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Preface 

This book tries to present some of the main aspects of the theory of Proba-
bility in Banach spaces, from the foundations of the topic to the latest devel-
opments and current research questions. The past twenty years saw intense 
activity in the study of classical Probability Theory on infinite dimensional 
spaces, vector valued random variables, boundedness and continuity of ran-
dom processes, with a fruitful interaction with classical Banach spaces and 
their geometry. A large community of mathematicians, from classical proba-
bilists to pure analysts and functional analysts, participated to this common 
achievement. 

The recent use of isoperimetric tools and concentration of measure phe-
nomena, and of abstract random process techniques has led today to rather 
a complete picture of the field. These developments prompted the authors to 
undertake the writing of this exposition based on this modern point of view. 

This book does not pretend to cover all the aspects of the subject and of 
its connections with other fields. In spite of its ommissions, imperfections and 
errors, for which we would like to apologize, we hope that this work gives an 
attractive picture of the subject and will serve it appropriately. 

In the process of this work, we benefited from the help of several peo-
ple. We are grateful to A. de Acosta, K. Alexander, C. Borell, R. Dudley, 
x. Fernique, E. Gine, Y. Gordon, J. Kuelbs, W. Linde, M. B. Marcus, A. Pa-
jor, V. Paulauskas, H. Queffelec, G. Schechtman, W. A. Woyczinski, M. Yor, 
J. Zinn for fruitful discussions (some of them over the years), suggestions, 
complements in references and their help in correcting mistakes and kind per-
mission to include some results and ideas of their own. M. A. Arcones, E. Gine, 
J. Kuelbs and J. Zinn went in particular through the entire manuscript and we 
are mostly indebted to them for all their comments, remarks and corrections. 
Finally, special thanks are due to G. Pisier for his interest in this work and 
all his remarks. His vision has guided the authors over the years. 

We thank the Centre National de la Recherche Scientifique, that gave to 
the authors the freedom and opportunity to undertake this work, the Univer-
sity of Strasbourg, the University of Paris VI and the Ohio State University. 
The main part of the manuscript has been written while the first author 
was visiting the Ohio State University in autumn 1988. He is grateful to this 
institution for this invitation that moreover undertook the heavy typing job. 
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We thank T. H. England and the typing pool at OSU for the typing of the 
manuscript. Carmel and Marc Yor kindly corrected our poor English and we 
warmly thank them for their help in this matter. We thank the editors for 
accepting this work in their Ergebnisse Series and Springer-Verlag for their 
kind and efficient help in publishing. 

Columbus, Paris, Strasbourg 
January 1991 

Michel Ledoux 
Michel Talagrand 
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Introduction 

Probability in Banach spaces is a branch of modern mathematics that empha-
sizes the geometric and functional analytic aspects of Probability Theory. Its 
probabilistic sources may be found in the study of regularity of random pro-
cesses (especially Gaussian processes) and Banach space valued random vari-
ables and their limiting properties, whose functional developments revealed 
and tied up strong and fruitful connections with classical Banach spaces and 
their geometry. 

Probability in Banach spaces started perhaps in the early fifties with the 
study, by R. Fortet and E. Mourier, of the law oflarge numbers and the central 
limit theorem for sums of independent identically distributed Banach space 
valued random variables. Important contributions to the foundations of proba-
bility distributions on vector spaces, towards which A. N. Kolmogorov already 
pointed out in 1935, were at the time those of L. Le Cam and Y. V. Prokhorov 
arrd the Russian school. A decisive step to the modern developments of Proba-
bility in Banach spaces was the introduction by A. Beck (1962) of a convexity 
condition on normed linear spaces equivalent to the validity of the extension 
of a classical law of large numbers of Kolmogorov. This geometric line of in-
vestigation was pursued and amplified by the Schwartz school in the early 
seventies. The concept of radonifying and summing operators and the land-
mark work of B. Maurey and G. Pisier on type and cotype of Banach spaces 
considerably influenced the developments of Probability in Banach spaces. 
Other noteworthy achievements of the period are the early book (1968) by 
J.-P. Kahane, who systematically developed the crucial idea of symmetriza-
tion, and the study by J. Hoffmann-JlZIrgensen of sums of independent vector 
valued random variables. Simultaneously, the study of regularity of random 
processes, in particular Gaussian processes, saw great progress in the late six-
ties and early seventies with the introduction of entropy methods. Processes 
are understood here as random functions on some abstract index set T, in 
other words as families X = (Xt)tET of random variables. In this setting of 
what might appear as Probability with minimal structure, the major discovery 
ofV. Strassen, V. N. Sudakov and R. Dudley (1967) was the idea of analyzing 
regularity properties of a Gaussian process X through the geometry of the 
index set T for the L2-metric IIXs - Xt l1 2 induced by X itself. These founda-
tions of Probability in Banach spaces led to a rather intense activity for the 
last fifteen years. In particular, the Dudley-Fernique theorems on bounded-
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ness and continuity of Gaussian and stationary Gaussian processes allowed the 
definitive treatment by M. B. Marcus and G. Pisier of regularity of random 
Fourier series, initiated in this line by J.-P. Kahane. With the concepts of type 
and cotype, limit theorems for sums of independent Banach space valued ran-
dom variables were appropriately described. Under the impulse, in particular, 
of the local theory of Banach spaces, isoperimetric methods and concentration 
of measure phenomena, put forward most vigorously by V. D. Milman, made 
a strong entry in the subject during the late seventies and eighties. Starting 
from Dvoretzky's theorem on almost Euclidean sections of convex bodies, the 
isoperimetric inequalities on spheres and in Gauss space proved most power-
ful in the study of Gaussian measures and processes, in particular through 
the work by C. Borell. They were useful too in the study of limit theorems 
through the technique of randomization. An important recent development 
was the discovery, motivated by these results, of a new isoperimetric inequal-
ity for subsets of a product of probability spaces that is closely connected to 
the tail behavior of sums of independent Banach space valued random vari-
ables. It gives in particular today an almost complete description of various 
strong limit theorems like the classical laws of large numbers and the law of 
the iterated logarithm. In the mean time, almost sure boundedness and con-
tinuity of general Gaussian processes have been completely understood with 
the tool of majorizing measures. 

One of the fascinations of the theory of Probability in Banach spaces today 
is its use of a wide range of rather powerful methods. Since the field is one 
of the most active contact points between Probability and Analysis, it should 
be no surprise that many of the techniques are not probabilistic but rather 
come from Analysis. The book focuses on two connected topics - the use of 
isoperimetric methods and regularity of random processes - where many of 
these techniques come into play and which encompass many (although not 
all) of the main aspects of Probability in Banach spaces. The purpose of this 
book is to give a modern and, at many places, seemingly definitive account 
on these topics, from the foundations of the theory to the latest research 
questions. The book is written so as to require only basic prior knowledge of 
either Probability or Banach space theory, in order to make it accessible from 
readers of both fields as well as to non-specialists. It is moreover presented in 
perspective with the historical developments and strong modern interactions 
between Measure and Probability theory, Functional Analysis and Geometry 
of Banach spaces. It is essentially self-contained (with the exception that the 
proof of a few deep isoperimetric results have not been reproduced), so as 
to be accessible to anyone starting the subject, including graduate students. 
Emphasis has been put in bringing forward the ideas we judge important but 
not on encyclopedic detail. We hope that these ideas will fruitfully serve the 
further developments of the field and hope that their propagation will influence 
other or new areas. 

This book emphasizes the recent use of isoperimetric inequalities and re-
lated concentration of measure phenomena, and of modern random process 
techniques in Probability in Banach spaces. The two parts are introduced by 
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chapters on isoperimetric background and generalities on vector valued ran-
dom variables. To explain and motivate the organization of our work, let us 
briefly analyze one fundamental example. Let (T, d) be a compact metric space 
and let X = (XdtET be a Gaussian process indexed by T. If X has almost all 
its sample paths continuous on (T, d), it defines a Gaussian Radon probability 
measure on the Banach space C(T) of all continuous functions on T. Such a 
Gaussian measure or variable may then be studied for its own sake and shares 
indeed some remarkable integrability and tail behavior properties of isoperi-
metric nature. On the other hand, one might wonder (before) when a given 
Gaussian process is almost surely continuous. As we have seen, an analysis 
of the geometry of the index set T for the L2-metric IIXs - Xt ll 2 induced by 
the process yields a complete understanding of this property. These related 
but somewhat different aspects of the study of Gaussian variables, which were 
historically the two main streams of developments, led us thus to divide the 
book into two parts. (The logical order would have been perhaps to ask first 
when a given process is bounded or continuous and then investigate it for 
its properties as a well defined infinite dimensional random vector; we have 
however chosen the other way for various pedagogical reasons.) In the first 
part, we study vector valued random variables, their integrability and tail be-
havior properties and strong limit theorems for sums of independent random 
variables. Successively, vector valued Gaussian variables, Rademacher series, 
stable variables and sums of independent random variables are investigated in 
this scope using recent isoperimetric tools. The strong law of large numbers 
and the law of the iterated logarithm, for which the almost sure statement is 
shown to reduce to the statement in probability, complete this first part with 
extensions to infinite dimensional Banach space valued random variables of 
some classical real limit theorems. In the second part, tightness of sums of 
independent random variables and regularity properties of random processes 
are presented. The link with the Geometry of Banach spaces through type 
and cotype is developed with applications in particular to the central limit 
theorem. General random processes are then investigated and regularity of 
Gaussian processes characterized via majorizing measures with applications 
to random Fourier series. The book is completed with an account on empirical 
process methods and with several applications, especially to local theory of 
Banach spaces, of the probabilistic ideas presented in this work. A diagram 
describes some of the interactions between the two main parts of the book 
and the natural connections between the various chapters. 

We would like to mention that the topics of Probability in Banach spaces 
selected in this book are not exhaustive and actually only reflect the tastes 
and interests of the authors. Among the topics not covered, let us mention 
especially martingales with values in Banach spaces and their relations to Ge-
ometry. We refer to [D-U] (on the Radon-Nikodym Property), [Schw3l, [Pi16] 
(on convexity and smoothness) and [Bu] (on Unconditional Martingale Dif-
ferences and (-convexity) for an account on this deep and fruitful subject as 
well as for detailed references for further reading. Empirical processes are only 
briefly treated in this book and the interested reader will find in [Du5l, [Gal, 
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Part 0 

Pari J 

Pari II ,...--------, 

[G-Z3], [Pol] ... various expositions on this subject. Infinitely divisible distri-
butions in Banach spaces and the general central limit theorem are treated in 
[Ar-G2] and [Li] and rates of convergence in the vector valued central limit 
theorem are investigated in [P-R2]. Large deviations in the context of Proba-
bility in Banach spaces are introduced for example in [Az), [Ja3), [De-St), etc. 
Recent investigations on stable measures are conducted by the Polish school. 
Finally, we refer to the list of proceedings and seminars on Probability in 
Banach spaces and related topics for a complete picture of the whole field. 

On our exposition itself, we took the point of view that completness is 
sometimes prejudiciable to clarity. With a few exceptions, this work is how-
ever self-contained. Actually, many of our choices, reductions or simplifications 
were motivated only by our lack of resistance. We did not try to avoid rep-
etitions and we use from time to time results that are proved or stated only 
further in the exposition. In general, we do not give references in the text 
but in the Notes and References at the end of each chapter where credit is 
to be found. We apologize for possible errors or for references that have been 
omitted for lack of accurate information. 
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Notation 

Here, we present some general and basic notation which we have tried to keep 
coherently throughout the book. 

Usually, c, C, K ... denote positive constants which very often may vary 
at each occurence (in general, c represents a small constant, C, K large con-
stants). The letter K almost always denotes a numerical constant. We never 
attempt to find sharp numerical constants. IN is the set of all positive integers 
(usually starting at 1). Z is the set of all integers. We write A "" B to signify 

C 
that C- I A::; B ::; CA for some constant C. We also use the symbol"" to sig-
nify that two sequences (of real numbers) are equivalent, or only of the same 
order of growth. Usually, less (resp. larger) than means less (resp. larger) than 
or equal to. When 1 ::; p < 00, we usually denote by q = pip -1 the conjugate 
ofp. 

(.) +, (.) -, [.J denote respectively the positive, negative and integer part 
functions. Card A is the cardinality of a (finite) set A. A C is the complement 
of A. IA is the indicator function of the set A. For subsets A, B of a vector 
space and A a scalar, we let A+B = {x+YjX E A,y E B}, AA = {AXjX E A}. 
Similarly, x + A = {x + Yj YEA}. Conv A denotes the convex hull of A. If A 
is a subset of a metric space (T,d), d(t,A) is the distance from the point t to 
A, i.e. d(t, A) = inf{d(t,a)ja E A}. For every r > 0, Ar is the neighborhood 
of order r of A: Ar = {tjd(t,A) < r}. The Lipschitz norm IlfllLip of a real 
Lipschitz function f on a metric space (T, d) is given by 

{ If(s) - f(t)1 } 
IIfllLip=sup d(s,t) js=/=t,s,tET . 

A Banach space B is a vector space over the field of the real or complex 
numbers equipped with a norm II . II for which it is complete. The dual space 
of all continuous linear functionals is denoted by B' and duality is denoted 
by f (x) = (J, x), fEB', x E B. The norm on B' is also denoted by II . II 
(11fll = sUPllxll9 f(x)) and by the Hahn-Banach theorem, for all x in B, 
IIxll = sUPllfll9 f(x). For simplicity, we also use the notation 11·11 for quotient 
norms. If F is a closed subspace of B, we let B I F denote the quotient of B by 
F and let TF : B -+ B I F denote the quotient map. Accordingly, for any x in 
B, IIT(x)1I = d(x, F) = inf{llx - Yllj Y E F}. The Banach space B is separable 
if its topology is count ably generated or equivalently if there is a countable 
dense subset in B. For simplicity (and with the exception of Chapter 13), we 
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deal with Banach spaces over the field of real numbers although most of the 
results presented in this book hold precisely similarly in the complex case. 

]RN is the Euclidean space of dimension N with canonical basis 
is its positive cone). A point x in RN has coordinates x = (Xl"'" XN). 

These notation extend to ]R IN. We let (-,.) be the Euclidean scalar product 
and I . I be the Euclidean norm. B2 = Bf and S2 = sf denote respectively 
the Euclidean unit ball and unit sphere of ]R N. These notation also extend to 
the infinite dimensional Hilbert space l2 of all sequences X = (Xi) of]R1N such 
that Ixi = (Li IXiI2)1/2 < 00. 

More generally, for 0 < p 00, lp will denote the space of all real sequences 
X = (Xi) for which IIxlip = (Li IXiIP)I/p < 00 (SUPi IXil < 00 if p = 00). 
(Occasionally, we use the same notation for sequences of complex numbers.) 
For 1 p 00, lp is a Banach space. Co is the subspace of loo consisting of 
those elements X for which limi-+oo Xi = O.l!; denotes ]RN equipped with the 
lp-norm. If B is a Banach space, lp(B) is the space of all sequences (Xi) in B 
such that Li IIXiliP < 00 (SUPi Ilxill < 00 if p = 00). 

If 0 < p < 00, and is a sequence of real numbers, set 

It is easily seen that if is the non-increasing rearrangement of the 
sequence then II(Xi)lIp,oo = SUPi>l il/pxi. It is known that the quasi-
norm IIOllp,oo is equivalent to a norm when p > 1 (cf. [S-W]) and that, as is 
easily seen, for r < p, 

lp,oo denotes the space of all sequences (xd with II(Xi)lIp,oo < 00. If B is a 
Banach space, one defines similarly lp,oo(B) and set lI(xdllp,oo = 11(lIxill)lIp,oo' 
By the preceding inequalities, lr,oo C lp C lp,oo for all r < p. 

If (T, d) is a compact metric space, we denote by C(T) the Banach space 
of all continous functions on T equipped with the sup-norm that we denote 
by 11·1100 or simply II ·11 when no confusion is possible. 

If m is a measure, Iml denotes its total mass. Dx is point mass at x. 
The canonical Gaussian measure on :rn.N is denoted by 'YNj it is the prob-

ability measure on :rn.N with density 

'Y = 'Yoo is the probability measure on ]RIN which is the infinite product of 
the canonical one-dimensional Gaussian measure on each coordinate. We let 
fP denote the distribution function of the canonical Gaussian measure on :rn., 
i.e. 

fP(t) = (21T)-1/2 exp( _x2 /2)dx, t E [-00,00] . 
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4>-1 is its inverse function and I/t = 1- 4>. Note the classical estimate: if t 2 0, 

In Chapter 1, Theorem 1.3, and Chapter 4, we use the letters J-tN and J-t for 
the canonical probability measures (Haar measures) + and 

+ respectively defined on {-l,+l}N and {-l,+l}IN. 
Throughout this book, (fl, A, JP) is a probability space which is always 

assumed to be large enough to support all the random variables we are dealing 
with. This is justified by Kolmogorov's extension theorem. For simplicity, we 
may assume (fl, A, JP) to be complete, i. e. all the negligible sets for JP are 
measurable. JP * and JP* are the inner and outer probabilities. lE denotes the 
expectation with respect to JP. If B is a sub-a-algebra of A, lEB is defined as 
the conditional operator with respect to B. Random variables (on (fl, A, JP)), 
with real or vector values, are denoted by X, Y, Z, . .. ( .... 

If X and X' are independent random variables, we can always assume that 
they are built on different probability spaces as above, say (fl, A, JP) for X and 
(fl',A',JP') (with expectation lE') for X'. This notation will be used together 
with Fubini's theorem. Furthermore, we shall make the following abuse of 
notation: if (Xn), are independent sequences of random variables, JPx, 
lEx (respectively JP{, IE{) denote conditional integration with respect to 
(respectively (Xn )). 

The following remarkable sequences of (real valued) random variables will 
be used extensively: a sequence (Ei) of independent random variables taking 
the values ±1 with equal probability (for example constructed on {-I, + 1 }®IN 
and (Ei) is distributed according to 11); a sequence (gd of independent standard 
normal variables (with law, on JR IN); a sequence (Oi) of independent standard 
p-stable random variables, 0 < p :::; 2; p is usually understood and when p = 2, 
(Oi) is just (gi). Accordingly, we shall use JPe , IEe , JPg, lEg, JPo, IEo, etc. for 
partial integration with respect to (Ei), (gi), (Od. 

For 0 < p < 00, Lp = Lp(fl, A, P) = Lp(fl, A, IP; JR) is the space of all real 
valued random variables X on (fl, A, IP) such that IIXllp = (J IXIP dIP)l/p = 
(lEIXIP)l/p < 00. (If we deal with Lp-spaces on some measure space (S,E,J-t), 
we use the notation Lp(J-t) with norm II . IILp(/L)' or just, as above, when no 
confusion arises, Lp and 11·llp.) Lo is the space of all random variables equipped 
with the topology of convergence in probability, Loo is the space of all bounded 
random variables X with norm IIXlloo = inf{c > O;IP{IXI :::; c} = I}. For 
1 :::; p :::; 00, Lp is a Banach space, and a metric space when 0 :::; p < 1, with, 
when p = 0, the metric e. g. lEmin(l, IX - YI). We let Lp,oo, 0 < p < 00, be 
the space of all real valued random variables X (on (fl, A, IP)) such that 

IIXllp,oo = (suptPIP{IXI > t})l/P < 00. 
t>O 

(Note that the span for this functional II . IIp,oo of the step random variables 
are the random variables X such that limt--->oo tPIP{IXI > t} = 0.) We have, 
when r > p, 
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( r ) l/p 
IIxllp,oo ::; IIxllp::; - IIxllr,oo, 

r-p 

hence Lr,oo C Lp C Lp,oo (actually, if X is in Lp, then limt---+oo tPIP{IXI > t} 
= 0). 1I·lIp,oo is a quasi-norm; it is equivalent to a norm when p > 1; take for 
example 

Np(X) = sup { IP(A)-l/q L IXI dIP; A E A; peA) > O} 
where q = pip - 1 is the conjugate of p and we have IIXllp,oo ::; Np(X) ::; 
qllXllp,oo as is easily seen by integration by parts (see below). For 0 < p, q < 00, 

the interpolation space Lp,q is a further intermediate space which is defined 
as the space of all random variables X such that 

IIXllp,q = (q 100 (tPIP{IXI > 

Lp,p is just Lp and Lp,ql C Lp,q2 if ql ::; q2 (cf. [S-W]). 
A function 'Iji : lR+ -+ lR+ is a Young function if it is convex, increasing 

and satisfies 'Iji(0) = 0, limx-too 'Iji(x) = 00. We define the Orlicz space L,p = 
L,p(ll,A, IP) = L,p(ll,A, IP; lR) as the vector space of all random variables X 
such that lE'Iji(IXl/c) < 00 for some c > o. It is a Banach space for the norm 

IIXII,p = inf{c > O;lE'Iji(IXl/c)::; I} 

(cf. [K-R]). Note that since 'Iji is convex and satisfies limx-too'lji(x) = 00, 

L,p eLl. When 'Iji(x) = xP, 1 ::; p < 00, L,p is just Lp. Besides the 
power functions, we shall mostly be interested in the exponential functions 
'ljiq(x) = exp(xq) - 1, 1 ::; q < 00, and 'ljiCX)(x) = exp(expx) - e. We can 
consider similarly L,pq when 0 < q < 1 with however some (trivial) modifica-
tions to handle the convexity problem at the origin. (Since IP is a probability 
measure, the space L,p depends essentially on the behavior of 'Iji at infinity.) 

If B is a Banach space, we may define in the same way the spaces Lp(B), 
Lp,oo(B), L,p(B), etc. (cf. Section 2.2). Similarly, we agree to denote their 
norms by 1I·llp, 1I·llp,oo, 1I·11,p. If (Xn) is a sequence of (real or) vector valued 
random variables, it is said to be bounded in Lo(B) or to be bounded in 
probability, or also to be stochastically bounded, if for each c > 0 one can find 
M > 0 with 

supIP{IIXnll > M} < c. 
n 

The sequence (Xn) is bounded in Lp(B) if sUPn lElIXnllP < 00. 

Now we recall the integration by parts formula. If X 0 and F is increas-
ing on lR+, 

lEF(X) = F(O) + 100 IP{X > t} dF(t) . 

In particular, when 0 < p < 00, 

lEXP = 100 IP{X > t} dtP = p 100 IP{X > t}tp - l dt . 
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Further, a simple comparison between series and integrals indicates, as an 
example among many, that IEXP < 00 if and only if EnIP{X > w l/p } < 00 

for some, or all, e: > 0, or also En 2nIP{X > e:2n/p } < 00. By the Borel-
Cantelli lemma, if (Xn) is a sequence of independent copies of X (i. e. with 
the same law, or distribution), and if (and only if) SUPn Xn/n l / p < 00 almost 
surely, then En IP{Xn > e:nl/p } < 00 for some e: > 0, and thus, using the 
identical distribution of the Xn's, we have IEXP < 00. Of course, this type of 
classical argument also applies to (smooth) normalizations other than n l/p • 

Recall also Jensen's inequality: if F is convex, then IEF(X) F(IEX). 
If (Xi) is a sequence of random variables, we usually let 8n = Xl + .. +Xn, 

n 1. We sometimes abbreviate independent and identically distributed in iid. 
SLLN, CLT and LIL denote in short respectively strong law of large numbers, 
central limit theorem and law of the iterated logarithm. For the LIL, we shall 
use the (iterated logarithm) function LLt = L(Lt), Lt = max(1,logt), t o. 
Introduced in Chapter 5 and used throughout the book, the sequence (rj)j?l 
is such that, for all j, rj = Al + .. . +Aj where (Aj) is a sequence of independent 
random variables with the standard exponential distribution IP{Aj > t} = 
exp( -t), t o. 

A pseudo-metric d on a set T is a metric that does not necessarily separate 
points (i. e. d(s, t) = 0 does not always imply that s = t). Given a pseudo-
metric space (T,d), D = D(T) will usually denote its diameter (finite or not): 
D = sup{d(s,t)jS,t E T}. If 8 is a subset of T, it is always assumed to be 
equipped with the induced pseudo-metric so that (8, d) defines a new pseudo-
metric space. Given a metric or pseudo-metric space (T,d), B(t,e:) denotes 
the open ball with center t and radius e: > o. When several metric spaces 
are under consideration, we agree that B (t, e:) denotes the ball in the space 
which contains its center t. We will usually deal with open balls but actually 
closed balls would not make any difference in our study and we usually do not 
specify this point with care. For example, this remark applies to the entropy 
numbers. For each e: > 0, N(T,dje:) is the minimal number of (open) balls of 
radius e: > 0 which are necessary to cover T. In n N , or more generally in a 
(Abelian) group G, we may consider the covering numbers N(A, B) where A, 
B are subsets of G as the minimal number of translates of B (by elements of 
A) which are necessary to cover B, i.e. 

N(A,B) = inf {N 1j3tl, ... ,tN E A,A C iQl(ti + B)} 

where ti+B = {ti +Sj s E B}. (The fact here that the translates are translates 
by elements of A is not really basic and for our purposes one can consider 
almost equivalently translates by elements of G.) For example, if d2 is the 
Euclidean metric on lRN , T C lRN and B2 = Bf is the (open! for consistency) 
Euclidean unit ball, then N(T,d2je:) = N(T,c:B2). 

A contraction <p between two metric (or pseudo-metric) spaces (T, d), (8,6) 
is a map <p: T ---+ 8 such that o( <p(t), <p(t')) d(t, t') for all t, t' in T. 

A metric space (U,6) is called ultrametric if its distance satisfies the im-
proved triangle inequality: 
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6(u,v) max(6(u,w),6(w,v)) 

for all u, v, w in U. The nice feature of ultrametric spaces is that two balls 
of the same radius are either disjoint or equal. The structure of ultrametric 
spaces is that of a tree. 

If T is any set, loo(T) is the space of all bounded functions on T with sup-
norm denoted by 11.11 00 = II·IIT' With some abuse of notation, if h is some 
(bounded) function on T, we sometimes let IIh(t)IIT = IIhllT = SUPtET Ih(t)l. 
A stochastic or random process indexed by T is a collection X = (Xt)tET of 
real (or vector) valued random variables indexed by T (cf. Section 2.2). It is 
also denoted by X = (Xt)tET = (X(t))tET. 



Part 0 

Isoperimetric Background 
and Generalities 



1. Isoperimetric Inequalities and 
the Concentration of Measure Phenomenon 

In this first chapter, we present the isoperimetric inequalities which now ap-
pear as the crucial concept in the understanding of various concentration in-
equalities, tail behaviors and integrability theorems in Probability in Banach 
spaces. These inequalities often arise as the final and most elaborate forms of 
previous, weaker (but already efficient) inequalities which will be mentioned 
in their framework throughout the book. In these final forms however, the 
isoperimetric inequalities and associated concentration of measure phenom-
ena provide the appropriate ideas for an in depth comprehension of some of 
the most important theorems of the theory. 

The concentration of measure phenomenon, which roughly describes how 
a well-behaved function is almost a constant on almost all the space, can 
moreover be seen as the explanation for the two main parts of this work: 
the first one deals with "nice" functions applying isoperimetric inequalities 
and concentration properties, the second tries to determine conditions for a 
function to be "nice". 

The concentration of measure phenomenon was mainly put forward by the 
local theory of Banach spaces in the study of Dvoretzky's theorem on almost 
Euclidean sections of convex bodies. Following [G-M], [Mi-S], the basic idea 
may be described in the following way. Let (X, p, p,) be a (compact) metric 
space (X, p) with a Borel probability measure p,. The concentration function 
a(X,r},r > 0, is defined as 

a(X,r) = sup {1- P,(Ar} j p,(A} 2: LAc X ,A Borel} 

where Ar denotes the p-neighborhood of order r of A i.e. 

Ar = {x E X j p(x, A) < r} . 
For many families (X, p, p,), the concentration function a( X, r} turns out to 
be extremely small when r increases to infinity. A typical and basic example 
is given by the Euclidean unit sphere SN-l in RN equipped with its geodesic 
distance p and normalized Haar measure UN-l for which it can be shown (see 
below) that 

a(SN-l,r):$ (if/2 exp(-(N - 2)r2/2) (N 2: 3). 

Hence, the complement of the neighborhood of order r of a set of probability 
bigger than 1/2 decreases extremely rapidly when r becomes large. This is 
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what is now usually called the concentration of measure phenomenon. In the 
presence of such a property, any nice function is very close to being a constant 
(median or expectation) on all but a very small set, the smallness of which 
depends on o:(X,r). For example, if f is a function on SN-l, denote by Wf(e) 
its modulus of continuity, Wf(e) = sup{lf(x) - f(y)l; p(x,y) < e}, and let 
Mf be a median of f. Then, for every e > 0, 

While the concentration of measure phenomenon deals with the behavior 
of 1-'( Ar) for large values of r, the quintessence of the isoperimetric inequalities 
rather concerns small values of r, leading, via Minkowski contents and surface 
measures (cf. [B-Z), [Os]) to the more familiar formulations of isoperimetry. 
For our purposes in this work, we only deal with concentration and the con-
sequences of isoperimetric inequalities to concentration. (Let us mention here 
the recent work [Ta19]' see also [Mau4), where some new ideas on the distinct 
aspects of isoperimetry and concentration are developed.) 

