) — tall(ez)
The graph Laplacian Lg for a graph G is the symmetric v X v matrix defined by

LG = 88T

We proved in the notes that for any vector v € RY, we have

e

QLG (U> = <U> LG U> = Z (vhcad(ei) - 'U‘cauil(ei))2 .

i=1

1. (10 points) Suppose that G and G’ have the same vertices and edges vy, ..., vy = v}, ..., V.,

and ey, ..., e, =€, ..., €., but the orientations of the edges may not agree.

) “el

Prove that Lg = Lg-.







2. (10 points) Recall that

Definition. The degree matrix D¢ is the diagonal matrix whose entries are the degrees of the
vertices vy, . . . , Uy, and the adjacency matrix Mg of G is the symmetric matrix defined by

1, ifv; and v; are joined by an edge

(Me)is = {O, if not.

Prove that Lg = Dg — Mg.




3. (10 points) Let A\; < --- < A, be the eigenvalues of the symmetric matrix Lg.
(1) (5 points) Prove that A\; = 0 by finding a vector v € RY so that Lg v = 0.




(2) (5 points)
Definition. A set S of vertices of G is called a component of G if there are no edges join-
ing vertices in S to vertices outside S. The largest set of disjoint components S, . .., Sy
of G are called the connected components of G.

Prove that if G has d connected components, then \; = Ay = ... = \; = 0.
Hint: The S; really partition G into d separate graphs Gy, ..., Gy.