The concentration of measure phenomenon is thus usually derived from 
an isoperimetric inequality (see however [G-M), [Mi3) , [Led7), [Led8]). This 
chapter describes various isoperimetric inequalities, which we develop here in 
their abstract and measure theoretical setting. Their application to Probability 
in Banach spaces will be one of the purposes of Part I of this book. The 
first section presents the isoperimetric inequalities and related concentration 
properties in the classical cases of the sphere, Gauss space and the cube. The 
main object of the second section is an isoperimetric theorem for product 
measures (independent random variables) while the last section is devoted 
to some well-known and useful martingale inequalities. Proofs of some of the 
deepest inequalities like the isoperimetric inequality on spheres and that for 
product measures are omitted and replaced by (hopefully) accurate references. 
However, various comments and remarks try to describe some of the ideas 
involved in these results as well as some of their consequences which will be 
useful in the sequel. 

1.1 Some Isoperimetric Inequalities on the Sphere, 
in Gauss Space and on the Cube 

Concentration properties for families (X, p, 1-') are thus usually established via 
isoperimetric inequalities. We present some of these inequalities in this section 
and we start with the isoperimetric inequality on the sphere already alluded 
to above (cf. [B-Z), [F-L-M) ... ). 

Theorem 1.1. If A is a Borel set in SN-l and if H is a cap (i.e. a ball for 
the geodesic distance p) with the same measure ON-l(H) = O"N-l(A), then, 
for any r > 0, 
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UN-l(Ar ) UN-l(Hr ) 

where we recall that Ar = {x E SN -1; p( x, A) < r} is the neighborhood of 
order r of A for the geodesic distance. In particular, if UN-l(A) 1/2 (and 
N 3), then 

The main interest of such an isoperimetric theorem is of course the pos-
siblility of an estimate (or even an explicit computation) of the measure of 
a cap (the neighborhood of a cap is again a cap), a particularly important 
estimate being given in the second assertion of the theorem. 

Our interest in Theorem 1.1 lies in its connections with and consequences 
for a similar isoperimetric result for Gaussian measures. The close relationships 
and analogies between uniform measures on spheres and Gaussian measures 
have been noticed in many contexts. In this isoperimetric setting, it turns 
out that the isoperimetric inequality on SN-l leads, in the Poincare limit 
when N increases to infinity, to an isoperimetric inequality for Gauss measure. 
Poincare's limit expresses the canonical Gaussian measure in finite dimension 
as the limiting distribution of projected uniform distributions on spheres of 
radius ..;N when N tends to infinity. This is one example of the deep relations 
mentioned previously; it is also a way of illustrating the common belief that 
the Wiener measure can be thought of as a uniform distribution on a sphere 
of infinite dimension and of radius square root of infinity (cf. [MK]). 

To be more precise about this observation of Poincare (although it does not 
seem to be due to H. Poincare - see the Notes and References), denote, for ev-
ery N, by the uniform normalized measure on the sphere ..;NSN-l with 
center the origin and radius ..;N in RN. Denote further by IIN,d (N d) the 
projection from ..;NSN-l onto Rd. Then, the sequence {IIN,d N d} 
of measures on Rd converges weakly when N goes to infinity to the canoni-
cal Gaussian measure on Rd. For a sketch of the proof, simply note that by 
the law of large numbers / N --t 1 almost surely (or only in probability) 
where = gf + ... + and (gi) is a sequence of independent standard 
normal random variables. Now, clearly, (N1/2 / PN) . (gl, ... , gN) is equal in 

distribution to hence (N1/2/PN)· (gl, ... ,gd) = IIN,d(ui!!.l) and the 
conclusion follows. Note that we will actually need a little more than weak 
convergence in this Poincare limit, namely convergence for all Borel sets. This 
can be obtained similarly with some more efforts (see [Fer9], [D-F]). 

With this tool, it is simple to see how it is possible to derive an isoperi-
metric inequality for Gaussian measures from Theorem 1.1. The basic result 
which is obtained in this way concerns the canonical Gaussian distribution in 
finite dimension; as is classical however, the fundamental feature of Gaussian 
distributions then allows to extend these results to general finite or infinite 
dimensional Gaussian measures. Let us denote therefore by "IN the canonical 
Gaussian probability measure on R N with density 
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Observe the simple, but essential, fact that "IN is the product measure on ]R.N 
when each factor is endowed with "II. Denote further by qJ the distribution 
function of "11, i.e. 

qJ(t) = (21f)-1/2 [too exp( _x2 /2)dx, t E [00, +00] . 

qJ-1 is the inverse function and tP = 1 - qJ for which we recall the classical 
estimate: 

tP(t) ::; exp( _t2 /2), t 2: o. 
The next theorem is the isoperimetric inequality for (]R.N, d, "IN) where d de-
notes the Euclidean distance. 

Theorem 1.2. If A is a Borel set in ]R. N and if H is a half-space {x E ]R. N ; 

(x,u) < A},U E ]R.N, A E [-00,+00], with the same Gaussian measure 
"IN(H) = "IN(A), then, for any r > 0, "IN(Ar) 2: "IN(Hr) where, accordingly, 
Ar is the Euclidean neighborhood of order r of A. Equivalently, 

and in particular, if "IN(A) 2: 1/2, 

Proof. The equivalence between the two formulations is easy since the Gaus-
sian measure of a half-space is being computed in dimension one (take H to be 
orthogonal to a coordinate axis and remenber that "IN is a product measure) 
and thus 

The case "IN(A) 2: 1/2 simply follows from the fact that qJ-1(1/2) = o. 
Turning to the proof itself, since qJ-1(0) = -00, we may assume that 
a = qJ-1("{N(A)) > -00. Let then b E]- 00, a[. By Poincare's observation, 
for every large enough k (2: N), 

It is easy to see that IIk",1(Ar ) (IIk",1(A))r where the neighborhood of order 

r on the right is understood with respect to the geodesic distance on vlkSk- l . 

Since - oo,b]) is a cap on vlkSk-1, by the isoperimetric inequality on 
spheres (Theorem 1.1), 
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utI (ll,;;1(Ar») utI ((ll,;;1(A»)r) 

utI - oo,b]))r) 

Now (ll';'W - oo,b]))r = - 00, b + r(k)]} for some r(k) 0 satisfying 
limk-+oor(k) = r. Therefore, in the Poincare limit, we get '}'N(Ar) 4i(b+r), 
and hence the result since b < 4i- I (''YN(A» is arbitrary. 

Note that half-spaces, such as caps on spheres (that are intersections of the 
sphere and of a half-space), are extremal sets for the Gaussian isoperimetric 
inequality since they achieve equality in the conclusion. 

Thus, the isoperimetric inequality for Gauss measure follows rather easily 
from the corresponding inequality on spheres. However, this latter inequality 
requires quite an involved proof which is based on extensive use of powerful 
symmetrization techniques (in the sense of Steiner). One of the remarkable 
observations of A. Ehrhard was to show how one can introduce a similar sym-
metrization procedure which is adapted to Gauss measure (with half-spaces 
as extremal sets). One can then give a more intrinsic proof of Theorem 1.2. 
This also led him to rather a complete isoperimetric calculus in Gauss space 
([Ehl], [Eh2], [Eh3]). In particular, he obtained in this wayan inequality of 
the Brunn-Minkowski type: namely for A, B convex sets in RN and A E [0,1], 

where the sum AA + (1 - A)B is understood in the sense of Minkowski as 
{x E ]R.N; X = Aa+ (1- A)b, a E A, bE B}. Taking B to be the Euclidean ball 
with center the origin and radius r/(I- A) and letting A tend to 1, it is easily 
seen how (1.1) actually implies the isoperimetric inequality of Theorem 1.2 (for 
A convex). However, at the present time, (1.1) is only known for convex sets. 
An inequality on which (1.1) appears as an improvement (for convex sets), 
but which holds for arbitrary Borel sets A, B, is the so-called log-concavity of 
Gaussian measures: 

A proof of (1.2) may be given using again the Poincare limit but this time on 
the classical Brunn-Minkowski inequality on RN (see [B-Z], [Pi18] ... ) which 
states that 

for A in [0,1], A, B bounded in RN and where volN is the N-dimensional 
volume. Let, for k N, Pk,N be the projection from the ball with center 
the origin and radius v'k in ]R.k onto RN. If A,B are Borel sets in RN and 
o A 1, it is clear using convexity that 

P,;;1(AA + (1 - A)B) :J .\P,;;fv(A) + (1- ,\)P,;;fv(B). 
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Hence, by the Brunn-Minkowski inequality (in Rk), 

Then, one should only multiply both terms of this inequality by an appropriate 
normalizing sequence and, by using a variation on the Poincare limit (which 
turns out to be actually simpler in this case), we obtain (1.2) for every Borel 
sets A and B in R N. One further measures on this proof the sharpness of 
(1.1). 

As announced, and due to the properties of Gaussian distributions, the 
preceding inequalities and Theorem 1.2 easily extend to general finite or in-
finite dimensional Gaussian measures. These extensions will usually be de-
scribed in their applications below. However, let us briefly indicate one infinite 
dimensional result which it will be useful to record here. Consider the measure 
'Y = 'Yoo on RIN which is the infinite product of the canonical one-dimensional 
Gaussian distribution on each coordinate. The isoperimetric inequality indi-
cates similarly that for each Borel set A in RIN and each r > 0, 

(1.3) 

where Ar is here the Euclidean or rather the Hilbertian neighborhood of order 
r of A in R IN, i.e. Ar = A+rB2 = {x = a+rhja E A, hERIN, Ihl I} 
where B2 is the unit ball of 12 (Ar is not necessarily measurable). This of course 
simply follows from Theorem 1.2 and a cylindrical approximation. Note that 
'Y(l2) = 0. 

As a corollary to Theorem 1.2, we now express the concentration of mea-
sure phenomenon for functions on (RN, d, 'YN). This formulation of isoperime-
try will turn out to be a convenient tool in the applications. Let f be Lipschitz 
on R N with Lipschitz norm given by 

Let us denote further by Mf a median of f for 'YN, i.e. Mf is a number such 
that 'YN(f ;::: Mf) and 'YN(f Mf) are both bigger than 1/2. Applying the 
second conclusion of Theorem 1.2 to those two sets of measure larger than or 
equal to 1/2 and noticing that for t > 0, 

we get, for all t > 0, 

Hence, with very high probability, f is concentrated around its median M f. 
As we will see in Chapter 3, this inequality can be used to investigate the 
integrability properties of Gaussian random vectors. Let us note also that the 
preceding argument applied only to {f M f} shows similarly that 
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This inequality however appears more as a deviation inequality only as op-
posed to (1.4) which indicates a concentration. In the sequel, we shall come 
back to this distinction in various contexts. 

While (1.4) appears as a direct consequence of Theorem 1.2, it should be 
noted that inequalities of the same type can actually be established by sim-
ple direct arguments and considerations. One such approach is the following. 
Let f be, as before, Lipschitz on lR N, so that f is almost everywhere differ-
entiable and its gradient V f satisfies IVfl ::; IIfIlLip- Assume now moreover 
that I fd"YN = 0. Then, for any t and>' > 0, we can write by Chebyshev's 
inequality, 

"YN(f > t) ::; exp(->.t) J exp(Af)d"YN 

::; exp( -At) J J exp [>.(J(x) - f(y))] d"YN(X)d"YN(Y) 

where in the second inequality we have used Jensen's inequality (in y) and the 
mean zero assumption. Now, X,y being fixed in lRN, set, for any fJ in [0,27r], 

x( 0) = x sin 0 + y cos fJ, x' (0) = x cos 0 - y sin 0 . 

We have 
("/2 d 

f(x) - f(y) = 10 dOf(x(O))dO 

("/2 
= 10 (Vf(x(fJ)) , x'(fJ)dfJ. 

Hence, using Jensen's inequality once more (here with respect to fJ), "YN(f > t) 
is majorized by 

The fundamental rotational invariance of Gaussian measures indicates that, 
for any 0, the couple (x(O), X'(O)) has the same distribution as the original one 
(x,y) under "YN 0"YN. Therefore, by Fubini's theorem, 

Performing integration in y, 
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If we then minimize in oX (oX = 4t/1I"2 I1fll£ip), we finally get 

'YN(f > t) :::; exp( _2t2 /1I"2 I1fll£ip) 

for every t > o. For f not necessarily of mean zero, and applying the result to 
- f as well, it follows that, for t > 0, 

(1.5) 

where Ef = J fd'YN (finite since f is Lipschitz). This inequality is of course 
very close in spirit to (1.4). Although (1.5) has a worse constant in the expo-
nent, it can actually be shown, using a similar argument but with stochastic 
differentials with respect to Brownian motion, that we also have, for every 
t> 0, 

(1.6) 

However, the preceding argument leading to (1.5) presents the advantage to 
apply to more general situations such as vector valued functions (cf. [Pi16]). 
In any case, we retain that concentration inequalities of the type (1.4)-(1.6) 
are usually easier to obtain than the rather delicate isoperimetric theorems. 

(1.4) and (1.6) describe the same concentration property around a median 
Mf or the expectation Ef = J fd'YN of a Lipschitz function f. Of course, it 
is often easier to work with expectations rather than with medians. Actually, 
here these are essentially of the same order. Indeed, integrating for example 
(1.4) yields 

while, given (1.6), if t is chosen such that 

2 exp( _t2 /2I1fIILp) < !, 
for example t = 21lfllLip, we get from (1.6) 

Ef - t:::; Mf :::; t + Ef . 

However, it is not known whether it is possible to deduce exactly (1.4) and 
(1.6) from each other. Moreover, note that (1.4) actually shows that a median 
Mf is necessarily unique. Indeed, if Mf < Mj are two distinct medians of f, 
letting t = (Mj - M f )/2> 0 gives 

:::; 'YN(f Mj) :::; 'YN(f > Mf + t) :::; tP(t/llfIlLip) < ! 
which is impossible. 

Uniform measures on spheres and Gaussian measures thus satisfy isoperi-
metric inequalities and concentration phenomena. For our purposes, there is 
a useful observation which allows us to deduce from the Gaussian inequalities 
further inequalities for a rather large class of measures by a simple "contrac-
tion" argument. Denote by r.p a Lipschitz map on JRN with values in JRN such 
that for some c = C<p > 0 
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Icp(x)-cp(y)1 ::;clx-yl forallx,yinRN . 

Denote by A the image measure of 'YN by cp, i.e. A(A) = 'YN(cp-1(A)) for every 
Borel set A in RN. Then, there is an isoperimetric inequality of the Gaussian 
type for the measure A, namely, for any measurable set A in RN and any 
r > 0, 

(1.7) 

Similarly, the corresponding inequality (1.4) for A also holds with cllfllLip 
instead of IIfllLip in the right hand side. For a proof of (1.7), simply note that 
by Theorem 1.2, 

and, by the Lipschitz property of cp, clearly (cp-1(A))r C cp-1(Acr) from which 
the result follows. Inequality (1.5) and its simple proof may be extended sim-
ilarly (see [Pi16]). 

Then, it is of course of some interest to try to describe the class of proba-
bility measures A which can be obtained as the image of 'YN by a contraction. 
While a complete description is still missing, the next examples are notewor-
thy (and useful for the sequel). For a further main example, see [TaI9]. Let 
A be uniformly distributed on the cube [0, I]N. Then A is the image of 'YN 
by the map <p = i.e. cp(x) = cp(Xlo ... ,XN) = x = 
(X1, ... ,XN) ERN, for which it is easily seen that c<p = (211')-1/2. If, 
for symmetry reasons, one is rather interested by the uniform measure on 
[-1/2,+1/2]N, then choose cp = _1)®N for which c<p = (2/11')1/2. 

Unfortunately, the preceding approach does not allow to investigate the 
important case of the Haar measure on {O, I}N (the extreme points of [0, I]N), 
or rather on {-I, + I}N which we use preferably for symmetry reasons. A dif-
ferent way has to be taken. Denote by JJN = + the canonical 
probability measure (Haar measure) on the (Cantor) group {-I,+I}N. Con-
sider the normalized Hamming metric don {-I,+I}N given by 

lIN 
d(x,y) = NCard{i::; Nj Xi 1= Yi} = 2N L IXi - Yil 

i=1 

for x,y E {-I,+I}N. An isoperimetric theorem for the triple ({-I,+I}N,d, 
JJN) is known [Har] and states in particular that if JJN(A) 1/2 for some 
A C {-I,+I}N, for r > 0, 

1- JJN(Ar) ::; exp( -2Nr2) 

where, as usual, Ar = {x E {-I,+I}N j d(x,A) < r}. Unfortunately, this 
result is not strong enough to yield a concentration inequality for JJN similar 
to (1.4) or (1.6) since it depends on the dimension. In order to accomplish 
this program, we will need a stronger result (independent of N) which is the 
following. For a non-empty subset A of {-I,+I}N, set, for x E {-I,+I}N, 
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dA(X) = inf{lx - yl ;y E ConvA} 

where ConvA is the convex hull (in [-l,+l]N) of A. 

Theorem 1.3. For any non-empty subset A of {-I, + l}N, 

Proof. We first consider the case where Card A = 1. Then 

since el / 2 < e < 3. This already proves the theorem when N = 1 since then 
the only case left is A = {-I, + I} for which dA == 0 and the result holds. 

Now, we prove Theorem 1.3 by induction over N. Assuming it holds for 
N, we prove it for N + 1. By the preceding, it is enough to consider the case 
where A has at least two points. Assuming without loss of generality that 
these points differ on the last coordinate and identifying {-I, + 1 }N+I with 
{-I, +l}N x {-I, +1}, we can then suppose that A = A-I X {-I }UA+I x{ +1} 
where A-bAH are non-empty subsets of {-l,+l}N. For example, we can 
assume that J.lN(A-d ::; J.lN(A+ I ) and we observe moreover that dA((X, 1)) ::; 
dA+1 (x). The crucial point of the proof is contained in the following observa-
tion: for any x in {-l,+l}N and 0::; a::; 1, 

(1.8) -1)) ::; 4a2 + (x) + (1 - (x) . 

Indeed, for i = -1, + 1, let Zi E Conv Ai such that Ix - Zi I = dA; (x). We notice 
that (Zi, i) E ConvA so that Z = (azH + (1- a)z-b -1 + 2a) E ConvA. Now 

I(x, -1) - zI2 = 4a2 + Ix - (az+1 + (1 - a)z-1)12 

= 4a2 + la(x - z+d + (1 - a)(x - Z-IW 

::; 4a2 + alx - z+112 + (1 - a)lx - z-112 

by the triangle inequality and the convexity of the square function. This proves 
(1.8). 

For i = -1, +1, we set Ui = J and Vi = l/J.lN(Ai) so that 
Ui::; Vi by the induction hypothesis. From dA((x,l))::; dA+1(X) and (1.8) we 
have, for every 0 ::; a ::; 1, 
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f f 
+ f exp(a2/2 + + (1 - dJLN 

<!u + !eo:2 / 2uO: u 1-o: - 2 +1 2 +1 -1 

by Holder's inequality using also Ui Vi. The value of a which minimizes 
the preceding expression is a = -log(V+1/v-d but, in order not to have to 
consider the case where a 1, let us take a = 1 - V+1/V-1 (recall that we 
assume that V+1 = I/JLN(A+d I/JLN(A-d = V-1) which gives 

f [1 + eo:2
/ 2(1 - a)O:-1)] . 

It is elementary to see that for 0 a < 1, 

Moreover, for this value a, 

The proof of Theorem 1.3 is complete. 

As announced, Theorem 1.3 contains a concentration estimate for Lips-
chitz functions which is similar to the estimate we described before for Gaus-
sian measures. This application is one of the main interests of Theorem 1.3. 
However, with respect to the preceding inequalities, one main additional as-
sumption is that the inequality will only concern convex Lipschitz functions 
f. Let f (on RN) be convex and Lipschitz with Lipschitz constant IIfllLip. Let 
Mf denote a median of f with respect to JLN. Then, for every t > 0, 

(1.9) 

To prove this inequality, let first A = {f Mf}. Since f is convex, f Mf on 
ConvA. Further, by the Lipschitz property, if dA(X) t/llfIlLip, then f(x) 
M f + t. Hence, by Chebyshev's inequality and Theorem 1.3, 
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On the other hand, let B = {J < Mf - t}. As above, we see that dB(x) ::; 
t/llfllLip implies f(x) < Mf; thus 

J1.N(dB > t/llfIlLip) 2: 

by the definition of the median. Now, again by Chebyshev's inequality and 
Theorem 1.3, we get 

These two inequalities together imply (1.9). 
Actually, Theorem 1.3 and the subsequent concentration inequality (1.9) 

do not depend on N and easily extend to the case of the Haar measure J1. = 
+ on {-I,+I}IN. For example, concerning (1.9), if f on JRIN 

is convex and Lipschitz in the sense that 

If(o:) - f(;3)1 ::; IIfllLiPlo: -;31 

for 0: -;3 E £2, then, for Mf a median of f for J1., we have similarly that 

(1.10) 

for all t > o. 
Compared with the corresponding inequalities (1.4) and (1.6), the coeffi-

cient 8 in (1.9) does not seem best possible. It is not known whether 2 can 
be reached, something which the argument of the proof of Theorem 1.3 can-
not accomplish. Let us note further that the convexity assumption on f in 
(1.9) cannot be dropped. This is made clear by the following example. Let 
A = {x E {-I,+l}N; o} and define f(x) = inf{lx - yl; yEA}. 
Clearly IIfilLip = 1 and 0 is a median of f. Assume that N is an even integer. 
Then, as is easy to see, f2(x) = Xi)+; but then, from the central limit 
theorem, J1.N(f > cN l / 4) 2: 1/4 for some c > 0 independent of N from which 
it is clear that the non-convex Lipschitz function f cannot verify an inequality 
as (1.9). 

Despite these somewhat negative observations, Theorem 1.3 and the con-
centration inequality (1.9) will be used in Chapter 4 in the study of the tail 
behaviors and integrability properties of vector valued Rademacher series as 
efficiently as the Gaussian inequalities in Chapter 3. 

1.2 An Isoperimetric Inequality for Product Measures 

The preceding isoperimetric inequalities and concentration phenomena will be 
applied in the next chapters to the study of the integrability properties and tail 
behaviors of Gaussian and Rademacher series with vector valued coefficients. 
In this section, we present an isoperimetric theorem for product measures 
which will be our key tool in the study of general sums of independent random 
variables (Chapter 6). Its discovery was actually motivated by these questions. 
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The statement of the result is somewhat abstract but we will try to clarify its 
powerful meaning by making some comments and by discussing some ideas 
about the proof. 

Given a probability space (E, E, J.I.) and a fixed, but arbitrary, integer 
N 1, denote by P the product measure J.I.®N on EN. A point x in EN has 
coordinates x = (Xl' ... ' XN), Xi E E. To a subset A of EN, we associate 

H(A,q,k) = {x E ENj 3x l , ... , xq E A 

such that Card {i::; Nj Xi ¢ {xL ... ,xn}::; k}. 

The set H(A,q,k} can be thought of, in an isoperimetric way, as some neigh-
borhood of A whose elements are determined by a fixed number q of points in 
A with at most k free coordinates. This can be made somewhat more precise 
in the terminology of the beginning of this chapter. For an element X in (EN)q, 
denote its coordinates by X = (xl, ... ,xq) = (xl}l:5q where xl E EN and, as 
before, xl = (XDi:5N. Between elements X,y in (EN}q introduce 

N 

d(x, y) = L I{Vl=I •...• q: :r:!i'yH 
i=l 

= Card {i::; Nj Vi = 1, ... ,q, xf "1= yf} . 

Then, for A in EN,H(A,q,k) can simply be interpreted as the neighborhood 
of order k with respect to d (although d is not a metric) in the sense that 

H(A,q,k} = {x E ENj d(x,Aq}::; k} 

where, for x in EN, x is the element of (EN}q with coordinates x = (x, ... , x). 
The isoperimetric theorem estimates the size of H(A,q,k) under P in 

terms of P(A}, q and k. The main conclusion is an exponential decay in terms 
of k of the measure of the complement of H(A, q, k). 

Theorem 1.4. For some universal positive constant K, 

where p. denotes inner probability. 

The proof of Theorem 1.4 is isoperimetric in nature and relies on several 
reductions based on symmetrization (rearrangement) procedures. Below, we 
illustrate one typical argument in a particular case. However, it does not seem 
to allow for an exact solution of the isoperimetric problem which would be 
the determination, for any a > 0, of 

inf{P.(H(A,q,k»)j P(A} > a}. 

Note further that the use of the inner probability is necessary since H(A, q, k) 
need not be measurable when A is. 
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Theorem 1.4 is mostly used in application only in the typical case P( A) 
1/2 and k ;::: q for which we get 

(1.11) P .. (H(A,q,k)) 1- k 

where Ko > 0 is a numerical constant. It will be convenient in the sequel to 
assume this constant Ko to be an integer; we do this and Ko will moreover 
always have the meaning of (1.11) throughout the book. 

It has been remarked in [Tall] that, in the case P(A) ;::: 1/2 for example, 
(1.11) can actually be improved into 

(1.12) P .. (H(A,q,k)) ;::: 1- + q q) r 
The gain of the factor log q is irrelevant as far as the applications presented 
in this work are concerned. It should be noted however that this estimate is 
sharp. Indeed, consider the case where E = {O, I} and J.I. = (1 - N) bo + Nbl 
where r is an integer less than Nand N is assumed to be large. Let A in EN 
be defined as 

Then P(A) is of the order of 1/2 and, clearly, 

N 

H(A,q,k) = {x E EN; ?=Xi ::; rq + k} . 
,=1 

Now 

P(H(A,q,kn;::: 

> N )rq+k+l 
- N 2(rq+k+1) 

? (q ) rq
+k+1 

If k ? q are fixed (large enough) and if we take r to be of the order of 
k/(qlogq), we see that we have obtained an example for which the bound 
(1.12) is optimal. 

As announced, we will only use (1.11) in applications. These will be mainly 
studied in Chapter 6 and in corollaries in Chapters 7 and 8 on strong limit 
theorems for sums of independent random variables. Let us therefore briefly 
indicate the trivial translation from the preceding abstract product measures 
to the setting of independent random variables. Let X = (Xi)iSN be a sample 
of independent random variables with values in a measurable space E. By 
independence, they can be constructed on some product probability space 
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aN in such a way that, for W = (wik:::;N in aN, Xi(W) only depends on Wi. 
Then (1.11) is simply that, when k q and F{X E A} 1/2 for some 
measurable set A in EN, then 

(1.13) F.{X E H(A,q,k)} 1- k 

Hence, when k or q is large, the sample X falls with high probability into 
H (A, q, k). On this set, X is entirely controlled by a finite number q of points 
in A provided k elements of the sample are neglected. In the applications, es-
pecially to the study of sums of independent random variables, these neglected 
terms can essentially be thought of as the largest values of the sample. Hence, 
once an appropriate bound on large values has been found, a good choice of A 
and some relations between the various parameters q and k determine sharp 
bounds on the tails of sums of independent random variables. This will be one 
of the objects of study in Chapter 6. Further, let us note that this intuition 
about large values of the sample is justified in the special case of the proof of 
Theorem 1.4 that we give below; the final binomial arguments exactly handle 
the situation as we just described. 

We refer to [Tall] for a detailed proof of Theorem 1.4. However, we would 
like to give a proof in the simpler case where A is symmetric, i.e. invariant 
under the permutations of the coordinates. The rearrangement part of the 
proof is an inequality introduced in [Ta6], in the same spirit but easier than the 
rearrangement arguments needed for Theorem 1.4. The explicit computations 
after appropriate rearrangements are then identical to those required to prove 
Theorem 1.4, and rely on classical binomial estimates. This method also yields 
a version of Theorem 1.4 in the case of symmetric A's for q > 1 not necessarily 
an integer. This is another motivation for the details we are now giving. More 
precisely let, as before, N 1 be an integer and let now q > 1; denote 
by N' the integer part of qN. Consider C symmetric (invariant under the 
permutations of the coordinates) in EN' such that P' (C) > 0 where P' = 
I-'®N'. For each integer k, set 

G(C,k) = {x E EN; 3y E C 

such that Card {i :::; N; Xi {Yl, ... , YN'}} :::; k} . 

For a comparison with H(A, q, k) when q is an integer, let A in EN and denote 
by C C EqN the set of all sequences Y = (Yi)i5,qN such that {Yl, . .. ,YqN} can 
be covered by q sets of the form {Xl, . .. , XN} where (Xi)i5,N E A. C is clearly 
invariant under the permutations of the coordinates and H(A, q, k) C G(C, k). 
On the other hand, it is not difficult to see that when A is symmetric, the 
converse inclusion G( C, k) c H (A, q, k) is also satisfied at least on the subset 
of EN consisting of those X = (Xi)i5,N such that Xi f= Xj whenever i f= j. 

Using this notation, there exist K(q) < 1 and k(q, P'(C)) large enough 
such that for all k k(q, P'(C)), 

(1.14) P.(G(C,k)) 1 - k(q,P'(C)) [K(q)t . 
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For simplicity, we do not indicate the explicit dependence of K(q) and 
k(q,Pl(C)) in function of q and Pl(C) but, as will be clear from the proof, 
these are similar to those explicited in Theorem 1.4. 

In order to establish (1.14), we take upon the framework of [Tal1] and 
note in particular, that since the result is measure theoretic we might as well 
assume that E = [0,1] and I-' is the Lebesgue measure A on [0,1]. The main 
point in the proof of (1.14) is the use of Theorem 11 in [Ta6] which ensures 
the existence, for any symmetric C, of a left-hereditary subset C of ]0, I[N' 
such that AN'(C) = AN' (C) and for which, for every k, 

C is left-hereditary in the sense that whenever E C and, for 1 :$ i :$ N ' , 
0< Zi < Yi, then E C. (When C is left-hereditary, so is G(C, k) which 
is therefore measurable, but in general G(C, k) need not be measurable.) The 
conclusion now follows from an appropriate lower bound on A( G( C, k)) which 
will be obtained using binomial estimates. Here, the following inequality is 
convenient: 

(1.15) [(T)t(1 - T)l-t]n 
JP{B(n,T):$ tn}:$ t 1- t 

where B( n, T) is the number of successes in a run of n Bernoulli trials with 
probability T of success and 0 < t < T (see e.g. [Ho]). 

We let q = (1 + c)2, c > 0, and first show that for some a = a(c, AN' (C)) 
large enough, there exists in C such that, for every 1 :$ r :$ N ' , 

{ 
• I (1 + c)(r + a) } Card t < N . y' > 1 - > r . 

- , t N'-

Indeed, 

( 1- T)l-t = (1- r - t)l-t :$ exp(-(T _ t)) 
I-t I-t 

so that, by (1.15), 

JP{B(n,T):$ tn}:$ exp( . 

Ifu 2: l+c, then u-l-logu 2: 62u where 6 = min(c, hence, ifT/t 2: l+c, 

JP{ B(n, r) :$ tn} :$ exp( -62Tn) . 

Therefore, by this inequality, for every 1 :$ r :$ N, 

N' ( { . I (1 + c)( r + a) } ) A ; Card t:$ N ; Yi > 1 - N' :$ r - 1 

:$ exp( -62(1 + c){r + a)) 

and 
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L exp( -62 (1 + e)(r + a)) < )..N' (C) 

whenever a = a( e, ).. N' (C)) is chosen large enough. This proves the preceding 
claim. 

Now, since 0 is left-hereditary, each sequence (xik-:;N such that for every 
r > k, 

Card i < N· X· > 1 - < r - 1 { (l+e)(r-k+a)} 
- , t - N' -

belongs to G( 0, k)j indeed, the r-th largest element of (Xi)i-:;N is less than 
1 - (1 + e)(r - k + a)/N' and is therefore smaller than the (r - k)-th largest 
element of (Yi)i-:;N'. Thus, by the left-hereditary property of 0, (Xi)i-:;N E 
G ( 0, k). The proof of (1.14) will therefore be complete if we can show that 

)..N((Xi)i-:;Nj "Ir > k, Card {i:::; Nj Xi> 1- (1 k+a)}:::; r -1) 

2: 1 - k ( e , ).. N' ( C) )[ K ( e ) ] k 

for some K(e) < 1 and every large enough k 2: k(e, )..N' (C)). To this aim, note 
that 

( r)t ( r-t)t t = 1 + -t - :::; exp( r - t) 

and thus, by (1.15), 

( (1-7 1-7)) (1.16) 1P{B(n,r):::; tn} :::; exp -(1- t)n 1- t -I-log 1- t . 

If 0 < u < (1 + e)-I, then u - 1 - logu 2: 62 (where we recall that 6 = 
i min (e, Hence, if (1 - r)/(I- t) :::; 1/1 + e, 

1P{B(n,r):::; tn}:::; exp(-62(I-t)n). 

Using this inequality, ifr > k and k 2: k(e,)..N'(C)) are large enough, we get 

As announced, this is exactly what was required to conclude the proof of 
(1.14). 

1.3 Martingale Inequalities 

Martingale methods prove useful in order to establish various concentration 
results. These results complement the preceding isoperimetric inequalities and 
will prove useful in various places throughout this work. The inequalities that 
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we state, at least some of them, are rather classical and we present them in 
the general spirit of the concentration properties. 

Recall that L1 = L1 (il, A, P) denotes the space of all measurable functions 
Ion il such that JEI/I = J I/ldP < 00. Assume that we are given a filtration 

{0, il} = An C A1 C ... C AN = A 

of sub-a-algebras of A. JEA; denotes the conditional operator with respect to 
Ai. Given I in L1, set, for each i = 1, ... , N, 

so that 1- JEI = 2:;:1 di . defines a so-called martingale difference 
sequence characterized by the property JEA-1di = 0, i N. 

One of the typical examples of a martingale difference sequence that 
we have in mind is a sequence of independent mean zero random 
variables. Indeed, if Ai denotes the a-algebra generated by the variables 
X 1, ... , Xi, by independence and the mean zero property, it is clear that 
JEAi-l Xi = JEXi = 0. Hence, all the results we will present for I - JEI = 
2:;:1 di as before apply to the sum 2:;:1 Xi. 

The first lemma is a kind of analog in this context of the concentration 
property for Lipschitz functions. It expresses, in the preceding notation, the 
high concentration of I around its expectation in terms of the size of the 
differences di . 

Lemma 1.5. Let I in L1 and let I - JEI = 2:;:1 di be as above the sum 01 
martingale differences with respect to Assume that IIdili oo < 00 and 
set a = (2:;:1 IIdi ll;,)1/2. Then, lor every t > 0, 

Proof. We first note that when <p is a random variable such that 1<p1 1 almost 
surely and JE<p = 0, then, for any real number A, JE exp(A<p) exp(A2/2). 
Indeed, simply note from the convexity of the function x ---+ exp( AX) and from 
AX = A(l + x)/2 - A(1 - x)/2 that, for any Ixl 1, 

exp(Ax) chA + X shA exp(A2/2) + xshA. 

An integration yields the claim. It clearly follows that, for any i = 1, ... , N, 

Iterating this inequality and using the properties of conditional expectation, 
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N 

lEexp[A(f -lEf)] = lEexp ( A 

= lE (exp ( A }; di ) lEAN- 1 exp( AdN) ) 

:::; lEexp ( A di ) 

:::; exp(A2a2/2) . 

Then, we obtain from Chebyshev's inequality that, for t > 0, 

1P{j -lEf > t} :::; exp( -At + A2a2 /2) 

:::; exp( _t2 /2a2 ) 

for the optimal choice of A. Applying this inequality to - f also yields the 
conclusion of the lemma. 

At this stage, we should point out, once and for all, that in a statement 
such as Lemma 1.5, it is understood that if we are interested in f -lEf only 
rather than If -lEfl, we also have 

1P{j - lEf > t} :::; exp{ _t2 /2a2 ) • 

(This was actually explicitly established in the proof!) This general comment 
about a coefficient 2 in front of the exponential bound in order to take into 
account absolute values (f and - f) applies in many similar situations (we 
already mentioned it about the concentration inequalities of Section 1.1) and 
will be used in the sequel without any further comment. 

When, in addition to the bounds on di , some information on is 
available, the preceding proof basically yields the following refinement. 

Lemma 1.6. Let f -lEf = di be as before. Set a = maxi$;N I/dil/ oo and 
let b 2:: {E!l Then, for every t > 0, 

1P{lf - JEfl > t} :::; 2 exp [- ;:2 (2 - expG!))] . 

The proof is similar to that of Lemma 1.5. It uses simply that 

lEAi-1 exp{Ad o ) = 1 + A2 + A3 + ... 
t 2! t 3! t 

:::; 1 + (1 + + + ... ) 

:::; exp I/lEA.-1drllooe>.a] . 
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Thrning back to Lemma 1.5, it is clear that we always have 

N 

II - Ell L IIdilloo • 
i=l 

Of course, this simple observation suggests the possibility of some "interpo-
lation" between the sum of the squares which steps in in 
Lemma 1.5 and this trivial bound. This kind of result is described in the next 
two lemmas. 

Lemma 1.7. Let 1 < p < 2 and let q = pjp-1 denote the conjugate ofp. Let 

further f be as before with f - Ef = L!l di and set a = maxi:5N il/Plldilloo ' 

Then, for every t > 0, 

p{lf - Efl > t} 2 exp(-tqjCqaq) 

where Cq > 0 only depends on q. 

Proof. By homogeneity we may and do assume that a = 1. For any integer m 
we can write 

m 

If - Efl L Idil + IL dil 
i=l i>m 
m 

L i-lip + I L dil qm l / q + I L dil· 
i=l i>m i>m 

Assume first that t > 2q and then denote by m the largest integer such that 
t > 2qm l / q. We can apply Lemma 1.5 to Li>m di and thus obtain in this way, 
together with the preceding "interpolation" inequality, 

p{11 - Ell> t} p{IL dil > qm l / q } 

.>m 

2 exp [-q2m 2/q j2 L 
.>m 

Now, since a 1, 

so that 

L L i-2/ p 2 m l - 2/ p 

i>m i>m q 

p{11 - Ell> t} 2 exp(-q(q - 2)mj2) 

2 exp( -tq 

where = 4(2q)q j q( q - 2). When t 2q, 

p{lf - Ell> t} 1 2 exp(-(2q)qjC;) 2 exp(-tqjC;) 

where C; = (2q)qjlog2. The lemma follows with Cq = 
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Lemma 1.8. Let 1-EI = Ef:l di be as above and set a = illdilloo • 

Then, lor every t > 0, 

P{II - Ell> t} 16exp[-exp(t/4a)] . 

Prool. It is similar to the preceding one. We again assume by homogeneity 
that a = 1. When t 4, 

JP{II - Ell> t} 16e-e 16exp[-exp(t/4)] . 

When t > 4, let m be the largest integer such that t 2 + log m. We have as 
before 

m 

II - Ell E Idi I + 1 E di 1 (1 + log m) + 1 E di I· 
i=l i>m i>m 

Hence, 

P{I/-E/I > t} dil > I} 2exP (-1/2 i-2) 2exp(-m/2) 
t>m t>m 

where we have used Lemma 1.5. Since t < 2 + log(m + 1), we get 

p{11 - Ell> t} 4exp[- exp(t/4)] 

and the conclusion follows. 

Notes and References 

The description of the concentration of measure phenomenon is taken from 
the paper [G-M] by M. Gromov and V. D. Milman where further interesting 
examples of "Levy families" are discussed (see also [Mi-S], [Mi3]). The use 
of isoperimetric concentration properties in Dvoretzky's theorem on almost 
spherical sections of convex bodies (see Chapter 9) was initiated by V. D. Mil-
man [Mil], and amplified later in [F-L-M]. Further applications to the local 
theory of Banach spaces are presented in [Mi-S], [Pi1B] , [TJ2]. The isoperi-
metric inequality on the sphere (Theorem 1.1) is due to P. Levy [Le2] and 
E. Schmidt [Schm]. Levy's proof, which has not been understood for a long 
time, has been revived and generalized by M. Gromov [Gr1], [Mi-S]. Schmidt's 
proof is based on deep isoperimetric symmetrizations (rearrangements in the 
sense of Steiner). Accounts on symmetrizations and rearrangements, geomet-
ric inequalities and isoperimetry may be found in [B-Z], [Os]. For a short proof 
of Theorem 1.1, we refer to [F -L-M], or [Ba-T], [Beny] (for the two point sym-
metrization method). Poincare's lemma is not to be found in [Po] according 
to [D-F]i see this paper for the history of the result. Poincare's lemma is nicely 
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revisited in [MK]. The Gaussian isoperimetric Theorem 1.2 is due indepen-
dently to C. Borell [Bo2] and V. N. Sudakov and B. S. Tsirel'son [S-T] with 
the proof sketched here. C. Borell [Bo2] carefully describes the infinite dimen-
sional extensions. A. Ehrhard introduced Gaussian symmetrization in [Ehl] 
and established there inequality (1.1). See further [Eh2] and also [Eh3] where 
the extremality of half-spaces is investigated. We refer the reader to [Ta19] 
where a new isoperimetric inequality is presented, that improves upon cer-
tain aspects of the Gaussian isoperimetric theorem. Log-concavity of Gaussian 
Radon measures in locally convex spaces has been shown by C. Borell [Bol]. 
The simple proof that we suggest has been shown to us by J. Saint-Raymond. 
Inequality (1.5) is due to G. Pisier with the simple proof of B. Maurey [Pi16]. 
They actually deal with vector valued functions and the method of proof in-
deed ensures in the same way that if f : E -+ G is locally Lipschitz between 
two Banach spaces E and G, if , is a Gaussian Radon measure on E and if 
F : G -+ R. is measurable and convex, then 

(1.6) comes from B. Maurey (cf. [Pi16], [Led7]). A proof of (1.6) using Yurin-
skii's observation (see Chapter 6 below) and a central limit theorem for mar-
tingales has been noticed by A. de Acosta and J. Zinn (oral communication). 
(1.7) and the subsequent examples were observed by G. Pisier [Pi16]. The 
isoperimetric theorem for the Haar measure on {-I, + l}N with respect to 
the Hamming metric was established by L. H. Harper [Har]. Theorem 1.3 may 
be found in [Ta9] where the comparison with [Har] is discussed. Some exten-
sions to measures on { -1, + 1 } N with non-symmetric weights are described in 
[J-S2]. 

The isoperimetric theorem for subsets of a product of probability spaces, 
Theorem 1.4, is due to the second author [Ta11]. Inequality (1.14) for q not 
necessarily an integer is new, and is also due to the second author. The bi-
nomial computations closely follow the last step in [Ta11]. (1.15) comes from 
[Che] (see also [Ho]). 

Very recently, an abstract extension of Theorem 1.3 to arbitrary product 
measures has been discovered by the second author [Ta22]. Much simpler 
than Theorem 1.4, it yields similar consequences to the bounds on the tails of 
sums of independent random variables studied in Chapter 6 and may thus be 
considered as a significant simplification of the isoperimetric argument in the 
study of these bounds. 

The first two inequalities of Section 1.3 are rather classical. In this form, 
Lemma 1.5 is apparently due to [Azu]. Lemma 1.6 is the martingale analog of 
the classical exponential inequality of A. N. Kolmogorov [Ko] (see [Sto]), in 
a form put forward in [Ac7]. For sums of independent random variables, and 
starting with Bernstein's inequality (cf. [Ho]) , this type of inequalities has been 
extensively studied leading to sharp versions in, for example, [Ben], [Ho] (see 
also Chapter 6). For simplicity, we use Lemma 1.6 in this work but the preced-
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ing references can basically be used equivalently in our applications. Lemmas 
1.6 and 1.7 are taken from [Pi16j. For applications of all these inequalities to 
the Banach space theory, see, besides others, [Mau3j, [SchI], [Sch2j, [Sch3j, 
(J-SIj, [Pi12j, [B-L-Mj, [Mi-Sj, [Pi16j, etc. For applications of the martingale 
method to rather different problems, see [R-TIj, [R-T2j, [R-T3j. 



2. Generalities on Banach Space Valued 
Random Variables and Random Processes 

This chapter collects in rather an informal way some basic facts about pro-
cesses and infinite dimensional random variables. The material that we present 
actually only appears as the necessary background for the subsequent anal-
ysis developed in the next chapters. Only a few proofs are given and many 
important results are only just mentioned or even omitted. It is therefore rec-
ommended to complement, if necessary, these partial bases with the classical 
references, some of which are given at the end of the chapter. 

The first section describes Radon (or separable) vector valued random vari-
ables while the second makes precise some terminology and definitions about 
random processes and general vector valued random variables. The third sec-
tion presents some important facts about symmetric random variables, espe-
cially Levy's inequalities and Ito-Nisio's theorem. In the last paragraph, we 
mention some classical and useful inequalities. 

Throughout this book, we deal with abstract probability spaces (n, A, IP) 
which are always assumed to be large enough to support all the random vari-
ables we will work with; this is legitimate by Kolmogorov's extension theo-
rem. For convenience, we also assume that (n,A,IP) is complete, that is the 
u-algebra A contains the negligible sets for IP. 

Throughout this book also, B denotes a Banach space, that is a vector 
space over IR ora:; with norm 11·11 and complete with respect to it. For simplicity, 
we shall always consider real Banach spaces, but actually almost everything 
we will present carries over to the complex case. B' denotes the topological 
dual of Band f(x) = (j, x) (E IR), fEB', x E B, the duality. The norm on 
B' is also denoted Ilfll, fEB'. 

2.1 Banach Space Valued Radon Random Variables 

A Borel random variable or vector with values in a Banach space B is a 
measurable map X from some probability space (n, A, IP) into B equipped 
with its Borel u-algebra 13 generated by the open sets of B. In fact, this 
definition of random variable is somewhat too general for our purposes since 
for example the sum of two random variables is not trivially a random variable. 
Furthermore, if B is equipped with a different u-algebra, such as the coarsest 
one for which the linear functionals are measurable (cylindrical u-algebra), 
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the two definitions might not agree in general. We do not wish here to deal at 
length with measurability questions. One way to handle them is the concept 
of Radon or regular random variables, which amounts to some separability of 
the range. 

A Borel random variable X with values in B is said to be regular with 
respect to compact sets, or Radon, or yet tight, if, for each c > 0, there is a 
compact set K = K(c) in B such that 

(2.1) lP{X E K} 2: I-c. 

In other words, the image of the probability lP by X (see below) is a Radon 
measure on (B, B). Equivalently, X takes almost all its values in some sep-
arable (i.e. countably generated) closed linear subspace E of B. Indeed, 
under (2.1), there exists a sequence (Kn) of compact sets in B such that 
lP{X E Un Kn} = 1 so that X takes almost surely its values in some separa-
ble subspace of B. Conversely, let {Xi j i E N} be dense in E and let c > 0 be 
fixed. By density, for each n 2: 1 there exists an integer Nn such that 

lP{ X E U B(Xi, Tn) } 2: 1 - c . 2-n 
i'5.Nn 

where B(Xi' 2-n ) denotes the closed ball with center Xi and radius 2-n in B. 
Then set 

K = K(c) = n U B(Xi,2-n ). 

n2:1 i'5.Nn 

K is closed and P{X E K} 2: 1 - cj further, K is compact since from each 
sequence in K one can extract a subsequence contained, for every n, in a 
single ball B(Xi' 2-n )i this subsequence is, therefore, a Cauchy sequence hence 
converges by completness of B. 

We call thus Radon, or separable, a Borel random variable X that satisfies 
(2.1). The preceding argument shows equivalently that X is the almost sure 
limit of step random variables of the form Efinite XdA; where Xi E B and 
Ai EA. Note also that (2.1) is extended into 

lP{X E A} = sup{lP{X E K} j K compact, K C A} 

for every Borel set A in B. This follows from (2.1) together with the analogous 
property for closed sets which holds from the very definition of the Borel a-
algebra. 

Since Radon random variables have separable range, it is sometimes con-
venient to assume the Banach space itself to be separable. We are mostly 
interested in this work in results concerning sequences of random variables. 
When dealing with sequences of Radon random variables, we will therefore 
usually assume for convenience and without any loss in generality that the 
Banach space under consideration is separable. Further note that when B is 
separable all the "reasonable" definitions of a-algebras on B coincide, in par-
ticular the Borel and cylindrical a-algebras. Note also, and this observation 
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will motivate parts of the next section, that if B is separable the norm can be 
expressed as a supremum 

Ilxll = sup IJ(x)l, x E B , 
fED 

over a countable set D of linear functionals of norm 1 (or less than or equal 
to 1). 

For a random variable X with values in B, the probability measure p. = P.x 
which is the image of P by X is called the distribution (or law) of Xj for any 
real valued bounded measurable function r.p on B, 

IEr.p(X) = L r.p(x)dp.(x) . 

The distribution of a Radon random variable is completely determined by its 
finite dimensional projections. More precisely, if X and Y are Radon random 
variables such that for every J in B', J(X) and J(Y) have the same distribu-
tion (as real valued random variables), then p.x = p.y. Indeed, we can assume 
that B is separablej the Borel a-algebra is therefore generated by the algebra 
of cylinder sets. Since P.f(X) = P.f(Y)' p.x and p.Y agree on this algebra and the 
result follows. Note that it suffices to know that J(X) and J(Y) have the same 
law on some weakly dense subset of B'. As a consequence of the preceding, 
and according to the uniqueness theorem in the scalar case, the characteristic 
functionals on B' 

IEexp (iJ(X)) = L exp(iJ(x))dp.(x) , J E B' , 

completely determines the distribution of X. 
Denote by P(B) the space of all Radon probability measures on B. For 

each p. in P(B) consider the neighborhood 

where € > 0 and r.pi, i N, are real valued bounded continuous functions on 
B. The topology generated by these neighborhoods is called the weak topology 
and a sequence (p.n) in P(B) that converges with respect to this topology is 
said to converge weakly. Observe that P.n --+ P. weakly if and only if 

lim J r.pdp.n = J r.pdp. 
n---+oo 

for every bounded continuous r.p on B. It can be shown further that this holds 
if and only if 

limsupp.n(F) p.(F) 
n---+oo 

for each closed set Fin B, or, equivalently, 
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liminf I-'n(G) I-'(G) 
n--->oo 

for each open set G. 
The space P( B) equipped with the weak topology is known to be a com-

plete metric space (which is separable if B is separable). Thus, in particular, 
in order to check that a sequence (I-'n) in P(B) converges weakly, it suffices to 
show that (I-'n) is relatively compact in the weak topology and that all pos-
sible limits are the same. The latter can be verified along linear functionals. 
For the former, a very useful criterion of Y. V. Prokhorov characterizes rela-
tively compact sets of P(B) as those which are uniformly tight with respect 
to compact sets. 

Theorem 2.1. A family (l-'i)iEI in P(B) is relatively compact for the weak 
topology if and only if for each E: > 0 there is a compact set K in B such that 

(2.2) l-'i(K) 1 - E: for all i E I . 

This compactness criterion may be expressed in various manners depend-
ing on the context. For example, (2.2) holds if and only if for each E: > 0 there 
is a finite set A in B such that 

(2.3) I-'i (x E B; d( x, A) < E:) 1 - E: for all i E I 

where d(x, A) denotes the distance (in B) from the point x to the set A. 
Another equivalent formulation of Theorem 2.1 is based on the idea of fi-

nite dimensional approximation and is most useful in applications. It is some-
times refered to as "flat concentration" . The idea is simply that bounded sets 
in finite dimension are relatively compact and, therefore, if a set of measures 
is concentrated near a finite dimensional subspace, then it should be close to 
be relatively compact. The following simple functional analytic lemma makes 
this fact clear. If F is a closed subspace of B, denote by T = TF the canonical 
quotient map T: B --+ BIF. Then IIT(x)11 = d(x,F), x E B. (We denote in 
the same way the norm of B and the norm of B IF.) 

Lemma 2.2. A subset K of B is relatively compact if and only if it is bounded 
and for each E: > 0 there is a finite dimensional subspace F of B such that if 
T = TF , IIT(x)1I < E: for every x in K (i.e. d(x,F) < E: for x E K). 

According to this result and to Theorem 2.1, if, for each E: > 0, there is 
a bounded set L in B such that I-'i (L) 1 - E: for every i E I and a finite 
dimensional subspace F of B such that 

(2.4) I-'i (x E B; d( x, F) < E:) 1 - E: for all i E I , 

then the family (l-'i)iEI is relatively compact. 
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Actually, when (2.4) holds, the assumption of the existence of L is too 
strong. It is enough to assume that for every 1 in B', (/-Li 0 1-1 )iEI is a weakly 
relatively compact family of probability measures on the line. If /-L is a Borel 
measure on B and 1 a linear functional, /-L 01- 1 denotes the measure on IR 
which is the image of /-L by 1. To check the preceding claim, let F be of di-
mension N and such that (2.4) is satisfied. By the Hahn-Banach theorem, 
there exist linear functionals iI, ... , In in the unit ball of B' such that, when-
ever x E F and a > 0, if 1j;(x)1 a, then Ilxll 2a. Therefore, if 
(/-Li 0 1-1 )iEI is relatively compact for every 1 in B' (actually a weakly dense 
subset of B' would suffice), and if (2.4) holds, the family (/-Li)iEl is uniformly 
almost concentrated on a bounded set and Prokhorov's criterion is then ful-
filled. 

A sequence (Xn) of Radon random variables with values in B converges 
weakly to a Radon random variable X if the sequence of distributions (/-Lxn ) 

converges weakly to /-LX' For real valued random variables, a celebrated theo-
rem of P. Levy indicates that (Xn) converges weakly if and only if the corre-
sponding sequence of characteristic functions (Fourier transforms) converges 
pointwise (to a continuous limit). In the vector valued case, by Theorem 2.1, 
(Xn) converges weakly to X as soon as (f(Xn)) converges weakly (as a se-
quence of real valued random variables) to 1 (X) for every 1 in B' (or only in 
a weakly dense subset) and the sequence (Xn) is tight in the sense that, for 
each E > 0, there exists a compact set K in B with 

IP{Xn E K} :::: 1 - E 

for all n's (or only all large enough n's since the Xn's are themselves tight). 
By what preceeds, this can be established by (2.3) or (2.4). 

The sequence (Xn) is said to converge in probability (in measure) to X if, 
for each E > 0, 

lim IP{IIXn - XII> c} = O. 

It is said to be bounded in probability (or stochastically bounded) if, for each 
E > 0, one can find M > 0 such that 

supIP{IIXnll > M} < E. 
n 

The topology of the convergence in probability is metrizable and a possible 
metric can be given by lEmin(l, IIX - YII). Denote by Lo(B) = Lo(il, A, IPj B) 
the vector space of all random variables (on (il,A,IP)) with values in B 
equipped with the topology of the convergence in probability. If (Xn) con-
verges in Lo(B), it also converges weakly and the converse holds true if the 
limiting distribution is concentrated on one point. Thus, if one has to check 
for example that (Xn) converges to 0 in probability, it suffices to show that 
the sequence (Xn) is tight and that all possible limits are O. The Lo and 
weak topologies are thus close in this sense and may be considered as weak 
statements as opposed to the strong almost sure properties (defined below). 
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If 0 < p ::; 00, denote by Lp(B) = Lp(n, A, Pj B) the space of all (Radon) 
random variables X (on (n,A,p)) with values in B such that IIXIIP is inte-
grable: 

lElIXIiP = J IIXIIPd1P < 00, p < 00 

and IIXlioo = ess sup IIXII < 00 if p = 00. If B = R, we simply set Lp = Lp(1R) 
(0::; p::; 00). We denote moreover, both in the scalar and vector valued cases 
(and without any confusion), by IIXlip the quantity (lEIIXIIP)l/p. The spaces 
Lp(B) are Banach spaces for 1 ::; p ::; 00 (metric vector spaces for 0::; p < 1). 
If (Xn) converges to X in Lp(B), it converges to X in Lo(B), that is in 
probability, and a fortiori weakly. 

Finally, a sequence (Xn) converges almost surely (almost everywhere) to 
X if 

p{ lim Xn = X} = 1. n-+oo 

The sequence (X n) is almost surely bounded if 

1P{supIlXnll < oo} = 1. 
n 

Almost sure convergence is not metrizable. It clearly implies convergence in 
probability which in turn implies weak convergence. Conversely, an important 
theorem of A.V. Skorokhod [SkI] asserts that if (Xn) converges weakly to 
X, then there exist, on a possibly richer probability space, random variables 

and X' such that /-Lx:. = /-LXn for every n and /-Lx = /-LX' and such that 
-+ X' almost surely. This property is useful in particular in dealing with 

the convergence of moments, for example in central limit theorems. 
We conclude this section with some remarks concerning integrability prop-

erties. As we have already seen, a Radon random variable X on (fl, A, 1P) with 
values in B belongs to L 1(B), or is strongly or Bochner integrable, if the real 
valued random variable IIXII is integrable (lEliXIl < 00). Suppose now that 
we are given X such that for each f in B' the real valued random variable 
f(X) is integrable. If we consider the operator 

defined by Tf = f(X), T has clearly a closed graph. T is therefore a bounded 
operatorj hence, f -+ lEf(X) defines a continuous linear map on B', that is an 
element, let us call it z, of the bidual B" of B. The Radon random variable X 
is said to be weakly or Pettis integrable if, for each f in B', f(X) is integrable, 
and the element z of B" just constructed actually belongs to B. If this is the 
case, z is then denoted by lEX. 

It is not difficult to see that, if the Radon random variable X is strongly 
integrable, then it is weakly integrable and IllEXIl ::; lEliXIi. Indeed, we can 
choose, for each c > 0, a compact set Kin B such that lE(IIXIII{xItK}) < c. 
Let (Adi:SN be a finite partition of K with sets of diameter less than c and 
fix for each i a point Xi in Ai. Then set 
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N 

Y(e) = LXiI{xEAi} . 
i=1 

It is plain, by construction, that JEIIX - Y(e)1I < 2e and that Y(e) is weakly 
integrable with expectation JEY(e) = XiP{X E Ai}. The conclusion 
then follows from the fact that (JEY(l/n)) is a Cauchy sequence in B which 
therefore converges to an element JEX in B satisfying /(JEX) = JE/(X) for 
every / in B'. 

In the same way, the conditional expectation of vector valued random vari-
ables can be constructed. Let X be a Radon random variable in L1 (n, A, Pj B) 
and let :F be a sub-a-algebra of A. Then one can define JEF X as the Radon 
random variable in L1 (n, :F, Pj B) such that, for any F in :F, 

L JEF X d1P = L X d1P . 

It satisfies IlJEF XII JEFIIXII almost surely and /(JEF X) = JEF /(X) almost 
surely for every / in B'. Note further that, by separability and extension 
of a classical martingale theorem, if X is in L1(n,A,PjB), there exists an 
increasing sequence (AN) of finite sub-a-algebras of A such that if XN = 
JEAN X, (XN) converges almost surely and in Ll(B) to X. If X is in Lp(B), 
1 < p < 00, the convergence also takes place in Lp(B). 

We would like to mention for the sequel (in particular Chapter 8) that, 
by analogy with the preceding, if X is a Radon random variable with values 
in B such that, for every / in B', JE/2 (X) < 00, the operator T/ = /(X) is 
also bounded from B' into L2 • Furthermore, it can be shown as before that, 
for every in L 2 , is weakly integrable so that is well defined as 
an element of B. In particular, for /,g in B', g(JE(f(X)X)) = JE(J(X)g(X)) , 
which defines the so-called "covariance structure" of a random variable X 
which is weakly in L 2 • 

2.2 Random Processes and 
Vector Valued Random Variables 

The concept of a Radon or separable random variable is a convenient concept 
when we deal with weak convergence or tightness properties. Indeed, we will 
use it in the typical weak convergence theorem which is the central limit 
theorem, and also in some related questions about the law of large numbers 
and the law of the iterated logarithm. This concept is also a way of taking 
easily into account various measurability problems. 

However, Radon random variables form a somewhat too restrictive setting 
for other types of questions. For example, if we are given a sequence (Xn) of 
real valued random variables such that supn IXnl < 00 almost surely, and if 
we ask (for example) for the integrability properties or the tail behavior of this 
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supremum, we are clearly faced with a random element of infinite dimension 
but we need not (and in general do not) have a Radon random vector. In other 
words, it would be convenient to have a notion of random variable with values 
in loo. The space Co of all real valued sequences tending to 0 is a separable 
subspace of loo but loo is not separable. Recall further that every separable 
Banach space is isometric to a closed subspace of loo. 

On the other hand, another category of infinite dimensional random ele-
ments are the random functions or stochastic processes. Let T be a (infinite) 
index set which will be usually assumed to be a metric space (T, d). A random 
function or process X = (Xt)tET indexed by T is a collection of real valued 
random variables X t , t E T. By the distribution or law of X we mean the 
distribution on R T , equipped with the cylindrical u-algebra generated by the 
cylinder sets, determined by the collection of all marginal distributions of the 
finite dimensional random vectors (Xtll ... ,XtN ), ti E T. 

Throughout this book, we often study whether a given random process 
is almost surely bounded and/or continuous, and, when this is the case, we 
ask for possible integrability properties or for the tail behavior of SUPtET IXtl 
whenever this makes sense. Of course, these considerations raise some non-
trivial measurability questions as soon as T is no longer countable. A priori, 
a random process X = (XthET is almost surely bounded or continuous, or 
has almost all its trajectories or sample paths bounded or continuous, if, for 
almost all w, the path t - Xt(w) is bounded or continuous. However, in order 
to prove that a random process is almost surely bounded or continuous, and 
to deal with it, it is preferable and convenient to know that the sets involved 
in these definitions are properly measurable. It is not the focus of this work 
to enter into these complications, but rather to try to reduce the discussion 
to a simple setting in order not to hide the main ideas of the theory. Let us 
therefore briefly indicate in this section some possible and classical arguments 
used to handle these annoying measurability questions. These will then mostly 
be used without any further comments in the sequel. 

Let X = (Xt}tET be a random process. When T is not countable, the 
pointwise supremum SUPtET IXt(w)1 is usually not well defined since one has 
to take into account an uncountable family of negligible sets. Therefore, it is 
necessary to consider a handy notion of measurable supremum of the collection 
(XthET. One possible way is to understand quantities such as SUPtET IXtl 
(or similar ones, SUPtET X t , sUPs,tET IXs - Xtl ... ) as the essential (or lattice) 
supremum in Lo of the collection of random variables IXtl, t E T. Even simpler, 
if the process X is in Lp , 0 < p < 00, that is, if JEIXtlP < 00 for every t in T, 
we can simply set 

JEsup IXtlP = sup{JEsup IXtlP j F finite in T} . 
tET tEF 

This lattice supremum also works in more general Orlicz spaces than Lp-spaces 
and will mainly be used in Chapters 11 and 12 when we will have to show 
that a given process is bounded, reducing basically the various estimates to 
the case where T is finite. 
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Another possibility is the probabilistic concept of separable version which 
allows us to deal similarly with other properties than boundedness, such as 
continuity. Let (T, d) be a metric space. A random process X = (XdtET 
defined on (n, A, 1P) is said to be separable if there exist a negligible set 
N c n and a countable set S in T such that, for every w ¢ N, every t E T 
and € > 0, 

Xt(w) E {Xs(w); s E S, d(s, t) < c} 

where the closure is taken in lR U {oo}. If X is separable, then, in particular, 
SUPtET IXt(w)1 = SUPtES IXt(w)1 for every w ¢ N, and since S is countable 
there is, of course, no difficulty in dealing with this type of supremum. Note 
that if there exists a separable random process on (T, d), then (T, d) is separa-
ble as a metric space. If (T, d) is separable and X is almost surely continuous, 
then X is separable. 

Hence, when a random process is separable, there is no difficulty in deal-
ing with the almost sure boundedness or continuity of the trajectories since 
these properties are reduced along some countable parameter set. In general 
however, a given random process X = (Xt)tET need not be separable. In a 
rather general setting, it admits a version which is separable. A random pro-
cess Y = (Yt)tET is said to be a version of X if, for every t E T, Yt = X t 
with probability one; in particular, Y has the same distribution as X. It is 
known that when (T, d) is separable and when X = (XdtET is continuous in 
probability, that is, for every to E T and every € > 0, 

lim 1P{IXt - Xtol > c} = 0, t-+to 

then X admits a separable version. Moreover, every dense sequence S in T 
can be chosen as a separable set. The preceding hypotheses will always be 
satisfied when we will need such a result so that we freely use it below. 

Summarizing, the study of the almost sure boundedness and continuity 
of random processes can essentially be reduced with the tools of essential 
supremum or separable version to the setting of a countable index set for which 
no measurability question occurs. In our first part, we will therefore basically 
study integrability properties and tail behaviors of supremum of bounded 
processes indexed by a countable set. In the second part, we examine when 
a given process is almost surely bounded or continuous and we use separable 
versions. 

The purposes of the first part motivate the introduction of a slightly more 
general notion of random variable with vector values in order to possibly 
unify results on Radon random variables and on too-valued random variables 
or bounded processes. One possible definition is the following. Assume that 
we are given a Banach space B (not necessarily separable!) such that there 
exists a countable subset D of the unit ball or sphere of the dual space B' such 
that 

Ilxll = sup If(x)l, x E B. 
JED 
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The typical example that we have in mind is the space loo. Recall that separa-
ble Banach spaces possess this property. Given such B and D, we Can say that 
X is a random variable with values in B if X is a map from some probability 
space (n, A, P) into B such that I (X) is Borel measurable for every I in D. 
We can then work freely with the measurable function IIXII. 

This definition includes Radon random variables. It also includes almost 
surely bounded processes X = (Xt)tET indexed by a countable set Tj take 
simply B = loo(T) and D = T identified with the evaluation maps. As a 
remark, note that when X = (XthET is an almost surely continuous process 
on (T, d) assumed to be compact, it defines a Radon random variable in the 
separable Banach space C(T) of all continuous functions on T. 

When X and B are as above, we simply say that X is a random variable 
(or vector) with values in B, as opposed to a Radon random variable. We will 
try however to recall each time it will be necessary the exact setting in which 
we are working, not trying to avoid repetitions in this regard. When we are 
dealing with a separable Banach space B however, we do not distinguish and 
simply speak of a random variable (or a Borel random variable) with values 
in B. 

To conclude this section, let us note that for this generalized notion of 
random variable with values in a Banach space B, we can also speak of the 
spaces Lp(B), 0 p 00, as the spaces of random variables X such that 
IIXlip = (lEIIXIIP)l/P < 00 for 0 < p < 00, and the corresponding concepts for 
p = 0 or 00. Almost sure convergence of a sequence (Xn) makes sense similarly, 
and if we have to deal with the distribution of such a random variable X, we 
simply mean the set of distributions of the finite dimensional random vectors 
(h(X), ... ,/N(X)) where h, ... ,/N E D. Again, in the case of a Radon 
random variable, this coincides with the usual definition (choose D to be 
weakly dense in the unit ball of B'). 

Finally in this section, let us mention a trivial but useful observation based 
on independence and Jensen's inequality. If X is a random variable with values 
in B in the general sense just described, let us simply say that X has mean 
zero if lE/(X) = 0 for all I in D (we then sometimes write with some abuse 
of notation that lEX = 0). Let then F be a convex function on 1R+ and let X 
and Y be independent random variables in B such that lEF(IIXII) < 00 and 
lEF(IIYII) < 00. Then, if Y has mean zero, 

(2.5) lEF(IIX + YII) lEF(IIXII) . 

Indeed, this simply follows by convexity of F(II . II) and partial integration 
with respect to Y using Fubini's theorem. 
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2.3 Symmetric Random Variables 
and Levy's Inequalities 

In this paragraph, B denotes a Banach space such that for some countable set 
D in the unit ball of B', Ilxll = sUP/ED If(x)1 for every x E B. 

A random variable X with values in B is called symmetric if X and - X 
have the same distribution. Equivalently, X has the same distribution as c:X 
where c: denotes a symmetric Bernoulli or Rademacher random variable taking 
values ±1 with probability 1/2 which is independent of X. (Although the name 
of Bernoulli is historically more appropriate, we will speak of Rademacher 
variables since this is the most commonly used terminology in the field.) This 
simple observation is at the basis of randomization (or symmetrization, in the 
probabilistic sense) which is one most powerful tool in Probability in Banach 
spaces. 

Note that for a random variable X, there is a canonical way of generating 
a symmetric random variable which is not too "far" from X: consider indeed 
X = X - X' where X' in an independent copy of X, i.e., with the same 
distribution as X. In these notations, we will usually assume that X and X' 
are constructed on different probability spaces (.a,A,JP) and (.a',A',JP'). 

We call a Rademacher sequence (or Bernoulli sequence) a sequence (C:i)iE1N" 
of independent Rademacher random variables taking thus the values + 1 and 
-1 with equal probability. A sequence (Xi) of random variables with values 
in B is called a symmetric sequence if, for every choice of signs ±1, (±Xi) has 
the same distribution as (Xi) (i.e. for every N, (±X1, ... , ±XN) has the same 
law as (Xl. ... ,XN) in BN). Equivalently, (Xi) has the same distribution as 
(C:iXi) where (C:i) is a Rademacher sequence which is independent of (Xi). The 
typical example of a symmetric sequence consists in a sequence of independent 
and symmetric random variables. In this setting of symmetric sequences, it will 
be convenient to denote, using Fubini's theorem, by JPe , JEe (resp. Px,JEx) 
the conditional probability and expectation with respect to the sequence (Xi) 
(resp. (C:i)). We hope that the slight abuse of notation, c: representing (C:i) and 
X, (Xi)' will not get confusing in the sequel. 

Partial sums of a symmetric sequence of random variables satisfy some 
very important inequalities known as Levy's inequalities. They can be stated 
as follows. Recall that they apply to the important case of independent and 
symmetric random variables. 

Proposition 2.3. Let (Xi) be a symmetric sequence of random variables with 
values in B. For every k, set Sk = Xi. Then, for every integer Nand 
every t > 0, 

(2.6) 

and 

(2.7) 
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If (Sk) converges in probability to S, the inequalities extend to the limit 
as 

p{supllSkll > t} 2F{IISII > t} 
k 

and similarly for (2.7). As a consequence of Proposition 2.3, note also that by 
integration by parts, for every 0 < p < 00, 

JEmax IISkliP 2JEIISNIIP 
k$.N 

and similarly with Xk instead of Sk. 

Proof. We only detail (2.6), (2.7) being established exactly in the same way. 
Let r = inf{k N j IISkll > t}. We have 

N 

P{IISNII > t} = LP{IISNII > t, r = k}. 
k=l 

Now, since, for every k, (Xl, ... ,Xk,-Xk+1, ... ,-XN) has the same distri-
bution as (X1, ... ,XN), and {r = k} only depends on Xl, ... ,Xk, we also 
have that 

N 

P{IISNII > t} = LP{IISk - Rkll > t, r = k} 
k=l 

where Rk = SN - Sk, k N. Using the triangle inequality 

Then, summing the two preceding probabilities yields 

N 

2P{IISNII > t} LP{r = k} = > t} . 
k=1 -

The proof of Proposition 2.3 is complete. 

Among the consequences of Levy's inequalities is a useful result on the 
convergence of series of symmetric sequences. This is known as the Levy-Ito-
Nisio theorem which we present in the context of Radon random variables. 

Theorem 2.4. Let (Xi) be a symmetric sequence of Borel random variables 
with values in a separable Banach space B. For each n, denote by J.l.n the dis-
tribution of the n-th partial sum Sn = Xi. The following are equivalent: 

(i) the sequence (Sn) converges almost surely; 

(ii) (Sn) converges in probability; 

(iii) (J.l.n) converges weakly; 

(iv) there exists a probability measure J.I. in P{B) such that J.l.n 0 f- I - J.I. 0 1-1 
weakly for every f in B'. 
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By a simple symmetrization argument, the equivalences (i) - (iii) can also 
be shown to hold for sums of independent (not necessarily symmetric) random 
variables. We shall come back to this in Chapter 6. Furthermore, observe from 
the proof that the equivalence between (i) and (ii) is not restricted to the 
Radon setting. 

Prool. (iii) * (ii). We first show that Xi --+ 0 in probability. By difference, (Xi) 
is weakly relatively compact. Hence, from every subsequence, one can extract 
a further one, denote it by if, such that Xi' converges weakly to some X. 
Thus, along every linear functional I, I(Xi,) --+ I(X) weakly. Now, (j(Sn)) 
converges in distribution as a sequence of real valued random variables so that, 
for all 6 > 0, there is an M > 0 such that 

sup1P{I/(Sn)1 > M} < 62 • 
n 

Now recall the symmetry assumption and the preceding notation: 

where (€i) is a Rademacher sequence which is independent of (Xi)' For every 
n, let 

By Fubini's theorem, P(A) = 1Px(A) > 1 - 6. If W E A, we can apply 
Khintchine's inequalities (Lemma 4.1) to the sum �d (Xi(W)) together 
with Lemma 4.2 and (4.3) below to see that, if 6 :::; 1/8, 

n 

L 12(Xi(W)) :::; 8M2 . 
i=l 

It follows that 

> 8M2 } < 6 

from which we get Li f2(Xi) < 00 almost surely. Thus, I(Xi ) --+ 0 almost 
surely. Hence, (Xi) is a tight sequence with only 0 as a possible limit point. 
This shows that Xi --+ 0 in probability. 

We then deduce (ii). Indeed, if this is not the case, (Sn) is not a Cauchy 
sequence in probability and there exists a strictly increasing sequence of inte-
gers (nk) such that Tk = Snk+l - Snk does not converge in probability to O. 
Since Lk Tk = Li Xi converges weakly, we may apply the preceding step to 
get a contradiction. 

(ii) * (i). If Sn --+ S in probability, there exists a sequence (nk) of integers 
such that 

L1P{IISnk - SII > Tk} < 00. 

k 
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By Levy's inequalities, 

p{ max IISn - Sn/C_11I > 2-k+1} 
n/C-l<n::>n/c 

:5 2P {IiSn/c - Sn/C_11I > 2-k +1} 
:5 2 (p {IiSn/c - SII > 2-k } + P {IiSn/C_l - SII > 2-k - 1}) 

By the Borel-Cantelli lemma, (Sn) is almost surely a Cauchy sequence and 
thus (i) holds. 

We are left with the proof of (iv) :::::} (iii) since the other implications are 
obvious. By Prokhorov's criterion and (2.4), it is enough to show that for 
everye > 0 there exists a finite dimensional subspace F of B such that, for 
every n, 

P{d(Sn,F) > e} < e. 
Since JI. is a Radon measure, it suffices to show that 

P{d(Sn'F) > e}:5 2J1.(x; d(x, F) > e) 

for any n, e > 0 and any closed subspace Fin B. Now, since B is separable, 
for every closed subspace F in B, there is a countable subset D = {1m} of 
the unit ball of B' such that d(x,F) = sUPJED I/(x)1 for every x. For every 
m, (!I(Sn),"" Im(Sn)) is weakly convergent in R m to the corresponding 
marginal of JI.. Hence, by Levy's inequality (2.6) in the limit, for every n, 

The conclusion is easy: 

P{ d(Sn, F) > e} = p{ sup I/(Sn)1 > e} 
JED 

Theorem 2.4 is thus established. 

2.4 Some Inequalities 

:5 Ih(Sn)1 > e} 
m '::>m 

:5 2 sup JI.(x; Ih(x)1 > e) 
m '::>m 

:5 2J1.(x; sup I/(x)1 > e) 
JED 

:5 2J1.(x; d(x, F) > e). 

for Real Valued Random Variables 

We conclude this chapter with two elementary and classical inequalities for 
real valued random variables which it will be useful to record at this stage. 
The first one is a version of the binomial inequalities (compare with (1.15), 
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(1.16)) while the second is the inequality which stands at the basis of the 
Borel-Cantelli lemma. 

Lemma 2.5. Let (Ad be a sequence of independent sets such that a 
Li 1P(Ai) < 00. Then, for every integer n, 

Proof. We have 

.1P{L IAi 2: n} LIT IP(Aij) 
, )=1 

where the summation is over all choices of indexes i1 < ... < in. Now 

1 n n 

< - " IIIP(k) = - , L....t '1' . n. n. 
all j=l 

il, ... ,in 

Lemma 2.6. Let (Ziks,N be independent positive random variables. Then, 
for every t > 0, 

N N 

> t} 2: t;IP{Zi > t} / (1 + t;IP{Zi > t}) . 
In particular, if IP {maxiSN Zi > t} !, 

N 

L IP {Zi > t} 2IP { Zi > t} . 
i=l -

Proof. For x 2: 0,1- x exp(-x) and 1- exp(-x) 2: xl(1 + x). Thus, by 
independence, 

N 

IP { Zi > t} = 1 - II (1 - IP {Zi > t}) 
- i=l 

N 

2: 1 - exp (- IP {Zi > t} ) 

N N 

2: L IP{Zi > t}/1 + L IP{Zi > t} . 
i=l i=l 
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If Zi > t} ::; the preceding inequality ensures that 
P{Zi > t} < I so that the second conclusion of the lemma follows 

from the first one. 

Notes and References 

The following references will hopefully complete appropriately this survey 
chapter. 

Basics on metric spaces, infinite dimensional vector spaces, Banach spaces, 
etc. can be found in all classical treatises on Functional Analysis such as 
[Dun-S]. Informations on Banach spaces more in the spirit of this book are 
given in [Da], [Bea], [Li-TI], [Li-T2] as well as in the references therein. 

Probability distributions on metric spaces and weak convergence are pre-
sented in [Par], [Bi]. Various accounts on random variables with values in 
Banach spaces may be found in [Kal], [Schw2], [HJ3], [Ar-G2], [Li], [V-T-C]. 
Prokhorov's criterion comes from [Prol]; the terminology "flat concentration" 
is used in [Ac1]. For Skorokhod's theorem [SkI], see also [Du3]. The necessary 
elements on vector valued martingales and their convergence may be found in 
[Ne3]. 

Generalities on random processes and separability are given in [Doo], [Me], 
[Nel]. More in the context of Probability in Banach spaces, see [Ba], [J-M3], 
[Ar-G2]. 

Symmetric sequences and randomization techniques were first considered 
by J.-P. Kahane in [Kal] who gave a proof of Levy's inequalities [Lei] in 
this setting of vector valued random variables. See also [HJI], [HJ2], [HJ3]. 
Theorem 2.4 is due to P. Levy [Lei] on the line and to K. Ito and M. Nisio 
[I-N] for independent Banach space valued random variables. For symmetric 
sequences, see J. Hoffmann-JflIrgensen [HJ3]. Our proof follows [Ar-G2]. 

The inequalities of Section 4 can be found in all classical treatises on 
Probability Theory (e.g. [Fel]). 
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3. Gaussian Random Variables 

With this chapter, we really enter into the subject of Probability in Banach 
spaces. The study of Gaussian random vectors and processes may indeed be 
considered as one of the fundamental topics of the theory since it inspires many 
other parts of the field both in the results themselves and in the techniques of 
investigation. Historically, the developments also followed this line of progress. 

In this chapter, we shall be interested in the integrability properties and 
the tail behaviors of norms of Gaussian random vectors or of bounded pro-
cesses as well as in the basic comparison properties of Gaussian processes. The 
question of when a Gaussian process is almost surely bounded (or continuous) 
will be addressed and completely solved in Chapters 11 and 12. The study 
of the tail behavior of the norm of a Gaussian random vector is based on 
the isoperimetric tools introduced in the first chapter. This study will be a 
reference for the corresponding results for other types of random vectors like 
Rademacher series, stable random variables, and even sums of independent 
random variables which will be treated in the next chapters. This will be the 
subject of the first section of this chapter. The second examines the corre-
sponding results for chaos. The last paragraph is devoted to the important 
comparison properties of Gaussian random variables. These now appear at 
the basis of the rather deep present knowledge about the regularity properties 
of the sample paths of Gaussian processes (cf. Chapter 12). 

First, we recall the basic definitions and some classical properties of Gaus-
sian variables. A real valued mean zero random variable X in L 2 (il,A,P) is 
said to be Gaussian (or normal) if its Fourier transform satisfies 

IE exp( itX) = exp( _(12t2 /2) , t E R, 

where (1 = IIXII2 = (IEX2)1/2. When we speak of a Gaussian variable, we 
always mean a centered Gaussian (or equivalently symmetric) variable. X is 
said to be standard if (1 = 1. Throughout this work, the sequence denoted 
by (gdiEIN will always mean a sequence of independent standard Gaussian 
random variables; we sometimes call it orthogaussian or orthonormal sequence 
(because orthogonality and independence are equivalent for Gaussian vari-
abies). In other words, for each N, the vector 9 = (g1, . .. , gN) is distributed 
as the canonical Gaussian distribution 'YN on RN with density 

(27r)-N/2 exp(-lxI2 /2) . 
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A random vector X = (XI' ... ' X N) in R N is Gaussian if for all real num-
bers 01, ... , ON, L;:1 OiXi is a real valued Gaussian random variable. Such a 
Gaussian vector can always be diagonalized and regarded under the canonical 
distribution "(N. Indeed, if r = AAt = denotes the symmet-
ric (semi-) positive definite covariance matrix, r completely determines the 
distribution of X which is the same as that of A9 where 9 = (91, ... ,9N). 

One fundamental property of the Gaussian distributions is their rota-
tional invariance which may be expressed in various manners. For example, 
if 9 = (91, ... , 9N) is distributed according to "(N in RN and if U is an or-
thogonal matrix in R N , then U9 is also distributed according to "(N. As a 
simple consequence, if (Oi) is a finite sequence of real numbers, Li 9iOi has 

the same distribution as 91 (Li on 1/2. In particular, since 91 has moments of 
all orders, 

for any 0 < p < 00 so that the span of (9i) in Lp is isometric to £2. Another 
description of this invariance by rotation (which was used in the proof of 
(1.5) in Chapter 1) is the following: if X is Gaussian (in RN) and if Y is an 
independent copy of X, then for every (), the rotation of angle () of the vector 
(X, Y), i.e. 

(X sin() + Y cos(), X cos() - Y sin()) , 

has the same distribution as (X, Y). These properties are trivially verified on 
the covariances. 

A Radon random variable X with values in a Banach space B is Gaussian 
if for any continuous linear functional f on B, f{X) is a real valued Gaussian 
variable. A typical example is given by a convergent series Li 9iXi (which con-
verges in any sense by Theorem 2.4) where (Xi) is a sequence in B. Actually, we 
shall see later on in this chapter that every Radon Gaussian vector may be rep-
resented in distribution in this way. Finally, a process X = (Xt)tET indexed by 
a set T is called Gaussian if each finite linear combination Li OiXti! 0i E R, 
ti E T, is Gaussian. The covariance structure r(s, t) = EXsXt. s, t E T, 
completely determines the distribution of the Gaussian process X. Since the 
distributions of these infinite dimensional Gaussian variables are determined 
by the finite dimensional projections, the rotational invariance trivially ex-
tends. For example, if X is a Gaussian process or variable (in B), and if (Xi) 
is a sequence of independent copies of X, then, for any finite sequence (Oi) of 

real numbers, Li OiXi has the same distribution as (Li on 1/ 2 X. 
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3.1 Integrability and Tail Behavior 

By their very definition, (norms of) real or finite dimensional Gaussian vari-
ables admit high integrability properties. One of the purposes of this section 
will be to show how these extend to an infinite dimensional setting. We thus 
investigate the integrability and tail behavior of the norm IIXII of a Gaussian 
Radon variable or of the supremum of an almost surely bounded process. In 
order to state the results in a somewhat unified way, it is convenient to adopt 
the terminology introduced in Section 2.2. Unless otherwise specified, we thus 
deal in this section with a Banach space B such that, for some countable 
subset D of the unit ball of B', Ilxll = SUPfED If(x}1 for all x in B. We say 
that X is a Gaussian random variable in B if f(X} is measurable for every 
fin D and if every finite linear combination Ei G:ih(X}, G:i E R, h E D, is 
Gaussian. 

Let therefore X be Gaussian in B. Two main parameters of the distribu-
tion of X will determine the behavior of P{IIXII > t} (when t -+ oo): some 
quantity in the (strong) topology of the norm, median or exceptation of IIXII 
for example (or some other quantity in Lp(B), 0 p < 00 - see below}, and 
weak variances, Ej2(X}, fED. More precisely, let M = M(X} be a median 
of IIXII, that is a number satisfying both 

P{IIXII M} 2: P{IIXII 2: M} 2: . 

Actually, for the purposes of tail behaviors, integrability properties or moment 
equivalences, it would be enough to consider M such that p{IIXIl M} 
> € > 0 as we will see later; the concept of median is however crucial for 
concentration results as opposed to the preceding ones which arise more with 
deviation inequalities. Besides M, consider 

u = u(X) = sup (Ef2(X») 1/2. 
fED 

Note that this supremum is finite and is actually controlled by M. Indeed, 
for every f in D, P{lf(X}1 M} 2: now f(X} is a real valued Gaussian 
variable with variance Ej2(X} and this inequality implies that (Ej2(X»I/2 
2M since P {191 < 0.4 < where 9 is a standard normal variable. Hence, 
u < 2M < 00. Let us mention that if X is a Gaussian Radon variable with 

in B, then u is really meant to be sUPllfIl9(Ef2(X}}1/2. This is always 
understood in the sequel. 

The main conclusions about the behavior of P{IIXII > t} are obtained 
from the Gaussian isoperimetric inequality (Theorem 1.2) and the subsequent 
concentration results described in Section 1.1. In order to conveniently use the 
isoperimetric inequality, we reduce, as is usual, the distribution of X to the 
canonical Gaussian distribution '"( = '"(00 on RIN (Le. '"( is the distribution of the 
orthonormal sequence (9i». The procedure is classical. Set D = {In, n 2: I}. 
By the Gram-Schmidt orthonormalization procedure applied to the sequence 
(fn(X»n>1 in L2 , we can write (in distribution) 
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n 

In{X) = Lai'9i, 
i=l 

In other words, if x = (Xi) is a generic point in RIN, the sequence (fn{X)) has 
the same distribution as the sequence aixi) under 'Y. For notational 
convenience, we extend the meaning of In by letting In{x) = aixi for 
n 1 and x = (Xi) in RIN. FUrthermore, if we set, for X ERIN, IIxll = 
sUPn>ll/n{x)l, the probabilistic study of IIXII then amounts to the study of 
IIxll under 'Y. Note that, in this notation, 

(3.1) a = a{X) = sup IIhll 
Ihl9 

where, as usual, I . I is the f!2-norm. We use this simple reduction throughout 
the various proofs below. 

As announced, the next lemma describes the isoperimetric concentration of 
IIXII around its median M measured in terms of a. the distribution 
function of a standard normal variable, l/I = 1 - and the estimate 
l/I{t) :::; exp{ _t2 /2), t O. 

Lemma 3.1. Let X be a Gaussian random variable in B with median M = 
M{X) and supremum of weak variances a = a{X). Then, for every t > 0, 

Proof. We use Theorem 1.2 with the preceding reduction. Let A = {x E RIN ; 
IIxll :::; M}. Then 'Y{A) By Theorem 1.2, or rather (1.3) here, if At is the 
Hilbertian neighborhood of order t > 0 of A, 'Y*{At ) Now, if x EAt, 
x = a + th where a E A and Ihl :::; 1; hence, by (3.1), 

IIxll :::; M + tllhll M + to' 

and therefore At C {x; IIx II :::; M + at}. Applying the same argument to 
A = {x; IIxll M} clearly concludes the proof of Lemma 3.1. 

The proof of Lemma 3.1 of course just repeats the concentration property 
(1.4) for Lipschitz functions as is clear from the fact that IIxll (on RIN) is 
Lipschitz with constant a. This observation tells us that, following (1.5), we 
have similarly (and at some cheaper price) a concentration of IIXII around its 
expectation, that is, for any t > 0, 

(3.2) 

It is clear that EIIXII < 00 from Lemma 3.1; actually, this can also be deduced 
from a finite dimensional version of (3.2) together with an approximation 
argument. «1.6) of course yields (3.2) with the best constant -t2 /2a2 in the 
exponential.) As usual, (3.2) is interesting since it is often easier to work with 
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expectations rather than with medians. Repeating in this framework some of 
the comments of Section 1.1, note that a median M = M(X) of IIXII is unique 
and that, by integrating for example the inequality of Lemma 3.1, 

As we already mentioned, the integrability theorems which we will deduce 
from Lemma 3.1 (or (3.2)) actually only use half of it, that is only the deviation 
inequality 

P{IIXII >M+O't} ::;!li(t), t>O, 

(and similarly with EIIXII instead of M). The concentration around M (or 
EIIXID will however be crucial for some other questions dealt with, for exam-
ple, in Chapter 9 where this result and the relative weights of M and 0' can be 
used in Geometry of Banach spaces. Actually, for the integrability theorems 
even only the knowledge of s such that P{IIXII ::; s} ;::: c > 0 is sufficient. 
Indeed, if, in the proof of Lemma 3.1, we apply the isoperimetric inequality 
to A = {x j IIxll ::; s}, then, we get, for every t > 0, 

It follows for example that, for t > 0, 

As we have seen, the information 0' on weak moments is weaker than the 
one, M or EIIXII, on the strong topology. We already noted that 0' ::; 2M and 
we can add the trivial estimate 0' ::; (EIIXII2)1/2 (which is finite). In general, 0' 

is much smaller than 2M. For the canonical distribution 'YN on RN, we already 
have that 0' = 1 and that M is of the order of ,[N. In the preceding inequality, 
0' can be replaced by one of the strong parameters yielding weaker but still 
interesting bounds. For example, in the context of the preceding inequality, 
we observe that 0' ::; s/f/!-l (l¥) from which it follows that, for t > 0, 

P{IIXII > t} 
(3.3) 

( 1 1 2 1 1 ( 1 + C)) ( t2 1 (1 + C) 2) < exp -f/!- (c) + -f/!- -- exp --f/!- --
- 2 8 2 32s2 2 . 

This inequality seems complicated but it however gives as before an expo-
nential squared tail for p{IIXIl > t}. Note further that f/!-l (l¥) becomes 
large when c goes to 1. While we deduce (3.3) from isoperimetric methods, 
it should be noticed that such an inequality can actually be established by 
a direct argument which we would like to briefly sketch. Let Y denote an 
independent copy of X. By the rotational invariance of Gaussian measures, 
(X + Y)/-/2 and (X - Y)/-/2 are independent with the same distribution as 
X. Now, if for s < t, IIX + YII ::; s-/2 and IIX - YII > t-/2, we have from the 
triangle inequality that both IIXII and IIYII are larger than (t - s)/-/2. Hence, 
by independence and identical distribution, 
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1P{IIXII s}1P{lIxli > t} = 1P{lIx + YII sv'2, IIx - YII > tv'2} 

1P{lIxli > (t - s)/v'2, IIYII > (t - s)/v'2} 

(1P{lIxll > (t - S)/v'2})2 . 

Iterating this inequality with P{IIXII s} = € > and 

t = tn = (V2n +1 -1)(v'2 + l)s 

easily yields that, for each t 2: s, 

(3.4) 

an inequality indeed similar in nature to (3.3). 
Let us record at this stage an inequality of the preceding type which will 

be convenient in the sequel and in which only the strong parameter steps in. 
From Lemma 3.1 (for instance!), and u2 EIIXII2, M2 21EIIXII2, we have, 
for every t > 0, 

(3.5) 

To conclude these comments, let us also describe a bound for the maximum 
of a finite number of norms of vector valued Gaussian variables Xi, i N. 
Assume that maxi::;N u(Xd 1. For any 6 2: 0, we have by an integration by 
parts and Lemma 3.1 that, 

E M(Xi)1 {j + t, 1000 
P{IIIXill- M(Xi)1 > t} dt 

6 + N 1000 
exp( _t2 /2) dt 

{j + N V1 exp( _{j2 /2) . 

Then, simply let 6 = (2 log N)1/2 so that we have obtained, by homogeneity, 

(3.6) 1E II Xi II 2 + 3(1og N)1/2 

The next corollary describes some applications of Lemma 3.1 and of the 
preceding inequalities to the tail behavior and the integrability properties of 
the norm of a Gaussian random vector. 

Corollary 3.2. Let X be a Gaussian random variable in B with corresponding 
u = u(X). Then 

1 1 
lim 2 10g1P{IIXIl > t} = --2 2 

t->oo t U 

or, equivalently, 
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E < 00 if and only if a> u. 

Furthermore, all the moments of IIXII are equivalent (and equivalent to M = 
M{X), the median of IIXII): for any 0 < p, q < 00, there exists a constant 
Kp,q depending on p and q only such that for any Gaussian vector X , 

In particular, Kp ,2 = Kyp (p 2) where K is a numerical constant. 

Proof. The fact that the limit is less than or equal to -1/2u2 easily follows from 
Lemma 3.1 while the minoration simply uses P{IIXII > t} F{lf{X)1 > t} 
for every f in D. The equivalence with the exponential integrability is easy 
thanks to Chebyshev's inequality and an integration by parts. Concerning the 
equivalence of moments, let M be the median of IIXII. If we integrate the 
inequality of Lemma 3.1, 

EIIiXII- MIP = 100 
F{IIiXII- MI > t} dtP 

100 exp{-t2/2(2)dtP ::; {Ky'Pu)P 

for some numerical constant K. Now, this inequality is stronger than what we 
need since u 2M and since M can be majorized by {2JEllxllq)1/q for every 
q > o. The proof is complete. 

As we already mentioned, we use Lemma 3.1 in this proof but the inequal-
ities discussed prior to Corollary 3.2 can be used similarly (to some extent). 

Let (Xn) be a sequence of Gaussian random variables which is bounded 
in probability, that is, for each c > 0 there exists A > 0 such that 

supP{IIXnll > A} < c. 
n 

Then (Xn) is bounded in all the Lp-spaces. Indeed, if M{Xn) is the median of 
IIXnll, certainly sUPn M{Xn) < 00 and the preceding equivalence of moments 
confirms the claim. In particular, if (Xn) is a Gaussian sequence {in the sense 
that (Xn11 ••• ,XnN ) is Gaussian in BN for all nl, .. . ,nN) which converges in 
probability, this convergence takes place in Lp for every p. 

Although rather sharp, the previous corollary can be refined. The re-
finement which we describe relies on a more elaborate use of the Gaussian 
isoperimetric inequality and confirms the role of the two parameters, weak 
and strong, used to measure the size of the distribution of the norm of a 
Gaussian vector. Let X be as above a Gaussian random variable in B and 
recall that u = u{X) = sup!ED{JEf2{X»1/2. Consider 

r = reX) = inf{A OJ P{IIXII ::; A} > o} I 
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that is the first jump of the distribution of IIXII. This jump can actually be 
shown to be unique [Ts]. In the case X is Radon, 7 = O. One way to prove 
this fact is to first observe that for every e > 0 and x in B 

Indeed, if Y is an independent copy of X, by symmetry and independence, 

(P{IIX - xII c:})2 = p{IIX - xII c:}P{IIY + xII e} 

P{IIXII eJ2} 

since X + Y has the law of J2X. Note that this inequality can actually be 
improved to 

P{IIX - xii c:} P{IIXII e} 

by the <1>-1_ or log-concavity ((1.1) and (1.2)) but is sufficient for our modest 
purpose here. If X is Radon, and if we assume that p{IIXIl eo} = 0 for 
some eo > 0, then there is a sequence (x n ) in B such that, by separability, 

P{:3n; IIX - xnll eo/J2} = 1. 

Then 

n n 

and thus, necessarily 7 = 7(X) = 0 in this case. 
On the other hand, let us recall the typical example in which T > O. 

Consider X in iOC) given by the sequence of its coordinates (gn/(2log(n+l))1/2) 
where (gn) is the orthogaussian sequence. Then, by a simple use of the Borel-
Cantelli lemma, it is easily seen that 

(3.7) r Ignl 
(2log(n + 1))1/2 = 1 almost surely 

so that T = 1 in this case. 
As announced, the following theorem refines Corollary 3.2 and involves 

both a and 7 in the integrability result. 

Theorem 3.3. Let X be a Gaussian random variable with values in Band 
let a = a(X) and 7 = T(X). Then, for any 7' > T, 

Before we prove this theorem, let us interpret this result as a tail behavior. 
We have seen in Corollary 3.2 that 
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lim ; logP{IIXIl > t} = -212 
t-+oo t U 

which can be rewritten as 

(4i-l(l - u) is equivalent to (2 log 1 )1/2 when u -+ 0). From (1.1), we know 
that the function 4i-1(P{IIXII t}) is concave on lr,oo[. Theorem 3.3 can 
therefore be described equivalently as 

That is, the concave function 4i-1(P{IIXII t}) on lr,oo[ has an asymptote 
(tlu) +l with -rlu l O. Note that r = 0 and hence l = 0 if X is Radon. 

The proof of Theorem 3.3 appears as a consequence of the following (de-
viation) lemma which is of independent interest and which may be compared 
to Lemma 3.1. 

Lemma 3.4. For every r' > r, there is an integer N such that for every 
t > 0, 

In particular, 

P{IIXII > r' +ut} K(N)(l+t)N exp(-e/2) 

where K(N) is a positive constant depending on N only. 

To see why the theorem follows from the lemma, let r' > r" > r and 
e = (r' - r") I u > O. Applying Lemma 3.4 to r" > r, we get, for some integer 
N, 

Proof of Lemma 3.4. It is based again on the Gaussian isoperimetric inequality 
in the form of the following lemma for which we introduce the following nota-
tion. Given an integer N, a point x in RIN can be decomposed in (y,z) with 
y E RN and z E njN,oo[. By Fubini's theorem, d'Y(x) = d'YN(y)d'Y]N,oo[(z). If 
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A is a Borel set in RIN, set B = {z E R1N,oo[; (O,z) E A}. Recall that for 
t 0, At denotes the Euclidean or Hilbertian neighborhood of A. 

Lemma 3.5. With this notation, if 'Y]N,oo[(B) 1/2, then, for any t > 0, 

,* (x ERIN; x tj. At) ::; ,N+! (y' E R N+1 ; Iy'l > t) . 

Proof. Since 'Y]N,oo[(B) 1/2, Theorem 1.2 implies that ('Y]N,oo[).(Bs) 4>(s) 
where B s is of course the Hilbertian neighborhood of order s 0 of B in 
R1N,oo[. Let y E RN, t Iyl and s = (t2 - lyI2)1/2. If z E Bs, then, by 
definition, z = b + sk where b E B, k E R1N,oo[, Ikl ::; 1; thus 

x = (y, z) = (0, b) + (lyl2 + s2)1/2h = (0, b) + th 

where h E RIN and Ihl ::; 1. Hence x E At. From this observation, we get, via 
FUbini's theorem, that, for t > 0, 

,*(x;x tj. At) ::; ,N(Y; Iyl > t) 
+ ,N ® ('Y]N,oo[)* ((y, z); Iyl ::; t, z tj. B{tLlvI2)l/2) 

::; 'N(Y; Iyl > t) 

+ [1 exp (-
J1vl '5.t s>{t2-lvI2)1/2 2 /2i 

< 1 exp (- S2) 
- s2+lvI2>t2 2 /2i 

which is the announced result. Lemma 3.5 is thus established. 

Now, we are in a position to prove Lemma 3.4. Of course, we use the 
reduction to (RIN, ,) as in Lemma 3.3. Let r' > r and A = {x; IIxll ::; r'}. 
We first show that there exists an integer N such that with the notation 
introducing Lemma 3.5, if B = {z E R1N,oo[; (0, z) E A}, then 'Y]N,oo[(B) 
1/2. By the hypothesis, ,(A) > O. Since IIxll = sUPn>llfn(x)1 and since fn(x) 
only depends on the first n coordinates of x, there exists N such that 

Then, by FUbini's theorem, there exists y in RN such that 

'Y]N,oo[(Z; (y,z) E A) 3/4. 

By symmetry, 
'IN,oo[(z; (y, -z) E A) 3/4 

so that the intersection of the two preceding sets has a measure larger than or 
equal to 1/2. If z belongs to this intersection, II(y, z)11 ::; r' and lI(y, -z)11 = 
II( -y, z)1I ::; r' and therefore 11(0, z)11 ::; r'. This shows that 'Y]N,oo[(B) 1/2. 
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From Lemma 3.5 we then get an upper bound for the complement of At, t > O. 
Since 

At C {x; IIxll r' +ta} 
the first inequality in Lemma 3.4 follows. The second is an easy and classical 
consequence of the first inequality. The proof of Lemma 3.4 is complete. 

To conclude this paragraph we brief:l.y describe the series representation 
of Gaussian Radon Banach space valued random variables which is easily de-
duced from the integrability properties. Recall that {9i} denotes an orthogaus-
sian sequence. 

Proposition 3.6. Let X be a Gaussian Radon random variable on {n,A,p} 
with values in a Banach space B. Then X has the same distribution as Li 9iXi 
for some sequence {Xi} in B where this series converges almost surely and in 
all Lp's. 

Proof. Let H be the closure in L2 = L2{n,A,p} ofthe variables of the form 
f(X} with f in B'. Then H may be assumed to be separable since X is Radon 
and H consists of Gaussian variables. Let (9i) denote an orthonormal basis of 
H and denote by AN the a-algebra generated by 91, ... , 9N. It is easily seen 
that 

N 

EANX = L9iX i 

i=1 

with Xi = E(9iX}, Now, recall that JEIIXII < 00 (for example) so that, by the 
martingale convergence theorem (cf. Section 2.1) the series Li 9iXi converges 
almost surely to X. Since EIIXIIP < 00,0 < p < 00, it converges also in Lp{B} 
for every p. 

3.2 Integrability of Gaussian Chaos 

In this section, the integrability and the tail behavior properties of real and 
vector valued Gaussian chaos are investigated as a natural continuation of the 
preceding section. The Gaussian variables studied so far may indeed be con-
sidered as chaos of the first order. Let us first brief:l.y {and partially} describe 
the concept of chaos. 

Consider the Hermite polynomials {hk, kEN} on R defined by the series 
expansion 

exp(,xx - ,x22) = f: hk(X), 
k=O vk! 

,x, X E R. 

The Hermite polynomials form an orthonormal basis of L2 (R, 1'1). Similarly, 
if 1£ E N(JN), i.e. 1£ = {kb k2, .. . }, ki E N, with 11£1 = Li k i < 00, set, for 
X = {Xi} E RJN, 
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HI!;.(x) = hk1 (xd hk2 (X2)'" . 

Then {HI!;., Is. E IN(IN)} forms an orthonormal basis of L2(JRIN, ,) where we 
recall that, = ,00 is the canonical Gaussian product measure on JRIN. 

For 0 :::; c :::; 1, introduce the bounded linear operator T(c) : L 2 (r) --> 

L2 (r) defined by 
T(e)HI!;. = elI!;.IHI!;. 

for any Is. with I Is. I < 00. It is not difficult to check that T(e) extends to a 
positive contraction on every Lp(r), 1 :::; p < 00. Actually, this is clear from 
the following integral representation of T(e): if f is in L 2(r) and x in JRIN, 

If t 0, Tt = T(e- t ) is known as the Hermite or Ornstein-Uhlenbeck semi-
group. 

The operators T(c:), 0 :::; e :::; 1, satisfy a very important hypercontractivity 
property which is in relation with the integrability properties of Gaussian 
variables and chaos. This property indicates that for 1 < p < q < 00 and e 
such that lei:::; [(p -1)/(q _1)]1/2, T(e) maps Lp(r) into Lq(r) with norm 1, 
i.e. for any f in Lp(r), 

(3.8) 

A function f in L2 ( ,) can be written as 

f=LHI!;.h 
I!;. 

where h = J f HI!;.d, and the sum runs over all Is.'s in IN(IN). We can also write 

Qdf is named the chaos of degree d of f. Since ho = 1, Qof is simply the 
mean of f; hI (x) = x, so chaos of degree 1 are Gaussian series I:i 9iai. Chaos 
of degree 2 are of the type 

L9i9ja ij + L(97 - l)ai, 
ii-J 

etc. Now, the very definition of the Hermite operators T(c) shows that the 
action of T(e) on a chaos of order d is simply the multiplication by cd, that is 
T(c)Qdf = edQdf· This observation together with (3.8) has some interesting 
consequence. If we let, in (3.8), p = 2, q> 2 and e = (q _1)-1/2, then we see 
that 
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Of course, these inequalities imply some strong exponential integrability prop-
erties of Q df. This follows for example from the next easy lemma which is 
obtained via the expansion of the exponential function. 

Lemma 3.7. Let d be an integer and let Z be a positive random variable. The 
following are equivalent: 

(i) there is a constant K such that for any p 2: 2 

(ii) for some a > 0, 

The integrability properties of Gaussian chaos which we obtain in this 
way extend to chaos with coefficients in a Banach space. In particular, in the 
case of series, this provides an alternate approach to the integrability of Gaus-
sian variables presented in Section 3.1; note the right order of magnitude of 
K p ,2 = K.;p. In this paragraph, we shall actually be concerned with a more 
precise description of the tail behavior of Gaussian chaos similar to those ob-
tained previously for chaos of the first order. This will be accomplished again 
with the tool of the Gaussian isoperimetric inequality. For simplicity, we only 
treat the case of chaos of order 2. (Let us mention that this reduction simpli-
fies, by elementary symmetry considerations, several non-trivial polarization 
arguments that are necessary in general and which are thus somewhat hidden 
in our treatment; we refer to [B04], [B07] for details on these aspects.) With 
respect to the preceding description of chaos, we will study more precisely 
homogeneous Gaussian polynomials which basically correspond, for the degree 
2, to convergent series of the type Ei,j gigj Xij where (Xij) is a sequence in 
a Banach space. Following the work of C. Borell [B04] , [B07J, since the con-
stant 1 belongs to the closure of the homogeneous Gaussian polynomials of 
degree 2 (at least if the underlying Gaussian measure is infinite dimensional), 
the chaos described previously (as well as and their vector valued version) 
are limits, in probability of homogeneous Gaussian polynomials of the corre-
sponding degree. This framework therefore includes, for the results which we 
will describe, the usual meaning of Gaussian or Wiener chaos. (For the sec-
ond order, some aspects of this comparison can also be made apparent with 
simple symmetrization arguments.) We still use the terminology of chaos in 
this setting. 

Now, let us describe the framework in which we will work. As in Section 
3.1, the case of convergent quadratic sums is somewhat too restrictive. Let 
again B be a Banach space with D = Un' n 2: I} in the unit ball of B' 
such that Ilxll = SUP/ED If(x)1 for all x in B. Following the reduction to the 
canonical Gaussian distribution on R IN , we say that a random variable X 
with values in B is a Gaussian chaos of order 2 if, for each n, there exists a 
bilinear form 
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Qn(X,X' ) = LXixjaij 
i,j 

on JRIN x JRIN such that the sequence (fn(X)) has the same distribution as 
(Li,j gigja'ij) where we recall that (gi) is the canonical orthogaussian se-
quence. Therefore, for each n, Li,j gigjaij converges almost surely (or only in 
probability). Furthermore, if we set, by analogy, IIQ(x,x)1I = sUPn>l IQn(x, x)l, 
x E JRIN, we are reduced as usual to the study of the tail behavior and inte-
grability properties of IIQII under the canonical Gaussian product measure 'Y 
on JRIN. 

To measure the size of the tail P { II X II > t} we use, as in the preced-
ing section, several parameters of the distribution of X. First, consider the 
"decoupled" symmetric chaos Y associated to X defined in distribution by 

fn(Y) = L gigjbij, n 1 
i,j 

where bij = aij +aji and where (gj) is an independent copy of (gd. According 
to our usual notation, we denote below by E', pi partial expectation and 
probability with respect to (gj). Let then M and m be such that 

IP{IIXII:::; M} 3/4 and IP{SUp(E'f2(y))1/2:::; m} 3/4. 
fED 

Moreover, set 
a = a(X) = sup IIQ(h, h)lI. 

Ihl9 

If we recall the situation for Gaussian variables in the previous section, 
then we see that a and M correspond to the weak and strong parameters 
respectively. The new and important parameter m appears as some interme-
diate quantity involving both the weak and strong topologies. Let us show 
that these parameters are actually well defined. It will suffice to show that the 
decoupled chaos Y exists. The key observation is that, for every t > 0, 

(3.9) P{IIYII > t} :::; 2P{IIXII > t/2v2}. 

We establish this inequality for finite sums and a norm given by a finite supre-
mum; then, a limiting argument shows that the quadratic sums defining Y 
converge as soon as the corresponding ones for X do, and, by increasing the 
finite supremum to the norm, that (3.9) is satisfied. We reduce to (JRIN,'Y) 
and recall that IIQ(x,x)11 = SUPn21IQn(x,x)l. Let, on JRIN x JRIN, 

Qn(X, x') = L xixjbij 
i,j 

and set, with some further abuse of notation, IIQ(x, x') II = sUPn>l IQn(x, x')I. 
Then, simply note that for x, x' in JR IN, -

2Qn(x,x' ) = Qn(x + X',X + x') - Qn(x - X',X - x'). 
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Furthermore, x + x' and x - x' have both the same distribution under 
d')'(x)d')'(x') than V2x under d')'(x). From this and the preceding comments, 
it follows that Y is well defined and that (3.9) is satisfied. 

It might be noteworthy to remark that (3.9) can essentially be reversed. 
Since the couple «x+x')/V2, (x-x')/V2) has the same distribution as (x, x'), 
one easily verifies that for all t > 0, 

P{IIX - X' II > t} 3P{11Y1I > t/3} 

where X' is an independent copy of X. If the diagonal terms of X are all zero, 
we see by Jensen's inequality that all moments of X and Y are equivalent. In 
particular, it follows from this observation and the subsequent arguments that 
if X is a real valued chaos (Le. D is reduced to one point) with all its diagonal 
terms equal to zero, then the parameters M and m are equivalent (at least if 
M is large enough, see below), and are equivalent to IIXII2 and 11Y1I2. We will 
use this observation later on in Chapter 11, Section 11.3. 

Let M be such that')' ® ')'«x,x'); IIQ(x,x')11 M) 7/8. By Fubini's 
theorem, ')'(A) 3/4 where 

A = {x;,),(x'; IIQ(x,x')1I AI) 1/2}. 

Conditionally on x, IIQ(x,x')1I is the norm of a Gaussian variable in x'. If 
x E A, M is larger than the median of IIQ(x, x')11 and thus, by what was 
observed early in the preceding section, the supremum of the weak variances 
is less than 2M. But this supremum is simply 

Qn(x,x')2d')'(X')) 1/2 

Hence, we may simply take m = 2M which is therefore well defined and finite. 
(Notice, for later purposes, that if M is chosen to satisfy P{IIXII M} 

15/16, we can take, by (3.9), M = 2V2M, and thus also m = 4V2M.) 
Concerning 0-, for every k E £2, Ikl 1, ')'(x; IIQ(x, k)1I m) 3/4 1/2. 

Hence, by the same reasoning as before, 

Therefore, 
sup 

Ihl.lkl9 

But this supremum is easily seen to be bigger than 20- so that 0- m < 00. 

As for the series in the previous paragraph, notice that it is usually easier 
to work with expectations and moments rather than with medians or quantiles. 
Actually, by independence and the results of Section 3.1 it is not difficult to 
see that JEllY II 2 < 00 (actually JEIIYNP < 00 for every p) and that we have the 
following hierarchy in the parameters: 
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(EIIY 112) 1/2 2: (E sup E' f2 (Y)) 1/2 2: 20' . 
JED 

After these long preliminaries to properly describe the various parameters 
which we are using, we now state and prove the lemma which describes the 
tail P{IIXII > t} of a Gaussian chaos X in terms of these parameters. We 
shall not be interested here in concentration properties; some, however, can 
be obtained at the expense of some complications. Recall, also that for real 
valued chaos, the parameters M and m are equivalent so that the inequality 
of the lemma may be formulated only in terms of M and 0'. This will be used 
in Section 11.3. 

Lemma 3.S. Let X be a Gaussian chaos of order 2 as just defined with 
corresponding parameters M, m and 0'. Then, for every t > 0, 

Proof. It is a simple consequence of Theorem 1.2. We use the preceding nota-
tion. Let 

A 1 ={x; IIQ(x,x)II:SM}, 

A2 = {x; sup IIQ(x,k)lI:S m} 
Ik l:5) 

and set A = Al n A2 so that, by the definitions of M and m, 'Y(A) 2: 1/2. 
By Theorem 1.2, more precisely (1.3), for any t > 0, 'Y*(A t ) 2: cJ>(t). Now, if 
x E At, x = a + th where a E A, Ihl :S 1. Thus, for every n, 

and therefore 
Ate {x; IIQ(X,x)1I :SM+tm+t20'}. 

The Lemma 3.8 is established. 

The next corollary is the qualitative result drawn from the preceding 
lemma concerning the integrability and tail behavior of a Gaussian chaos. 
It corresponds to Corollary 3.2 in the first section. 

Corollary 3.9. Let X be a Gaussian chaos of order 2 with corresponding 
0' = O'(X). Then 

or, equivalently, 

.11 
hm -logP{IIXIl > t} =--

t->oo t 20' 

IIXII) < 00 if and only if Q: > 0'. 

Furthermore, all the moments of X are equivalent. 
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Proof. That the limit is :::; -1/2a follows from Lemma 3.8; this also implies 
that JEexp(IIXI1/20:) < 00 for 0: > a. To prove the converse assertion, let 
c > 0 and choose Ihl :::; 1 such that IIQ(h, h)11 2: a - c. Given this h = 
there exists an orthonormal basis of £2 such that hi = hi for every 
i 2: 1. By the rotational invariance of Gaussian measures, the distribution 
of y = ((x, hi)) under "( is the same as the distribution of x. If we then set 
y = ((x, hi)) where x = (0, x2, X3, ... ), we can write y = x1h + y and Xl and 
yare independent. Since, for each n, 

(where Qn, Q were introduced prior to Lemma 3.8) and since xlh - Y is 
distributed as y, a simple symmetry argument shows that one can find M 
such that 

"({x; IIQ(y,y)II:::; M, IIQ(y,h)lI:::; M) 2: 1/2. 

Then, we deduce from Fubini's theorem that for every t > 0 

"({x; IIQ(x,x)1I > t) = "({x; IIQ(y,y)1I > t) 
2: h{x; - c) > t + IXIIM + M) . 

The proof of the first claim in Corollary 3.9 is then easily completed. That 
JEexp(IIXII/2a) = 00 can be established in the same way. 

We have seen before Lemma 3.8 that if M is chosen such that 
P{IIXII :::; M} 2: 15/16, then we can take m :::; 4V2M and a satisfies 
a :::; 4V2M. Hence, if p > 0, integrating the inequality of Lemma 3.8 im-
mediately yields 

IIXllp:::; KpM 
for some constant Kp depending on p only. Given q > 0, simply take M = 
(16JEllxIIQ)1/q from which the equivalence of the moments of X follows. Note 
that Kp is of the order of p when p -7 00, in accordance with what we observed 
at the beginning with the hypercontractive estimates. The proof of Corollary 
3.9 is thus complete. 

We conclude this section with a refinement of the previous corollary along 
the lines of what we obtained in Theorem 3.3. Let X be, as before, a Gaussian 
chaos variable of order 2 with values in B and recall the symmetric decoupled 
chaos Y associated to X. Then set 

7 = 7(X) = inf{.X > 0; P{ sup{JE' j2(y))1/2 :::; A} > o}. 
JED 

We can state 

Theorem 3.10. Let X be a Gaussian chaos with corresponding a = a(X) 
and 7 = 7(X). Then, for every 7' > 7, 
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Proof. We show that for every T' > T there exist an integer N and a positive 
number to such that for every t to 

(3.10) P{ IIXII > T't + O't2} ::; p{ (t, 1/2 > t} . 

This suffices to establish the theorem. Indeed, if T' > T" > T, let € = 
(T' - T")/20' > O. Then, applying (3.10) to T", for some integer N, 

[ (1 ((IIXII)I/2 T' )2) J{( )1/2> 2;} eXP"2 ---;;- - 20' d1P 

::;expCJ) + > +t}texPC;)dt 

::;expCJ) + > ;: + (t+€)}texPC;)dt 

::;expCJ) + looop{"X" > T"(t+�) + O'(t + �)2}teXPC;)dt 

( t2) [00 (t2 (t+�)2) 
::; exp + K(N) Jo (1 + € + t)N+1 exp 2" - 2 dt < 00. 

Let us therefore prove (3.10). Recall the notation in the proof of Lemma 
3.4. Given an integer N, a point x in R IN is decomposed in (y, z) with y ERN 

and Z E R1N,00[. Furthermore, "Y = "YN ® 'Y]N,oo[ and if A is a Borel set in R IN , 

we set B = {z E R1N,00[; (0, z) E A}. 
If T' > T, "Y(A2 ) > 0 where 

A2 = {x; sup IIQ(x, k)11 ::; T'} 
Ikl9 

and where Q is the quadratic form associated to the decoupled chaos Y (cf. 
the proof of Lemma 3.8). Choose M large enough such that if 

Al = {x; IIQ(x, x)11 ::; M}, 

and A3 = Al n A2 , then "Y(A3) > O. There exists an integer f such that if 

, { '} A3 = x; maxIQn(x,x)l::; M, max sup IQn(x,k)l::; T , 
ng Ikl9 

then "Y(Aa) < 4"Y(A3)/3. By a simple approximation, replacing M and T' by 
M + € and T' + € if necessary, we may assume that the bilinear forms Qn, Qn, 
n ::; f, only depend on a finite number of coordinates. Hence, for some integer 
N, Aa = L x R1N,00[ with L eRN. Then, by Fubini's theorem, there exists 
yin RN such that 

1'jN,oo[(Z; (y, z) E A3) 3/4. 

By symmetry, we also have 
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'YjN,oo[(Z; (y, -Z) E A3) 3/4. 

The intersection of these two sets of measure larger than 3/4 has therefore 
measure larger than or equal to 1/2. Let z belong to this intersection. By 
convexity, 

sup IIQ«O,z),k)11 r'. 
Ikl9 

Moreover, since 

IIQ(y,z),(y,z))lI, IIQ(y,-z),(y,-z))1I M, 

we get, by summing, 

N 

IIQ(O,z), (O,z)) II M + supl L YiYiaijl M + 0'1Y12. 
i,i=l 

Hence, if we set M' = M + 0'IyI2 and 

A = {x; IIQ(x,x)1I M', sup IIQ(x,k)11 r'}, 
Ikl9 

it follows that B = {z E R1N,oo[; (0, z) E A} satisfies 'YjN,oo[(B) 1/2. We 
are then in a position to apply Lemma 3.5 from which we get that, for every 
t > 0, 

')'*(x; x ¢ At) ')'N+1(Y'; IY'I > t). 

Now it has simply to be observed that 

At C {x; IIQ(x,x)1I M' +tr' +t20'}. 

Indeed, if x E At, x = a + th with a E A, Ihl 1, then 

IIQ(x,x)1I IIQ(a,a)1I + tIlQ(a, h) II + t2I1Q(h,h)lI· 

(3.10) then easily follows from the preceding, working with r' > 7' and t large 
enough. The proof of Theorem 3.10 is complete. 

To conclude, let us briefly mention the corresponding results for the chaos 
of degree d > 2. If X is such a chaos, and if 0' is defined analogously, Corollary 
3.9 reads: 

lim 21/d 10g1P{IIXIl > t} = -2 ;/d' t-+oo t 0' 

Theorem 3.10 is somewhat more difficult to translate. r is defined appropri-
ately from the associated d-decoupled symmetric chaos for which one takes 
weak moments on d-l coordinates and the strong parameter on the remaining 
one. We then get that, for all r' > r, 

One might possibly imagine further refinements involving d + 1 parameters. 
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3.3 Comparison Theorems 

In the last part of this chapter, we investigate the Gaussian comparison the-
orems which, together with integrability, are very important and useful tools 
in Probability in Banach spaces. These results, which may be considered as 
geometrical, first step in with the so-called Slepian's lemma of which the fur-
ther results are variations. Here, we present some of these statements in the 
scope of their further applications. 

Assume that we are given two Gaussian random vectors X = (Xl"'" XN) 
and Y = (Yl , . .. ,YN) in RN. In order to describe the question which we would 
like to study, let us assume first, as an example, that the covariance structure 
of X dominates that of Y in the (strong) sense that for every a in R N 

Then, for any convex set C in R N 

(3.11) J>{Y ¢ C} 2J>{X ¢ C}. 

Indeed, we may of course assume for the proof that X and Y are independent. 
If Z is a Gaussian variable independent from Y with covariance EZiZj = 
EXiXj -EYiYj (which is positive definite from the assumption), then X has 
the same distribution as Y + Z. By independence and symmetry, X has also 
the same distribution as Y - Z. Hence, by convexity, 

J>{Y ¢ C} = J>{ H(Y + Z) + (Y - Z)] ¢ C} 

J>{Y + Z ¢ C} + P{Y - Z ¢ C} 

which is (3.11). 
It should be noted that deeper tools can actually yield (3.11) with the 

numerical constant 1 instead of 2 for all convex and symmetric (with respect 
to the origin) sets C. Indeed, by Fubini's theorem, 

J>{X E C} = J>{Y + Z E C} = J J>{Y + Z E C} d1Pz(z). 

Now, the concavity inequalities (1.1) or (1.2) and the symmetry ensure that, 
for every z in R N , 

J>{Y E C - z} P{Y E C}, 

hence J>{X E C} J>{Y E C}. 
Typically (3.11) (or the preceding) is used to show a property such as the 

following one: if (Xn) is a sequence of Gaussian Radon random variables with 
values in a Banach space B such that Ef2(Xn) Ef2(X) for all f in B', 
all n and some Gaussian Radon variable X in B, then the sequence (Xn) is 
tight. Indeed, since X is Radon, for every e > 0, there exists a compact set C 
which may be chosen to be convex such that J> {X E C} 2': 1 - e. Since B may 
be assumed to be separable, there is a sequence Uk) in B such that x E K 
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whenever /k{x) :::; 1 for each k. The conclusion is then immediate from (3.11) 
which implies that P{ Xn E C} 2: 1 - 2c for every n. 

The first comparison property which we now present is the abstract state-
ment from which we will deduce many interesting consequences. Its quite easy 
proof clearly describes the Gaussian properties which enter into these ques-
tions. The result is similar in nature to (3.11) but under weaker conditions on 
the covariance structures. 

Theorem 3.11. Let X = (X1, ... ,XN) and Y = (Y1, ... ,YN) be Gaussian 
random variables in RN. Assume that 

JEXiXj :::; JEJtiYj if (i,j) E A, 
JEXiXj 2: JEJtiYj if (i,j) E B, 

JEXiXj = JEJtiYj if (i,j) fI. Au B 

where A and B are subsets of {I, ... ,N} x {I, ... , N}. Let f be a function 
on RN such that its second derivatives in the sense of distributions satisfy 

Then 

Dijf 2: 0 if (i,j) E A, 
Dijf :::; 0 if (i,j) E B. 

JEf{X) :::; JEf{Y) . 

Proof. As before, we may assume that X and Yare independent. Set, for 
t E [0,1], X{t) = (1- t)1/2 X + t 1/ 2y and cp{t) = JEf{X{t)). We have 

N 

cp'{t) = :LJE(Dd(X{t))X:(t)). 
i=l 

Now, let t and i be fixed. It is easily seen that, for every j, 

The hypotheses of the theorem then indicate that we can write 

Xj{t) = ajX:{t) + Zj 

where Zj is orthogonal to XHt) and aj 2: 0 if (i,j) E A, aj :::; 0 if (i,j) E B, 
aj = 0 if (i,j) fI. A U B. If we now examine JE{Dd{X{t))XHt)) as a function 
of the ai's (for (i,j) E A U B), the hypotheses on f show that this function is 
increasing in terms of those ai's such that (i, j) E B. But, by the orthogonality 
and therefore independence properties, this function vanishes when all the aj's 
are 0, since 

JE(Dd{Z)X:{t)) = JEDd{Z)JEX:{t) = O. 

Hence JE{Dd{X{t))XI(t)) 2: 0, cp'{t) 2: 0 and therefore cp{O) :::; cp{l) which is 
the conclusion of the theorem. 
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As a first corollary, we state Slepian's lemma. It is simply obtained by 
taking in the theorem A = {(i,j) j i =f. j}, B = 0 and f = Ie where G is 
a product of half-lines] - 00, Ai] for which the hypotheses about the second 
derivatives are immediately verified. The claim concerning expectations of 
maxima in the next statement simply follows from the integration by parts 
formula 

EX = 100 
P{X > t} dt -100 

P{X < -t} dt. 

Corollary 3.12. Let X and Y be Gaussian in RN such that 

{ 
EXiXj :::; EYi}j 

EX2 = Ey2 • • 

for all i =f. j , 

for all z. 

Then, for all real numbers Ai, i :::; N, 

In particular, by integration by parts, 

E max Yi :::; E max Xi . 
i-:;'N i-:;'N 

The next corollary relies on a more elaborate use of Theorem 3.11. It will 
be useful in various applications both in this chapter and then in Chapters 9 
and 15. 

Corollary 3.13. Let X = (Xi,j) and Y = (Yi,j), 1 :::; i :::; n, 1 :::; j :::; m, be 
Gaussian random vectors such that 

{

EXi,jXi,k :::;EYi,jYi,k for all i,j,k, 

EXi,jXl,k 2: EYi,j Yl,k for all i =f. £ and j, k, 

EX2. = Ey2. for all Z,]. 1.,J 'L,) )' 

Then, for all real numbers Ai,j, 

In particular, 
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Proof. Let N = mn. For J E {I, ... , N} let i = i(I), j = j(I) be the unique 
1 ::; i ::; n, 1 :S j :S m such that J = m(i - 1) + j. Consider then X and Y as 
random vectors in RN indexed in this way, i.e. XI = Xi(I),j(I). Let 

A = {(I, J); i(J) = i(J)}, 

B = {(I, J); i(I) # i(J)}. 

Then, the first set of hypotheses of Theorem 3.11 is fulfilled. Taking further 
f to be the indicator function of the set 

n u n {x E RN; XI > Ai,j(I)} , 

i=l I/i(I)=i 

Theorem 3.11 implies the conclusion by taking complements. 

In the preceding results the comparison was made possible by some as-
sumptions on the respective covariances of the Gaussian vectors with, espe-
cially, conditions of equality on the "diagonal". In practice, it is often more 
convenient to deal with the corresponding L2-metrics IIXi - Xjll2 which do 
not require those special conditions on the diagonal. The next statement is a 
simple consequence of Corollary 3.12 in this direction. 

Corollary 3.14. Let X = (Xl, ... ,XN) and Y = (Yl, ... , YN) be Gaussian 
variables in RN such that for every i,j 

Then 
JE maxYi ::; 2JE max Xi . 

i5;N i5;N 

Proof. Replacing X = (Xi )i5;N by (Xi - Xdi5;N we may and do assume that 
Xl = 0 and similarly that Yl = o. Let a = maxi5;N(JEXl)l/2 and consider 
the Gaussian random variables X and Y in RN defined by 

Xi = Xi + g(a2 + JEY? _JEX;)l/2, 

Y i = Yi + ga 

where i :S N and where 9 is standard normal variable which is independent 
from X and Y. It is easily seen that 

-2 -2 2 2 
JEYi = EX i = a + JEli 

while 

JEIYi - Y j l 2 = JEIYi - Yjl2 :S EIXi - Xjl2 ::; EIXi - Xjl2 

so that EX iX j :S JEY i Y j for all i # j. Thus, the hypotheses of Corollary 
3.12 are fulfilled and therefore 
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Now, clearly, Y i = Yi while 

where we have used that JEY? JEX; (since Xl = Yl = 0). Now, 

_ (JEX2)l/2 __ 1_ JEIX.I 
(J - max • - JEI I max l 9 

1 
JElgl JE IXi - Xjl 

2 1 = --JE max Xi = --JEmaxXi 
JElgl JEg+ 

where we have used again, in the first inequality, that Xl = O. This bound on 
(J and the preceding arguments finish the proof. 

If X = (Xl, ... , X N) is Gaussian in IR N, then, by symmetry, we have 

JEmaxlXi - Xjl = JEmax(Xi - Xj) = 2JEmaxXi . 
I,J 1,3 I 

The comparison theorems usually deal with maxi Xi or maxi,j IXi - Xj I 
maxi,j(Xi - Xj) rather than with maxi IXil. Of course, for every io N, 

JEmaxXi JEmax IXil JEIXiol + JEmax IXi - Xjl 
1. 1. t,J 

JEIXiol + 2JE max Xi . 
l 

In general however, the comparison results do not apply directly to JE maxi IX i I 
(see however [Si1], [Si2]); take for example Yi = Xi + cg where 9 is a standard 
normal random variable which is independent of X in Corollary 3.14 and let c 
tend to infinity. Actually, one convenient feature of JE maxi Xi is that for any 
real valued mean zero random variable Z, JEmaxi(Xi + Z) = JEmaxi Xi. 

The numerical constant 2 in the preceding corollary is not the best possible 
and can be improved to 1 with, however, a somewhat more complicated proof. 
On the other hand, under the hypotheses of Corollary 3.12, we also have that, 
for every A > 0, 

lP{maxlYi - Yjl > A} 21P{maxXi > 
lJ l 2 

Following the proof of Corollary 3.14, we can then obtain that if X and Yare 
Gaussian vectors in IRN such that for all i,j, IIYi - Yjll2 IIXi - Xj112' then, 
for A > 0, 



78 3. Gaussian Random Variables 

- l'J1 > A} - Xjl > -4A } 
'I.,J 

(3.12) 

Of course, this inequality can be integrated by parts. This observation suggests 
that the functional maxi,j IXi - Xjl is perhaps more natural in comparison 
theorems. The next result (due to X. Fernique [Fer4]), which we state without 
proof, completely answers these questions. 

Theorem 3.15. Let X and Y be Gaussian random vectors in 1RN such that 
for every i,j 

Then, for every non-negative convex increasing function F on 1R+ 

There is also a version of Corollary 3.13 with conditions on L2-distances. 
Again, the proof is more involved so that we only state the result. It is due to 
Y. Gordon [Gorl], [Gor3). 

Theorem 3.16. Let X = (Xi,j) and Y = (}i,j), 1 i n, 1 j m, be 
Gaussian random vectors such that 

{ 
lElY; . - Y,. kl 2 < lEIX· . - X- kl 2 

't,] t, _ ,&,3 1-, 

lElY; . - yp kl 2 > lElY,· . - yp kl 2 
't,] .(.., _ 't,J .(., 

for all i,j, k, 

for all i =1= f and j, k . 

Then 
lE min max }i j lE min max Xi j . 

' 

Among the various consequences of the preceding comparison properties, 
let us start with an elementary one which we only present in the scope of 
the next chapter where a similar result for Rademacher averages is obtained. 
We use Theorem 3.15 for convenience but a somewhat weaker result can be 
obtained with (3.12). 

Corollary 3.17. Let T be a bounded set in 1RN and consider the Gaussian 
process indexed by T defined as E;:'l giti, t = (tl, ... , tN) ETC 1RN. Fur-
ther, let 'Pi : 1R -+ 1R, i N, be contractions with 'Pi(O) = O. Then, for any 
non-negative convex increasing function F on 1R+, 
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Proof. Let u E T. We can write by convexity: 

JEF(! suplt 9i'Pi(ti) I) 
2 tET i=l 

- 'Pi (Ui)) I) + 

- 'Pi (ti)) I) + 

where we have used that l'Pi(Ui)1 IUil since 'Pi(O) = O. Now, by Theorem 3.15 
(and a trivial approximation reducing to a finite supremum), the preceding 
quantity is further majorized by 

since by contraction, for every s, t, 

N N 

L l'Pi{Si) - 'Pi{ti)12 L lSi - til2 . 
i=1 i=1 

Corollary 3.17 is therefore established. 

A most important consequence of the comparison theorems is the so-called 
Sudakov minoration. We shall come back to it in Chapter 12 when we inves-
tigate the regularity of Gaussian processes but it is fruitful to already record 
it at this stage. To introduce it, let us first observe the following easy facts. 
Let X = (Xl, ... ,XN) be Gaussian in lRN. Then 

(3.13) JEmaxX < 3{logN)I/2 
i5,.N t - i5,.N t 

Indeed, assume by homogeneity that maxi5,.N JEXt 1; then, for every 6 0, 
we obtain by an integration by parts, 

6 + N 100 
P{191 > t} dt 

6 + N Ii exp{ _62 /2) 

where 9 is a standard normal variable. Then simply choose 6 = {2log N)I/2. 
Note the comparison with (3.6). 

The preceding inequality is two-sided for the canonical Gaussian random 
vector (91,' .. ,9N) where we recall that 9i are independent standard normal 
variables. Namely, for some positive numerical constant K, 
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Indeed, since Emax(gl,g2) 1/3 (for example), we may assume N to be 
large enough. Note that, by the independence and the identical distribution 
properties, for every 6 > 0, 

Now, 

1P{lgl > 6} = {g 100 
exp(-t2 /2)dt {gexP(-(6 + 1)2/2). 

Choose then for example 6 = (logN)1/2 (N large) so that 1P{lgl > 6} l/N 
and hence 

Emaxlg.1 > 6[1- (1- > 
• - N - e 

Since Emaxi<N Igil Eigi + 2Emaxi<N gi, this proves the lower bound in 
(3.14) since if is assumed to be large -enough. The upper bound has been 
established before. 

If (T, d) is a metric or pseudo-metric space (d need not separate the points 
of T), denote by N (T, d; c) the minimal number of open balls of radius c > 0 in 
the metric d which are necessary to cover T (the results which we present are 
actually also valid with closed balls). Of course, N(T,d;c) need not be finite 
in which case we agree that N (T, d; c) = 00. N (T, d; c) is finite for each c > 0 
if and only if (T, d) is totally bounded. We refer to the numbers N (T, d; c) as 
the entropy numbers. 

Let X = (Xt)tET be a Gaussian process indexed by a set T. As will be 
further and deeply investigated in Chapter 12, one fruitful way to analyze the 
regularity properties of the process X is to study the "geometric" properties 
of T with respect to the L 2-pseudo-metric dx induced by X which is defined 
as 

dx(s,t) = IIXs - Xtl12, s,t E T. 

The next theorem is an estimate of the size of the entropy numbers N (T, dx; c) 
for each c > 0 in terms of the supremum of X. It is known as Sudakov's 
minoration. In the statement, we simply let 

EsupXt = sup{EsupXt; F finite in T}. 
tET tEF 

Theorem 3.18. Let X = (Xt)tET be a Gaussian process with L2 -metric dx . 
Then, for each c > 0, 

c(logN(T,dx ;c))1/2 KEsupXt 
tET 
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where K > 0 is a numerical constant. In particular, if X is almost surely 
bounded, then (T, dx ) is totally bounded. 

Proof. Let N be such that N(T,dx;c) > N. There exists U C T with 
CardU = N and such that dx(u,v) > c for all u =I- v in U. Let (9U)UEU 
be standard normal independent variables and consider = .529u, u E U. 
Then, clearly, for all u f. v, 

- = c < dx(u,v). 

Therefore, by Corollary 3.14, 

IE sup ::; 2IE sup Xu . 
uEU uEU 

If we now recall (3.14), then we see that 

:::: = 
uEU V2 V2 

The conclusion follows. 

Theorem 3.18 admits a slight strengthening when the process is continu-
ous. 

Corollary 3.19. If the Gaussian process X = (Xt)tET has a version with 
almost all bounded and continuous sample paths on (T, dx ), then 

limc(logN(T,dx;c))1/2 = o. 
10->0 

Proof. We denote by X itself the bounded continuous (and therefore sepa-
rable) version. By the integrability properties of Gaussian vectors and the 
compactness of (T, dx) (since X is also bounded, Theorem 3.18), 

lim IE 
6-+0 

sup IXs - Xtl = O. 
dx(s,t)<6 

For every TJ > 0, let {j > 0 be small enough such that 

IE sup IXs - Xtl < TJ. 
dx (s,t)<6 

Let A be finite in T such that the balls of radius {j with centers in A cover T 
(such an A exists by Theorem 3.18). Let c > O. By Theorem 3.18, for every s 
in A, there exists As C T satisfying 

c(log Card A s )l/2 ::; KTJ 

and such that ift E T and dx(s, t) < {j there exists u in As with dx(u, t) < c. 
Then let B = UsEA As. Each point of T is within distance c of an element of 
B; hence 
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N(T,dx;e) ::; CardB ::; Card A max Card As . 
s 

Therefore 
e(logN(T,dx;e))1/2 ::; e(log Card A)1/2 + KTJ. 

Letting e, and then TJ, tend to 0 concludes the proof. 

Sudakov's minoration is the occasion of a short digression on some dual 
formulation. Let T be a convex body in R N , i.e. T is compact convex sym-
metric about the origin with non-empty interior in RN (T is a Banach ball). 
Consider the Gaussian process X = (Xt)tET defined as 

N 

X t = 2: giti , t = (tt, .. . ,tN) ETC RN. 
i=l 

Set 
N 

i(T) = Esup IXtl = Esupl2: 9itil = J sup I(x, t}ld'YN(X). 
tET tET i=l tET 

Of course, the L2-metric of X is simply the Euclidean metric in RN. If A, B 
are sets in R N , denote by N(A, B) the minimal number of translates of B 
by elements of A which are necessary to cover A. For example, N(T,dx;e) = 
N(T,eB2) where B2 is the Euclidean (open, for consistency) unit ball ofRN . 

Sudakov's minoration indicates that the rate of growth of N(T,eB2) when 
e -+ 0 is controlled by i(T). It may be interesting to point out here that the 
dual version of this result is also true. Namely, the sup-norm of X controls 
similarly N(B2' ETC) where TO = {x E RN; (x, y) ::; 1 for all y in T} is the 
polar set of T; more precisely, for some numerical constant K > 0, 

(3.15) supe(logN(B2,eTO))1/2 ::; Ki(T). 
e>O 

The proof of (3.15) is rather simple, in fact simpler than the proof of Sudakov's 
minoration. Let a = 2i(T). Then 

where 'YN is the canonical Gaussian measure on RN. Now let e > 0 and n be 
such that 

N(B2,eTO) = n. 

There exist Zl, ... , Zn in such that, for all i =I j, (Zi+aTO)n(zj+aTO) = 0. 
Hence, 

n n 

1 'YN(U (Zi + aTO)) = 2: 'YN(Zi + aTO). 
i=l i=l 

For any Z in R N, a change of variables indicates that 
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and thus, by Jensen's inequality and the symmetry of TO, 

Therefore, since Zi E iB2, i E N, and since 'YN(aTO) 1/2, we finally get 
2 nexp(-a2 /2t2 ) which is exactly (3.15). 

It is noteworthy that Theorem 3.18 and its dual version (3.15) can easily 
be shown to be equivalent. Let us sketch how Sudakov's minoration can be 
deduced from (3.15) using a simple duality argument. First observe that for 

2 • 2 
every 10 > 0, 2T n (c2 TO) C tB2. Indeed, If t E 2T and t E c2 TO, 

102 
Itl2 = (t, t) :=; IltllTlltllTo :=; 2· "2 = 102 , 

where II . liT (respectively II . liTo) is the Banach norm (gauge) induced by T 
(TO). It follows that 

N(T,tB2):=; N(T,2Tn C; TO)) = N(T, 10; TO). 

By homogeneity and elementary properties of entropy numbers, 

N (T, 10; TO) :=; N(T, 2tB2)N (2tB2, 10; TO) 

:=; N(T, 2tB2)N (B2, . 

Thus, for every 10 > 0, 

where M = sUPc>o t(log N (B2, tTO)) 1/2. Then one easily deduces that 

(3.16) ( ) 1/2 
SUpt logN(T,tB2) :=; 8M. 
c>o 

The converse inequality may be shown similarly. By duality, we have 
B2 C C + Then 

and we can conclude as above that 
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(3.17) supe(logN(B2,c:TO))1/2 ::; 4M' 
E>O 

where M' = sUPE>oc:(1ogN(T,c:B2))1/2. 
The last application of the comparison theorems that we present concerns 

tensor products of Gaussian measures. For simplicity, we only deal with Radon 
random variables. Let E and F be two Banach spaces. If x E E and Y E F, 
x 0 Y is the bilinear form on E' x F' which maps (f, h) E E' X F' into! (x )h(y). 
The linear tensor product E 0 F consists of all finite sums u = Ei Xi 0 Yi with 
Xi E E, Yi E F. On E 0 F, we consider the injective tensor product norm 

Iluliv =sup{IL!(xdh(Yi)l; Ilfll::; 1, Ilhll::; I}, 
i 

i.e. the norm of u as a bounded bilinear form on E' x F'. The completion of 
E 0 F with respect to this norm is called the injective tensor product of E 
and F and is denoted by E®F. 

Consider now X = Ei giXi (resp. Y = Ej gjYj) a Gaussian random vari-
able with values in E (resp. F). Here (gi) denotes as usual an orthogaussian 
sequence. Let further (gij) be a doubly-indexed orthogaussian sequence. Given 
such convergent series X and Y with values in E and F respectively, one might 
wonder whether 

LgijXi 0 Yj 
i,j 

converges almost surely in the injective tensor product space E®F. This ques-
tion has a positive answer and this is the conclusion of the next theorem. 
Recall that a(X) = sUPllfIl9(EP(X))1/2 = sUPllfIl9(Ed2(XiW/2, a(Y) 
being defined similarly. 

Theorem 3.20. Let X = Ei giXi and Y = Ej gjYj be convergent Gaussian 
series with values in E and F respectively and with corresponding a(X) and 
a(Y). Then G = Ei,j gijXi 0Yj converges almost surely in the injective tensor 
product E®F and the following inequality holds: 

max(a(X)1EIIYII, u(Y)1EIIXII) ::; 1EIIGllv ::; a(X)1E11Y11 + u(Y)1EIIXII· 

Proof. To prove that G converges, it is enough to establish the right hand side 
inequality of the theorem for finite sums and to use a limiting argument. By 
definition of the tensor product norm, the left hand side is easy; note that it 
indicates in the same way that the convergence of G implies that of X and Y. 
In the sequel, we therefore only deal with finite sequences (Xi) and (Yj). The 
idea of the proof is to compare G, considered as a Gaussian process indexed by 
the product of the unit balls of E' and F', to another process built as a kind 
of (independent) "sum" of X and Y. Consider namely the Gaussian process 
G indexed by E' x F': 
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where (gi), (gj) are independent orthogaussian sequences. Actually, rather 
than to compare G to a, it is convenient to replace G by 

where 9 is a standard normal variable which is independent of (gij). Clearly, 
by Jensen's inequality and independence, 

JEIIGII v :s JE sup sup C(f, h) . 
1I/1I=ll1hll=l 

The reason for the introduction of C is that we will use Corollary 3.12 where 
we need some special information on the diagonal of the covariance structures, 
something which is given by C. Indeed, it is easily verified that for !, f' E E', 
h, h' E F', 

JEC(f,h)C(f',h') -JEa(f,h)a(f',h') 

= (a(X)2 - L!(Xi)!'(Xi)) 
t 

x [(Lh2(Yj)) 1/2 (Lh'2(Yj)) 1/2 _ Lh(Yj)h'(Yj)] . 
J J J 

Hence, this difference is always positive and is equal to 0 when h = h'. We are 
thus in a position to apply Corollary 3.12 to the Gaussian processes C and a. 
After an approximation and compactness argument, it implies 

JE sup sup C(f, h) :s JE sup sup a(f, h). 
Ilhll=l 11/11=1 IIhll=ll1/ll=l 

To get the inequality of the theorem, we need simply note that 

JE sup sup a(f, h) :s a(X)JEIIYII + a(Y)JEIiXII. 
IIhll=ll1/l1=l 

Therefore, the proof of Theorem 3.20 is complete. Notice that Theorem 3.15 
yields a somewhat simplified proof. 

As a consequence of Corollary 3.13, we also have that 

JE inf sup a(f, h) :s JE inf sup C(f, h). 
IIhll=l 11/11=1 IIhll=l 11/11=1 

Now, notice that 
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( )
1/2 

E inf sup G(f,h) = u(X)JE inf h(Y) + inf I:h2(y;) JE\lX\I 
IIhll=II1/I1=1 IIhll=1 IIhll=l. 

3 

so that we have the following lower bound: 

IE inf sup C(f, h) 
IIhll=II1/I1=1 

u(X)IE inf h(Y) + inf (I: h2(y;») 1/2 IEIIXII. 
IIhll=1 IIhll=l. 

3 

(3.18) 

This inequality has some interesting consequences together with that in The-
orem 3.20. One application is the following corollary which will be of interest 
in Chapter 9. 

Corollary 3.21. Let X be a Gaussian Radon random variable with values in 
a Banach space B. Let also (Xi) be independent copies of X. Then, for every 
N, if a = (al, ... ,aN) is a generic point in R N , 

N 

IE sup III: aiXil1 ::; EIIXII + u(X)JN 
IQI=1 i=1 

and 
N 

IE in! 112: aiXil1 EIIXII- u(X)JN. 
IQI-l i=1 

Proof. X can be represented as X = Li giXi for some sequence (Xi) in B. 
Consider 

N 

Y = I:g;e; 
;=1 

where (e;) is the canonical basis of if. Then Theorem 3.20 in the tensor space 
B®if immediately yields 

E ,::,IIt, a,X, II ,; EIIXII +U(X)E ((t, 9J r) 
and thus the first inequality of the corollary follows since obviously 
IE «Lf=1 g;)1/2) ::; Vii. For the second, use (3.18); indeed, in this case, 

IE inf sup (2: gi;a;f(xi) + u(X) (2: 1/2 g) 
IQI=1 11/11=1 ., . 

t,3 3 

N 

= IE inf sup (2: a;f(X;) + u(X)g) 
IQI=II1/I1=1 ;=1 

E 1lf!,IIt, a; X; II 
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and thus 

N (( N )1/2) 
EIIXII-a(X)JE . 

The proof is therefore complete. 

Notes and References 

Some general references about Gaussian processes and measures (for both this 
chapter and Chapters 11 and 12) are [Ne2], [B-C) , [Fer4], [Ku], [Su4], [J-M3], 
[Fer9], [V-T-C), [Ad]. The interested reader may find there (completed with 
the papers [Bo3], [Tal]) various topics about Gaussian measures on abstract 
spaces, such as zero-one laws, reproducing kernel Hilbert space, etc., not de-
veloped in this book. 

The history of the integrability properties of norms of infinite dimensional 
Gaussian random vectors starts with the papers [L-S] and [Fer2]. Fernique's 
simple argument is the one leading to (3.4) and applies to the rather general 
setting of measurable seminorms. The proof by H. J. Landau and L. A. Shepp 
is isoperimetric and led eventually to the Gaussian isoperimetric inequality. 
A. V. Skorokhod [Sk2] had an argument to show that Eexp(OtllXID < 00 (us-
ing the strong Markov property of Brownian motion); J. Hoffmann-JjI)rgensen 
indicates in [HJ3] a way to get from this partial conclusion the usual ex-
ponential squared integrability. Corollary 3.2 is due to M. B. Marcus and 
L. A. Shepp [M-S2]. Our description of the integrability properties and tail 
behavior is isoperimetric and follows C. Borell [Bo2] (and the exposition of 
[Eh4]). The concentration result in Lemma 3.1 is issued from Chapter 1. The-
orem 3.3 was established in [Ta2] where examples describing its optimality are 
given. In particular, IP- 1 (:P{IIXII ::; t}) approaches its asymptote as slowly as 
one may wish. Lemma 3.5, in a slight improved form, was used in [Go]; see 
also [G-Kl], [G-K2], [G-K3]. Theorem 3.3 has some interpretation in large 
deviations; indeed, the limit in Corollary 3.2 

lim logF{IIXIl > t} = --;. 
t-+oo t 2a 

is a large deviation result for complements of balls centered at the origin. 
Theorem 3.3 improves this limit into 

lim (! logP{IIXII > t} + 2\) = 0 
t-+oo t a 

(for Radon variables) which appears as a "normal" deviation result for com-
plements of balls; similar results for different sets night hold as well (on large 
deviations, see e.g. [Az] , [Ja3], [De-St]). That T = T(X) = 0 for a Gaussian 
Radon measure was recorded in [D-HJ-S] and that T is the unique jump of 
the distribution of IIXII is due to B. S. Tsirelson [Ts]. 
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Homogeneous chaos were introduced by N. Wiener (Wie] and are pre-
sented, e.g. in [Ne2]. Their order of integrability was first investigated in [Schr] 
and [Var]. Hypercontractivity of the Hermite semigroup has been discovered 
by E. Nelson [Nel]. L. Gross [Gro] translated this property into a logarithmic 
Sobolev inequality and uses a two point inequality and the central limit the-
orem to provide an alternate proof (see also Chapter 4 and [Bec] for further 
deep results in Fourier Analysis along these lines). The relevance of hypercon-
tractivity to the integrability of the Gaussian chaos (and its extension to the 
vector valued case) was noticed by C. Borell [B04], [Bo6]i however, the deep 
work [B04] develops the isoperimetric approach which we closely follow here 
(and that is further developed in [Bo7]). The introduction of decoupled chaos 
is motivated by [Kw4] (following [Bo6], [Bo7]). Theorem 3.10 is perhaps new. 

Inequality (3.11) with its best constant 1 (for C symmetric) is due to 
T. W. Anderson [An]. Slepian's lemma appeared in [Sl]. Its geometric mean-
ing makes it probably more ancient as was noted by several authors [SuI], 
[D-St], [Gr2]. In relation with this lemma, let us mention its "two-sided" ana-
log studied by Z. Sid8.k [Sill, [Si2] which expresses that if X = (Xl, ... ,XN) 
is a Gaussian vector in R N , for any positive numbers Ai, i ::; N, 

N N 

1P{k{(lXil ::; Ai)} np{IXil ::; Ai}. 

We refer to [To] for more inequalities on Gaussian distributions in finite di-
mension. Slepian's lemma was first used in the study of Gaussian processes in 
[SuI], [M-S1] and [M-S2] where Corollary 3.14 is established. Theorem 3.15 
was announced by V. N. Sudakov in [Su2] (see also [Su4]) and established in 
this form by X. Fernique [Fer4]i credit is also due to S. Chevet (unpublished). 
Y. Gordon [Gorl], [Gor2] discovered Corollary 3.13 and Theorem 3.16 moti-
vated by Dvoretzky's theorem (cf. Chapter 9). [Gor3] contains a more general 
and simplified proof of Theorem 3.16 and some applications. Our exposition of 
the inequalities by Slepian and Gordon is based on Theorem 3.11 of J.-P. Ka-
hane [Ka2]. Sudakov's minoration was observed in [SuI], [Su3]. Its dual version 
(3.15) appeared in the context of the local theory of Banach spaces and the 
duality of entropy numbers [P-TJ]. The consideration of l(T) (with this no-
tation) goes back to [L-P]. The simple proof of (3.15) presented here is due to 
the second author. [This proof was communicated in particular to the author 
of [Go] (where a probabilistic application is obtained) who gives a strickingly 
creative acknowledgement of the fact.] Further applications of the method are 
presented in [Ta19]. The equivalence between Sudakov's minoration and its 
dual version ((3.16) and (3.17)) is due to N. Tomczak-Jaegermann [TJ1] (and 
her argument actually shows a closer relationship between the entropy num-
bers and the dual entropy numbers, cf. [TJ1], [Cali this will partially be used 
in Section 15.5 below). Tensor products of Gaussian measures were initiated 
by S. Chevet [ChI], [Ch2]i see also [Car]. The best constants in Theorem 3.20 
and the inequality (3.18) follow from [Gorl], [Gor2] from where Corollary 3.21 
is also taken. 



4. Rademacher Averages 

This chapter is devoted to Rademacher averages l:i EiXi with vector valued 
coefficients as a natural analog of the Gaussian averages l:i giXi. The proper-
ties we examine are entirely similar to those investigated in the Gaussian case. 
In this way, we will see how isoperimetric methods can be used to yield strong 
integrability properties of convergent Rademacher series and chaos. This is 
studied in Sections 4.3 and 4.4. Some comparison results are also available 
in the form, for example, of a version of Sudakov's minoration presented in 
Section 4.5. However, we start in the first two sections with some basic facts 
about Rademacher averages with real coefficients as well as with the so-called 
contraction principle, a most valuable tool in Probability in Banach spaces. 

Thus, we assume that we are given, on some probability space (il, A, P), 
a sequence (Ei) of independent random variables taking the values ±1 with 
probability 1/2, that is symmetric Bernoulli or Rademacher random variables. 
We usually call (Ei) a Rademacher sequence. If (Ei) is considered alone, one 
might take, as a concrete example, il to be the Cantor group { -1, + 1}1N , Pits 

canonical product probability measure (Haar measure) 11 = ULI + 
and Ei the coordinate maps. We thus investigate finite or convergent sums 
l:i EiXi with vector valued coefficients Xi. As announced, the first paragraph 
is devoted to some preliminaries in the real case. 

4.1 Real Rademacher Averages 

If (O:i) is a sequence of real numbers, a trivial application of the three series 
theorem (or Lemma 4.2 below) indicates that the series l:i EiO:i converges 
almost surely (or in probability) if and only if l:i 0:; < 00. Actually, the sum 
l:i EiO:i has remarkable properties in connection with the sum of the squares 
l:i 0:; and it is the purpose of this paragraph to recall some of these. 

Since we will only be interested in estimates which easily extend to infinite 
sums, there is no loss in generality to assume, as is usual, that we deal with 
finite sequences (O:i), i.e. finitely many o:i's only are non-zero. 

The first main observation is the classical subgaussian estimate which 
draws its name from the Gaussian type tail. We can obtain it as a conse-
quence of Lemma 1.5 since l:i EiO:i clearly defines a mean zero sum of martin-
gale differences, or directly by the same argument: indeed, given thus a finite 
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sequence (ai) of real numbers, for every A > 0, 

JEexp ( A = UJEexP(Agiai) S U exp ( = exp ( 
I t '& " 

Hence, by Chebyshev's inequality, for every t > 0, 

( 4.1) 

In particular, a convergent Rademacher series Li giai satisfies exponential 
squared integrability properties exactly as Gaussian variables. 

This simple inequality (4.1) is extremely useful. Moreover, it is sharp in 
various instances and we have in particular the following converse which we 
record at this stage for further purposes: there is a numerical constant K 1 
such that if (ai) and t satisfy t K(Li and tmaxi lail S K- 1 Li 
then 

(4.2) IP{ > t} exp ( , , 
This inequality, actually in a more precise form concerning the choice of the 
constants, can be deduced for example from the more general Kolmogorov 
minoration inequality given below as Lemma 8.1. However, let us give a direct 
proof of (4.2). Assume that is such that, by homogeneity, Li = 1 
and that t 2 and lail S 1/16t for each i. Define nj, j S k (no = 0), by 

Since Li = 1, k S 162t2 • On the other hand, for each j S k, 

i=nj_l+l 

so that k 4 . 16t2 since 

< , -

L 2 1 1 
a· < -- <-, - 162t2 - 2 . 

i>n/c 

Set Ij = {nj-l + 1, ... , nj}, 1 S j S k. By independence, we can write 

1P{" g'a' > t} > II 1P{" g'a' > _1 } L...J • , - L...J ., 4· 16t 
i iElj 
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Now, (4.3) and Lemma 4.2 below indicate together that 

It follows that 

1P{ L Ciai > t} 2: (116) k 2: exp( -162t2 log 16) 
t 

which is the desired result (with e.g. K = 162 log 16). 
The subgaussian inequality (4.1) can be used to yield a simple proof of 

the classical Khintchine inequalities. 

Lemma 4.1. For any 0 < p < 00, there exist positive finite constants Ap and 
Bp depending on p only such that for any finite sequence (ad of real numbers, 

Proof. By homogeneity, assume that Li 0; = 1. Then, by the integration by 
parts formula and (4.1), 

:::: 2100 
exp( _t2 /2) dtP = 

For the left hand side inequality, it is enough, by Jensen's inequality, to con-
sider the case p < 2. By means of Holder's inequality, we get 

from which the conclusion follows. 

The best possible constants Ap and Bp in Khintchine's inequalities are 
known [Hal. We retain from the preceding proof that Bp :::: K JP (p 2: 1) 
for some numerical constant K. We will use also the known fact [Szl that 
Al = 2-1/ 2 (in order to deal with a specific value), i.e. 

( 4.3) 
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Khintchine's inequalities show how the Rademacher sequence defines a 
basic unconditional sequence and spans i2 in the spaces Lp, 0 < p < 00. We 
could also add p = 0 in this claim as is shown by the simple (but useful) 
following lemma. The interest of this lemma goes beyond this application and 
it will be mentioned many times throughout this book. 

Lemma 4.2. Let Z be a positive random variable such that for some q > p > 0 
and some constant C, 

IIZlIq CIIZllp· 

Then, if t > 0 is such that P{Z > t} (2CP)q/(p-q), we have 

IIZllp 21/ Pt and IIZlIq 21/ PCt . 

Proof. By Holder's inequality, 

JEZP tP + [ ZPdP tP + > t})I-p/q 2tP 
J{z>t} 

where the last inequality is obtained from the choice of t. 

Note, as a consequence of this lemma, that if (Xn) is a sequence ofrandom 
variables (real or vector valued) such that for some q > p > 0 and some C > 0, 
IIXnllq CIIXnllp for every n, and if (Xn) converges in probability to some 
variable X, then, since SUPn IIXnllq < 00 by Lemma 4.2, (Xn) also converges 
to X in Lq, for all q' < q. 

While the subspace generated by (ci) in Lp for 0 ::; p < 00 is £2, in Loo 
however, this subspace is isometric to il. Indeed, for any finite sequence (ai) 
of real numbers, there exists a choice of signs Ci = ±1 such that Ciai = lail 
for every i. Hence, 

ciailL = lail· 
s s 

Therefore, it might be of some interest to try to have an idea of the span of 
the Rademacher sequence in spaces "between" Lp (p < (0) and Loo. Among 
the possible intermediary spaces, we may consider Orlicz spaces with expo-
nential rates. A Young function 1/J : R+ -+ R+ is convex, increasing with 
limx-+oo1/J(x) = 00 and 1/J(0) = o. Denote by L1fJ = L1fJ(.G,A,P) the Orlicz 
space of all real valued random variables X (defined on (.G, A, P» such that 
JE1/J(IXI/c) < 00 some c > o. Equipped with the norm 

IIXII1fJ = inf{c > OJ JE1/J(IXI/c) I}, 

L1fJ defines a Banach space. If for example 1/J(x) = xP, 1 P < 00, then 
L1fJ = Lp. We shall be interested in the exponential functions 
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To handle the small convexity problem when 0 < q < 1, we can let 'ljJq(x) = 
exp(xq ) - 1 for x x(q) large enough and take 'ljJq to be linear on [O,x(q)]. 

The first observation is that (ci) still spans a subspace isomorphic to i2 
in L..pq whenever q S; 2. We assume that 1 S; q S; 2 for simplicity, but the 
proof is similar when 0 < q < 1. Letting X = Ei Ciai where (ai) is a finite 
sequence of real numbers such that, by homogeneity, Ei = 1, we have, by 
the integration by parts formula and (4.1), 

= 100 p{IXI > ct}d(etq -1) 

S; 2q 100 exp ( - c;2 + tq )tq-ldt. 

Hence, when q S; 2 and c is large enough, 1E'ljJq(IXl/c) < 1 so that 
IIXII..pq S; On the other hand, since eX - 1 x, 

for c S; small enough so that IIXII..pq Hence, as claimed, when q S; 2, 

for any sequence (ai) of real numbers. 
For q > 2, the span of (ci) in L..pq is no longer isomorphic to i2. This 

span actually appears as some interpolation space between i2 and il. To see 
this, we simply follow the observation which led to Lemma 1.7. Recall that 
for 0 < p < 00 we denote by ip,oo the space of all real sequences such 
that 

Equivalently, lI(ai)lIp,oo = SUPi>l iI/Par where (oD is the non-increasing re-
arrangement of the sequence These spaces are known to show up 
in interpolation of ip-spaces. The functional II ·lIp,oo, which is equivalent to a 
norm when p > 1, may be compared to the ip-norms as follows: for r < p, 

Now, let 2 < q < 00 and denote by p the conjugate of q : lip + l/q = 1, 
1 < p < 00. The next lemma describes how in this case the span of (ci) in L..pq 
is isomorphic to ip,oo' 

Lemma 4.3. Let 2 < q < 00 and p = q/ q - 1. There exist positive finite 
constants depending on q (p) only such that for any finite sequence 
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(ai) of real numbers 

Proof. By symmetry, (ciai) has the same distribution as (cilai!). Moreover, 
by identical distribution and the definition of lI(ai)lIp"xl1 we may assume that 
lall ... lail .... The martingale inequality of Lemma 1.7 then yields, 
for every t > 0, 

As above, one then deduces the right hand side of the inequality of Lemma 4.3 
from a simple integration by parts. Turning to the left hand side inequality, 
we use the contraction principle in the form of Theorem 4.4 below. It implies 
indeed, by symmetry and monotonicity of (Iai!), that, for every m 

Hence, 

IILciail1 lamillfcill . 
1/Jq i=l 1/Jq 

Now, since Ci = m with probability 2-m , it is easily seen that 

Summarizing, we have obtained 

which is the result. 

Furthermore, we should point out that the inequality corresponding to 
Lemma 1.8 states in this setting that for any finite sequence (ad and any 
t > 0, 

(4.5) > t} ::s 16exp[-exp(t/411(ai)III,OO)]. 
, 

The rest of this chapter is mainly devoted to extensions of the previous 
classical results to Rademacher averages with Banach space valued coeffi-
cients. Of course, the vector valued setting is characterized by the lack of the 
orthogonality property 
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IEII>iai1 2 = :La;. 
i i 

Various substitutes have therefore to be investigated, but the extension pro-
gram will basically be fulfilled. A classification of Banach spaces according to 
the preceding orthogonality property is at the origin of the notions of type and 
cotype of Banach spaces which will be discussed later on in Chapter 9. Here, 
we study integrability and comparison theorems for Rademacher averages with 
vector valued coefficients. 

4.2 The Contraction Principle 

It is plain from Khintchine's inequalities that if (ai) and (f3i) are two sequences 
ofreal numbers such that lail :S lf3il for every i, one can compare II Ei tiaillp 
and II Ei tif3illp for all p's. This comparison is thus based on the sum of the 
squares and orthogonality. However, it extends to vector valued coefficients, 
even in an improved form. This property is known as the contraction princi-
ple to which this paragraph is devoted. The main result is expressed in the 
following fundamental theorem. 

Theorem 4.4. Let F : IR+ -t IR+ be convex. For any finite sequence (Xi) in 
a Banach space B and any real numbers (ai) such that lail :S 1 for every i, 
we have 

(4.6) IEF(II:LaitiXill) :S IEF(II:LtiXill)· 
z z 

Furthermore, for any t > 0, 

(4.7) 

Proof. The function on IRN 

is convex. Therefore, on the compact convex set [-1, + l]N, it attains its max-
imum at an extreme point, that is a point (aik,;N such that ai = ±l. 
For such values of ai, by symmetry, both terms in (4.6) are equal. This 
proves (4.6). Concerning (4.7), replacing ai by lail, we may assume by sym-
metry that ai O. Moreover, by identical distribution, we suppose that 
al ... aN nN+l = O. Set Sk = tiXi. Then 

N N N 
L aitiXi = :L ak(Sk - Sk-d = L(ak - nk+l)Sk. 
i=l k=l k=l 
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It follows that 
N 

liE aicixill S IISkll· 
i=l -

We conclude by Levy's inequalities (Proposition 2.3). 

As a simple consequence of inequality (4.7), notice the following fact. Let 
(ai) and (f3i) be two sequences of real numbers such that lf3il s lail for every 
i; then, if the series with vector coefficients 2:i aiCiXi converges almost surely 
or equivalently in probability, then the same holds for the series 2:i f3iciXi. 

Theorem 4.4 admits several easy generalizations which will be used mostly 
without further comments in the sequel. Let us briefly indicate some of these 
generalizations. Recall that a sequence (1]i) of real valued random variables 
is called a symmetric sequence when (1li) has the same distribution, as a 
sequence, as (ci'lU) where (ci) is independent from (1Ji). It is then clear, by 
independence and Fubini's theorem, that Theorem 4.4 also applies to (1Ji) in 
place of (ci). Furthermore, as is easy also, if the ai's are now random variables 
independent of (ci) (or (1Ji)), such that lIailioo S 1 for all i, the conclusion of 
Theorem 4.4 still holds true. Moreover, as we will see in Chapter 6, the fixed 
points Xi can also be replaced by vector valued random variables which are 
independent of the Rademacher sequence (Ci). 

The next lemma is another extension and formulation of the contraction 
principle. 

Lemma 4.5. Let F : R+ -t R+ be convex and let (1Ji) be a symmetric 
sequence of real valued random variables such that 1E11Jil < 00 for every i. 
Then, for any finite sequence (Xi) in a Banach space, 

S 1EF(IIE1JiXill)· 
• • 

Proof. By the symmetry assumption, (1/i) has the same distribution as (ciI17i1) 
where, as usual, (ci) is independent from (1Ji). Using first Jensen's inequality 
and partial integration, and then the contraction principle (4.6), we get 

1EF(IIE 1JiXill) = 1EF(IIE ciI17iIXill) 
• • 

JEF(IIE ciJE I1Ji lxill) 
• 

• 
Note that in case the 1Ji'S have a common distribution, the inequality reduces 
to the application of Jensen's inequality. 
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An example of a sequence ('T/i) of particular interest is given by the or-
thogaussian sequence (9i) consisting of independent standard normal vari-
ables. Since JEI9i I = (2/ 7f) 1/2, we have from the previous lemma and its nota-
tion, that 

(4.8) 

Hence, Gaussian averages always "dominate" the corresponding Rademacher 
averages. In particular, from the integrability properties of Gaussian series 
(Corollary 3.2), if the series 9iXi converges, so does CiXi. One might 
wonder whether a converse inequality or implication holds true. Letting, for 
simplicity, F(t) = t, the contraction principle applied conditionally on (9i), 

which is assumed to be independent from (Ci), yields 

N N 

JE€IIl:ci9iXill 19iIJE€IIl: CiXi11 
i=l - i=l 

for any finite sequence (xik::;N in a Banach space B where we recall that JE€ 
indicates partial integration with respect to the Rademacher sequence (c i). If 
we now recall from (3.13) that 19i1 K(log(N + 1))1/2 for some 
numerical constant K, we see, by integrating the previous inequality, that 

N N 

(4.9) JEIIl:9iXill K(log(N + 1»)1/2JEIIl:ciXill. 
i=l i=l 

This is not the converse of inequality (4.8) since the constant depends on the 
number of elements Xi which are considered. (4.8) is actually best possible in 
general Banach spaces as is shown by the example of the canonical basis of Roo 
together with the left hand side of (3.14). This example is however extremal in 
the sense that if a Banach space does not contain subspaces isomorphic to finite 
dimensional subspaces of Roo, then (4.9) holds with a constant independent of 
N (but depending on the Banach space). We shall come back to this later on 
in Chapter 9 (see (9.12». So far, we retain that Gaussian averages dominate 
Rademacher averages and that the converse is not true in general or only holds 
in the form (4.9). 

The next lemma is yet another form of the contraction principle. 

Lemma 4.6. Let F : R+ ----+ R+ be convex. Let further ('T/i) and be 
two symmetric sequences of real valued random variables such that for some 
constant K 1 and every i and t > 0 

Then, for any finite sequence (Xi) in a Banach space, 
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Proof. Let (bi) be independent of ('Ii) such that P { bi - I} = 1 - P {bi = O} = 
1/ K for every ij then, for every t > 0, 

Taking inverses of the distribution functions, it is easily seen (and classical) 
that the sequences (bi71i) and can be constructed on some rich enough 
probability space in such a way that, almost surely, 

From the contraction principle and the symmetry assumption, it follows that 

The proof is then completed via Jensen's inequality applied to the sequence 
(bi) since 1Ebi = 1/ K. 

Notice that if, in the preceding lemma, 

only for all t to > 0, then the conclusion would be somewhat weakened: we 
have 

Indeed, simply note that if 

= toci I {/e./:9o} + 
where (ci) is a Rademacher sequence which is independent of the sequences 
(71i) and then the couple (1Ji, satisfies the hypothesis of Lemma 4.6. 
Then use the convexity and the contraction principle to get rid of the indicator 
functions. 

4.3 Integrability and Tail Behavior 
of Rademacher Series 

On the basis of the scalar results described in the first paragraph, we now 
investigate integrability properties of Rademacher series with vector valued 
coefficients. The typical object of study is a convergent series Li CiXi where 
(Xi) is a sequence in a Banach space B. This defines a Radon random vari-
able in B. Motivated by the Gaussian study of the previous chapter, there 
is a somewhat larger setting corresponding to what could be called almost 
surely bounded Rademacher processes. That is, for some set T assumed to be 



4.3 Integrability and Tail Behavior of Rademacher Series 99 

countable for simplicity, let (Xi) be a sequence off unctions on T such that for 
each t, Li eiXi(t) converges almost surely (or in probability). In other words, 
Li Xi(t)2 < 00 for each t. Assuming that 

we are interested in the integrability properties and tail behavior of this almost 
surely finite supremum. 

As in the previous chapter, in order to unify the exposition, we assume 
that we are given a Banach space B such that for some countable subset D 
in the unit ball of B', IIxll = SUP/ED If(x)l. We deal with a random variable 
X with values in B such that there exists a sequence (Xi) of points in B such 
that Li P(Xi) < 00 for every f in D and for which (h(X), ... , fN(X)) has 
the same distribution as (Li edl(Xi), ... , Li edN(Xi)) for every finite subset 
{h, ... , f N } of D. We then speak of X as a vector valued Rademacher series 
(although this terminology is somewhat improper) or as an almost surely 
bounded Rademacher process. For such an X, we investigate the integrability 
and tail behavior of IIXII. The size of the tail P{IIXII > t} will be measured 
in terms of two parameters similar to those used in the Gaussian case. As for 
Gaussian random vectors, we indeed consider 

(where h = (hi) E £2). Recall that if X = Li eiXi converges almost surely in 
a (arbitrary) Banach space B, thus defining a Radon random variable, we can 
simply let 

It is easy to see that CT is finite. In fact, CT is controlled by some quantity 
associated to the Lo-topology of the norm IIXII: if M is for example such that 
P{IIXII > M} :::; 1/8, then we have CT :::; 2V2M. To see this, first recall that 
by (4.3), for any f in D, 

It then follows from Lemma 4.2 and the definition of M that 

and, thus, our preceding claim follows. The tail behavior and the integrabil-
ity properties of IIXII are measured in terms of this number CT, supremum of 
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weak moments, and some quantity, median or expectation, related to the Lo-
topology of the norm (strong moments). The main ingredient is the isoperimet-
ric Theorem 1.3 and the related concentration inequality. The next statement 
summarizes more or less the various results about this question. 

Theorem 4.7. Let X be a Rademacher series in B as defined above with 
corresponding a = a(X). Let moreover M = M(X) denote a median of IIXII. 
Then, for every t > 0, 

( 4.10) 

In particular, there exists 0: > 0 such that 1Eexp(0:1IXI12) < 00 and all mo-
ments of X are equivalent: that is, for any 0 < p, q < 00, there is a constant 
Kp,q depending on p, q only such that 

Proof. Recall the Haar measure J.1. on {-1,+1}1N. The function <p on]R1N de-
fined by <p(o:) = SUPfED I Ei o:d(Xi)l, 0: = (O:i), is J.1.-almost everywhere finite 
by definition of X. It is convex and Lipschitz on 12 with Lipschitz constant a 
since 

1<p(0:) - <p(,6)1 :S - ,6df(xi) I :S alo: - ,61· 
fED i 

Then, inequality (4.10) is simply the concentration inequality (1.10) issued 
from Theorem 1.3 and applied to this convex Lipschitz function on (R IN, J.1.). 
Alternatively, one may obtain (4.10) directly from Theorem 1.3 by a simple 
finite dimensional approximation, first with a finite supremum in f, then with 
finite sums. Recall, as is usual in this setting, that we also have, for every 
t > 0, 

(4.11) 

An integration by parts on the basis of (4.10) already ensures that 
1Eexp(0:IIXII2) < 00 for every 0: > 0 small enough, namely less than 
1/8a2 • Concerning the equivalence of moments, if M' is chosen such that 
P{IIXII > M'} :S 1/8, we know that a :S 2V2M', and, from (4.11) and 
M :S M', that 

IP{IIXII > M' +t}:S 2exp(-t2/8a2) 

for every t > o. By an integration by parts, for any 0 < p < 00, 

1EIIIXII- M'IP :S M' P + 100 
IP{IIXII > M' + t} dtP 

:S M'P + KpaP:S 

Since M' :S (81Ellxllq)1/q for every 0 < q < 00, the claim of the theorem is 
established. Note that we can take K p ,2 = K..jP (p 2) for some numerical 
constant K. 
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It is noteworthy that the equivalence of moments in Theorem 4.7, due to 
J.-P. Kahane [Kal], provides an alternate proof of Khintchine's inequalities 
(with the right order of magnitude of the constants when p --+ 00). They are 
therefore sometimes referred to in the literature as the Khintchine-Kahane 
inequalities. Note also that (4.10) (or rather (4.11)) implies the weaker but 
sometimes convenient inequality which corresponds perhaps more directly to 
the subgaussian inequality (4.1): for every t > 0, 

(4.12) 

For the proof, use (4.11) together with the fact that M (2IEIIXI12)1/2 and 
(72 IEIIXII2. 

For an almost surely convergent series X = 2:i CiXi in B, it is very easy 
to see that the exponential square integrability result of Theorem 4.7 can be 
refined into IEexp(0:1IXI1 2) < 00 for every 0: > o. Set indeed XN = 2:!1 CiXi 
for each N. XN converges to X almost surely and in L2(B) by Theorem 4.7. In 
particular, (7(XN - X) --+ o. Then, let 0: > 0 and choose an integer N such that 
the median of II X - X N II is less than 1 (say) and such that 8(7( X - X N )2 0: < 1. 
It follows from (4.11) that for every t > 0 

Hence, by the choice of N, IE(expo:llX - XN112) < 00 from which the claim 
follows since IIXN II is bounded. 

It is still true that the preceding observation holds in the more general 
setting of almost surely bounded Rademacher processes. However, the proof 
is somewhat more complicated and uses a variation about the converse sub-
gaussian inequality (4.2). 

Theorem 4.8. Let X be a vector valued Rademacher series as in Theorem 
4.7. Then 

IE exp( o:lIX 112) < 00 for every 0: > O. 

Proof. It relies on the following lemma. 

Lemma 4.9. There is a numerical constant K with the following property. 
Let be a decreasing sequence of positive numbers such that 2:i < 00. 

If t K(2:i 0:;)1/2, define n to be the smallest integer such that O:i > t. 
Then 

Proof· Let (7 = (2:i>n 0:;}1/2 and let K 1 be the numerical constant of 
( 4.2). We distinguish-between two cases. If n 2 K t2 / (72, by definition of n, 
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p{t ciO:i > t} 2: 2-n 2: exp( -2Kt2 /(2). 
1=1 

If n > 2K t2 / u2 , by definition of n and since O:i :::; t for every i, 

1 n 2t Ku2 
maxa· = a < - 0:. < - < --. 
i>n' n - n L..J ,- n - t 
- i=l 

Therefore, since K is the numerical constant of (4.2), 

p{ > t} 2: exp( -Kt2 l(2 ). 

Lemma 4.9 follows by Levy's inequality (2.6) and by changing K into 2K. 

To establish Theorem 4.S, we show a quantitative version of the result. 
Namely, for every 0: > 0, there exists C = c(o:) > ° such that if M satisfies 
P{IIXII > M} < c, then, for all t > 0, 

(4.13) p{IIXIl > KM(t + I)} :::; 2exp( -o:t2) 

for some numerical constant K. If P{IIXII > M} :::; l/S, then we know that 
u = u(X) :::; 2v'2M. Let then M' = 2v'2KM where K 2: 1 is the constant of 
Lemma 4.9. We thus assume that C < l/S. By this lemma (applied to the non-
increasing rearrangement of (If(Xi)l) with t = M'), there exist, for each f in 
D, sequences (Ui(f» and (Vi(f» such that, for every i, f(Xi) = Ui(f) + Vi(f) 
with the following properties: 

M', exp ( :::; 2c. . , 
In particular, 

IIXII :::; M' + supILciVi(f)1 
JED i 

and the Rademacher process (Li civi(f»JED satisfies the following properties: 

and 
sup L Vi(f)2:::; KM'2(log; ) -1. 
JED i C 

Given 0: > 0, choose C = c(o:) > ° small enough in order that K(log ie)-l is 
smaller than liSa. Then, from (4.11), for every t > 0, 
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Hence, 
IP{IIXII > M'(t+3)}:S 2exp(-at2 ) 

which gives (4.13). 
Now, we can easily conclude the proof of Theorem 4.8. For each N, set 

ZN = SUPjED I Li>N t:d(xdl. (ZN) defines a reverse submartingale with re-
spect to the family of a-algebras generated by t:N+l,t:N+2,"" N E IN. By 
Theorem 4.7, 

supJEZN:S JEIIXII < 00. 
N 

Therefore, (Z N ) converges almost surely. Its limit is measurable with respect to 
the tail algebra, and is therefore degenerate. Hence, there exists M < 00 such 
that, for every t: > 0, one can find N large enough such that IP{ZN > M} < t:. 
Apply then (4.13) to ZN to easily conclude the proof of Theorem 4.8 since 

II t:iXi II is bounded. 

Going back to the equivalence of moments of Theorem 4.7, it is interesting 
to point out that these inequalities contain the corresponding inequalities for 
Gaussian averages. This can be seen from a simple argument involving the 
central limit theorem. Denote by (t:ij) a doubly indexed Rademacher sequence; 
for any finite sequence (Xi) in B and any n, 0 < p, q < 00, 

When n tends to infinity, (Lj=l t:ij / Vii) converges in distribution to a stan-
dard normal random variable. It follows that 

From the right order of magnitude of the constants Kp,q in function of p and 
q, the exponential squared integrability of Gaussian random vectors (Lemma 
3.7) also follows. 

As yet another remark, we would like to outline a different approach to the 
conclusions of Theorem 4.7 based on the Gaussian isoperimetric inequality and 
contractions of Gaussian measures (see (1.7) in Chapter 1). Let (Ui) denote a 
sequence of independent random variables uniformly distributed on [-1, +1]. 
As described by (1.7), there is an isoperimetric inequality of Gaussian type 
for these measures. As in the previous chapter (cf. (3.2)), we can obtain, for 
example, that for any (finite) sequence (Xi) in B and any t > 0 

(4.14) IP{ IlL UiXi11 > 2JEIIL UiXi11 + t} :S exp( _t2 /7ra2) 
• • 

where a is as above, i.e. a = SUPjED(L i f 2(Xi))1/2. Now, we would like to 
apply the contraction principle to replace the sequence (Ui) in (4.14) by the 
Rademacher sequence. To perform this, we need to translate the inequality 
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(4.14) in some moment inequalities in order to be able to apply Theorem 4.4 
and Lemma 4.5. We make use of the following easy equivalence (in the spirit 
of Lemma 3.7). 

Lemma 4.10. Let Z be a positive random variable and a, f3 be positive num-
bers. The following are equivalent: 

(i) there is a constant K > 0 such that for every t > 0, 

P{Z > K(f3 + at)} Kexp(-t2 /K); 

(ii) there is a constant K > 0 such that for every p 1 

II Z llp K(f3 + av'P) . 

Furthermore, the constants in (i) and (ii) only depend on each other. 

From (4.14) and this lemma, it follows that for some numerical constant 
K, 

112: UiXillp S K(II2: UiXilll + av'P) 
• • 

for every p 1. The contraction principle (Theorem 4.4 and Lemma 4.5) 
applies to give 

II2:CiXillp +av'P) 
• • 

(IEIUil = 1/2). Going back to a tail estimate via Lemma 4.10 we get 

(4.15) p{ll2:ciXill > K(IEII2:ciXill +t)} S Kexp(-t2 /Ka 2 ) 

• • 
for some numerical constant K > 0 and every t > o. 

This inequality easily extends to infinite sums and to bounded Rademacher 
processes (starting with a norm given by a finite supremum and passing to the 
limit). It is possible to obtain from it all the conclusions of Theorem 4.7. The 
most important difference is that (4.10) expresses a concentration property. 
However, each time (4.10) is only used as a deviation inequality (i.e. in the 
form of (4.11)), then (4.15) can be used equivalently. 

4.4 Integrability of Rademacher Chaos 

Let us consider the canonical representation of the Rademacher functions (Ci) as the coordinate maps on il = {-I, +1}U\! equipped with the natural 
product probability measure Jl = + For any finite subset A 
of 1N, define WA = DiEA Ci (W0 = 1). It is known that the Walsh system 
{ W A; A c 1N, Card A < oo} defines an orthonormal basis of L2 (Jl). 
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For 0 :::; c :::; 1, introduce the operator T(c) : L2(J-L) -+ L2(J-L) defined by 

T(c)WA = cCardAwA 

for A c 1N, Card A < 00. Since, as in the Gaussian case, T(c) is a convolution 
operator, it extends to a positive contraction on all Lp(J-L)'s, 1 :::; p < 00. 

One striking property of the operator T( c) is the hypercontractivity property 
similar to that observed for the Hermite semigroup in the preceding chapter. 
Namely, for 1 < p < q < 00 and c :::; [(p - l)/(q - 1)]1/2, T(c) maps Lp(J-L) 
into Lq(J-L) with norm 1, i.e. for each f in Lp(J-L) 

( 4.16) 

This property can be deduced from a sharp two point inequality together 
with a convolution argument. Moreover, it implies the corresponding Gaussian 
hypercontractivity property using the central limit theorem ([Gro], [Bec]). 

A function f in L2(J-L) can be written as f = 2:A wAf A where fA 
J fWA dJ-L and the sum runs over all A c 1N, CardA < 00. We can write 

Q df is called the chaos of degree or order d of f. Chaos of degree 1 are simply 
Rademacher series 2:i Ciai, chaos of degree 2 are quadratic series of the type 
2:i#i CiC jaij, etc. Chaos of degree d are characterized by the fact that the 
action of the operator T( E) is the multiplication by cd, that is 

T(c)Qdf = cdQdf . 

Using (4.16) with p = 2, q> 2 and c = (q - 1)-1/2, we have 

IIQdfllq:s (q - 1)d/21IQdfIl2. 

As we know, this type of inequalities implies strong integrability properties of 
Qdf; recalling Lemma 3.7, it follows indeed, as in the Gaussian case, that 

for some (actually all) a> o. 
This approach extends to chaos with values in a Banach space providing 

in particular a different proof of some of the results of the preceding section 
for chaos of the first order. As for Gaussian chaos, we however would like to 
complete these integrability results with some more precise tail estimates. This 
is the object of what follows where, once more, we use isoperimetric methods. 
For simplicity, we only deal with the chaos of degree, or order, 2, in a setting 
similar to that developed in the Gaussian case. 

We keep the setting of the preceding paragraph with a Banach space 
B for which there exists a countable subset D of the unit ball of B' such 
that Ilxll = SUPfED If(x)1 for all x in B. We say that a random variable X 
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with values in B is a Rademacher chaos, of the second order thus, if there 
is a sequence (Xij) in B such that Ei,j CiCj!(Xij) converges almost surely 
(or only in probability) for every! in D and such that {/(X»/ED has the 
same distribution as (Ei,j CiCj!(Xij»/ED. We assume for simplicity that the 
diagonal terms Xii are zero, in which case the results are more complete. We 
briefly discuss the general case at the end of the section. 

The idea of this study will be to follow the approach to Gaussian chaos 
using isoperimetric methods in the form of Theorem 1.3. However, with re-
spect to the Gaussian case, some convexity and decoupling results appear to 
be slightly more complicated here and we will try to detail some of these 
difficulties. 

Thus, let X be a Rademacher chaos (of order 2) as just defined. Our 
aim will be to try to find estimates of the tail P{/iX/I > t} in terms of 
some parameters of the distribution of X. These are similar to those used 
in the Gaussian setting. Let us consider first the "decoupled" chaos Y = 
(Ei,j cicjf(Yij»/ED where (cj) is an independent copy of (ci) and where 
Yij = Xij +Xji. Moreover, let M be a number such that P{IIX/I :$; M} is large 
enough, for example 

p{/lXII:$; M} > 63/64. 

Let also m be such that 

and set 

p{ sup SUpILCihj!(Yij)1 :$; m} > 15/16 
IhI9/ED i,j 

a = a(X) = sup SUpILhihj!(Xij)l. 
IhI9/ED i,j 

It might be worthwhile to mention at this stage that these parameters, as 
well as the decoupled chaos Y, are well defined. Towards this aim, we use a 
decoupling argument which will also be useful in the proof of the main result 
below. 

First, let' us assume that we deal with a norm /I . /I given by a finite 
supremum. Once the right estimates are established, we will simply need 
to increase these supremum to the norm. For each N, let us set further 
XN = EZj=l CiCjXij. If M' is such that P{IIXII :$; M/} > 127/128, for all 
large enough N's (recall the norm is a finite supremum), P{/lXNII :$; M/} 2: 
127/128. Let I C {1, ... ,N} and let (1/i) be defined as 1/i = -1 ifi E I, 
1/i = + 1 if i fI. I. By symmetry, 

p{/lXN/I:$; M, II.t Ci1!iCj1/jXijll:$; M} 2: 63/64, 
,,]=1 

and thus, by difference, 
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Of course, we are now in a position to "decouple" in the sense that 
LiEI ·f/.I CiCjYij has the same distribution as LiEI,jf/.I cicjYij. Let us assume 
for that (ci) and (cj) are constructed on two different probability spaces 
(.a,A,P) and (.a',A',F') respectively. We claim that, for some numerical 
constant K, 

(4.17) IEII L cicjYijl12 KM,2. 
iEI,jf/.I 

This simply follows from Fubini's theorem and the integrability results for 
one-dimensional chaos, i.e. series. Indeed, let 

Then F(A) 7/8. For w in A, Theorem 4.7 applied to the sum in cj implies 

IE'II L ci(w)cjYijI12 
iEI,jf/.J 

for some numerical constant K. Now, the same result applied to the sum in 
Ci but in L2(il',F';B) implies the announced claim (4.17) since F(A) 7/8. 
Then, we note that 

N 

cicjYij = 4 . L (L CicjYij ). 
',J-1 Ie {1, ... ,N} 'EI,Jf/.J 

Therefore, from (4.17), and for some possibly different constant K, 

N 2 

IEII L cicjYijl1 KM' 2. 
i,j=1 

By a Cauchy sequence argument, it then easily follows that for each! in 
D, Li,j cicj!(Yij) converges in L2 (and almost surely by Fubini's theorem). 
Hence, Y is well defined and, increasing the finite supremum to the norm, also 
satisfies IEIIY1I2 KM' 2. To control m and a, observe that, by independence, 

IEIIYI12 1E sup supILCihj!(Yij)12 
Ihl::;1 JED i,j 

sup suplL hikj !(Yij)1 2 4a2 . 
Ihl,lkl9 JED i,j 

Furthermore, by Theorem 4.7 again (although for a different norm), we may 
take m to be equivalent to 
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and thus a ::; K m ::; K2 M' for some numerical constant K. In particular 
moreover, we will be allowed to deal with finite sums in the estimates we are 
looking for since the preceding scheme and these inequalities justify all the 
necessary approximations. 

After describing the parameters, the decoupling and the approximation 
arguments which we will use, we are now ready to state and to prove our 
result about the tail behavior of P{IIXII > t} where X is as above a chaos of 
the second order. 

Theorem 4.11. Let X = (Ei,j eiejf(xij))/ED be a Rademacher chaos with 
Xii = 0 for every i, and let M, m, a be its parameters as just described. Then, 
for every t > 0, 

Moreover, 1Eexp(aIiXID < 00 for every a> o. 

Proof. As announced, for the proof of the tail estimate, we can assume that 
we deal with a finite sum X = Erj=l eiejXij . Recall that 

X = E (E eie jYij ) . 
2 IC{l, ... ,N} iEI,jff.I 

First, we estimate, for every I C {I, ... , N}, the tail probability of 
II EiEI,jltI eiejYij II· For simplicity in the notation, we thus assume for this 
step that Yij = 0 if i tJ. I or j E I. Recall that, by decoupling and difference, 

M} 2: 31/32. 
I,] 

In the same way, we have 

p{ sup liE eihjYij II ::; m} 2: 7/8. 
Ihl9 i,j 

Let 

Thus, P(B) 2: 3/4. If wEB, we see that we control the one-dimensional 
parameters in the summation with respect to ej. Therefore, it follows from 
Theorem 1.3 that, for t > 0, 

P(At} 2: P(B){l- 2exp(-t2 /8)) 

where 
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Al = {(w,w'); wEB, M + mt}. 
',} 

Also from Theorem 1.3, we have, for t > 0, 

p'{ sup ilL hicjYij II > m + 6at} 2 exp( _t2 /8) 
Ihl9 i,j 

where we have used the simple fact that 

sup IlL hikjYijl1 6a. 
Ihl,lkl9 i,j 

Hence, if we let, for every t > ° 
A = {(w,w'); wEB, IILci(w)cj(w')Yijll M + mt 

i,j 

we have 
JP(A) P(B){I- 4exp(-t2 /18)). 

Then, let 

B' = {w'; p{ WEB; IIL:ci(w)cj(W')Yijll M + mt} 1/2, 
',} 

sup IlL hicj(w')Yijll m + 4at}. 
Ihl9 i,j 

By Fubini's theorem, P'(B') ;::: 1 - 8exp( _t2 /18). If w' is in B', then we are 
in a position to apply the one-dimensional integrability results for the sum in 
Ci since we control the corresponding parameters; this gives: 

p{ IlL: cicjYij II M + 2mt + 4at2 } 
',} 

= p{llL:cicjYijll M + mt + (m + 4at)t} 
t,} 

1 - 10 exp( _t2 /18) . 

Summarizing, we have obtained that for every I C {I, ... , N} and every t > 0, 

(4.18) p{11 L CiCjYijl1 > M +tm+at2} lOexp(-t2 /72). 

Now, we recall that 
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t CiCjXij = 2 . L (L CiCjYij ). 

i,j=l IC{l, ... ,N} iEI,jf/.I 

Thus, we are basically left to show that the preceding tail estimate is stable 
by convex combination. However, this is easily proved. Indeed, let u = u(t) = 
at2 + mt and denote by t = t(u) the inverse function (on 1R+). The function 
'¢( u) = exp(t( u)2/144) -1 is convex and increasing with '¢(O) = 0 (elementary 
computation). By (4.18) and integration by parts, we have 

Hence, by convexity 

Thus, for every t > 0, 

JP{ - M)+ > mt + at2 } :s (2;0) 2 exp t 144 - 1 

from which the tail estimate of the theorem follows. Note that the somewhat 
unsatisfactory factor 2 came in only at the very end from the decoupling 
formula. 

By the preceding tail estimate, we already know that 1Eexp(o:IIXII) < 00 

for some 0: > O. To establish that this holds for every 0: > 0, it clearly suffices, 
by the decoupling argument developed above (and Fatou's lemma) to show 
this integrability result for the decoupled chaos Y. We make use of the proof 
of Theorem 4.8 and of (4.13). Let ZN = II Li,j>N cicjYijll. By the reverse 
submartingale theorem, Z N converges almost surely to some degenerate dis-
tribution. Using then (4.13) and Fubini's theorem as in the previous proof of 
the tail estimate, we find that there exists M > 0 such that, for every 0: > 0, 
one can find N large enough with 

JP{ZN > KM(t + 1)} :s K exp(-o:t) 

for every t > 0, K numerical constant. By the one-dimensional integrability 
properties, the proof of Theorem 4.11 is easily completed. 

We conclude this part on Rademacher chaos with a few words about the 
case where the diagonal elements are non-zero. Assume that we are given a 
finite sequence (Xij) in a Banach space B. We just learned that there is a 
numerical constant K such that for every p 2: 1 
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(cf. Lemma 3.7). Denote by (cD a Rademacher sequence which is independent 
of (cd. Then, by independence and Jensen's inequality, 

IlL CiCjXijlll IIL(ciCj -

Hence, by difference, 

= IIL(ciCj -
i,j 

211L CiCjXij 111 . 
i,j 

ilL Xii II 3l1L CiCjXijlll· 
i i,j 

Therefore, for every p 2 1, 

from which we deduce similar integrability properties for chaos with non-
zero diagonal terms. However, we do not know whether the tail estimate of 
Theorem 4.11 extends to this setting. 

4.5 Comparison Theorems 

The norm of a (finite) Rademacher sum II ciXili with coefficients in a 
Banach space B is the supremum of a Rademacher process. For the purposes 
of this study, one convenient representation is 

where T is the (compact) subset of m,N defined by T = {t = (J(Xi))i5,N; 
1 E B', 11111 I}. Therefore, we present the results about the comparison 
of Rademacher processes of this type, i.e. citi, t = (tl, ... , tN) E T, T 
( compact) subset of m, N . 

We learned in the preceding chapter how Gaussian processes can be com-
pared by means of their L2-metrics. While this is not completely possible for 
Rademacher processes, one can however investigate analogs of some of the 
usual consequences of the Gaussian comparison theorems. More precisely, we 
establish a comparison theorem for Rademacher averages when coordinates 
are contracted and we prove a version of Sudakov's minor at ion in this con-
text. 
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We start with the comparison theorem, which is analogous to Corollary 
3.17. A map <P : R R is called a contraction if l<p(s) - <p(t)1 :S Is - tl for 
all s, t E R. If h is a map on some set T, we set for simplicity (and with some 
abuse of notation) IIh(t)IIT = IIhllT = SUPtET Ih(t)l. 

Theorem 4.12. Let F : R+ R+ be convex and increasing. Let further 
<Pi : R R, i :S N, be contractions such that <Pi(O) = O. Then, for any 
bounded subset T in RN 

Before we turn to the proof, note the following. The numerical constant 
is optimal as can be seen from the example of the subset T of R2 consisting 
of the points (1,1) and (-1, -1) with <PI (x) = x, <P2(X) = -ixi and F(x) = x. 
One typical application of Theorem 4.12 is of course given when <pi(X) = Ixl for 
each i. Another application, which will be useful in the sequel, is the following: 
if are points in a Banach space, then 

N N 

E( sup ILt:i/2(xi)l) :S 4EIILt:illxilixill. 
111119 i=l i=l 

(4.19) 

(Recall that by the contraction principle, we can replace the right hand side 
by IlxillEl1 Ef:l t:ixill.) To deduce (4.19) from the theorem, simply 
let T be as before, i.e. T = {t = Ilfll :S I}, and take 

. (s2 IIXiIl2) 
<pi(S) = mm 211 xi1l 2 ' -2- , s E R, i:S N. 

As we mentioned before, theorems like Theorem 4.12 for Gaussian aver-
ages follow from the Gaussian comparison properties. The Rademacher case 
involves independent (and conceptually simpler) proofs to which we now turn. 

Proof of Theorem 4.12. We first show that if G : R R is convex and 
increasing, then 

(4.20) 

By conditioning and iteration, it suffices to show that if T is a subset of R 2 
and <P a contraction on R such that <p(0) = 0, then 

EG(sup(tl +t:2<P(t2»)) :S EG(SUp(tl +t:2t2») 
tET tET 

(t = (tt, t2»' We show that for all t and s in T, the right hand side is always 
larger than or equal to 
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We may assume that 

and 

We distinguish between the following cases. 

1 st case. t2 0, S2 O. Assume to begin with that 82 ::; t2. We show 

21::; G(t1 + t2) + G(81 - 82)' 

Set a = 81 - ip(82), b = 81 - 82, a' = h + t2, b' = t1 + ip(t2) so that we would 
like to prove that 

(4.21) G(a) - G(b) ::; G(a') - G(b'). 

Since ip is a contraction with ip(O) = 0, and 82 0, lip(82)1 ::; 82. Hence, a b 
and, by (*), b' b. Furthermore, again by contraction and 82 ::; t2, 

a - b = 82 - ip(82) ::; t2 - ip(t2) = a' - b' . 

Since G is convex and increasing, for every positive x, the map G(· + x) - G(·) 
is increasing. Thus, for x = a - b 0 and with b ::; b', we get 

G(a) - G(b) ::; G(b' + (a - b)) - G(b'). 

Using that b' + a - b ::; a' then yields the announced claim (4.21). When 
82 t2, the argument is similar changing 8 into t and ip into -ip. 

2nd case. t2 ::; 0, 82 ::; O. It is completely similar to the preceding case. 

3rd case. t2 0, 82 :::; O. Since ip(t2) :::; t2, -ip(82) :::; -82, we have 

and the result follows. 

4th case. t2 ::; 0, 82 O. Similar to the third case. 
This completes the proof of (4.20). 
We conclude the proof of the theorem. By convexity, 

,; H +) 
+ -)) 

::; IEF(SUP(t £iipi(ti)) +) 
tET i=l 



114 4. Rademacher Averages 

where, in the second step, we have used that, by symmetry, (-�i) has the 
same distribution as (�i) and (_.)- = (-)+. Applying (4.20) to F((.)+) which 
is convex and increasing on JR then immediately yields the conclusion. The 
proof of Theorem 4.12 is complete. 

After comparison properties, we describe in the last part of this chapter a 
version of the Sudakov minoration inequality (Theorem 3.18) for Rademacher 
processes. 

If T is a compact subset of JRN, set 

N 

r(T) = 1EsupII>itil. 
tET i=l 

Denote by d2 (8, t) = 18 - tl the Euclidean metric on JR N and recall the entropy 
numbers N (T, d2 j 10): N (T, d2 j 10) is the minimal number of (open) balls of 
radius 10 > 0 in the metric d2 which are necessary to cover T. Equivalently 
N(T,d2j�) = N(T,�B 2) where we denote by N(A,B) the minimal number 
of translates of B by elements of A necessary to cover A, and where B2 is 
the Euclidean (open) unit ball. (We do not specify later if the balls are open 
or closed since this distinction clearly does not affect the various results.) 
The next result is the main step in the proof of Sudakov's minoration for 
Rademacher processes. 

Proposition 4.13. There is a numerical constant K such that for any 10 > 0, 
if T is a subset of JRN such that Itil :s; 102/ K r(T) for every t E T, 
then 

) 1/2 
�(logN(T,d 2j�) :s; Kr(T). 

Proof. As an intermediary step, we first show that when T C B2 and 
Itil :s; 1/ Kr(T) for every t E T, then 

( 4.22) 10gN(T, !B2)1/2 :s; Kr(T) 

where K is a numerical constant. 
Let 9 be a standard normal variable. For 8 > 0, set h = gI{lgl>s}' The 

first simple observation of this proof is that, whenever .\ :s; 8/4, 

(4.23) 1Eexp(.\h):S; 1 + 16.\2 exp(-82/32):S; exp[16.\2exp(-s2/32)]. 

For a proof, consider for example f(.\) = 1Eexp(.\h) - 1-16.\2exp(-s2/32) 
for.\ 2: O. Since f(O) = 1'(0) = 0, it suffices to check that /,,(.\) :s; 0 when 
A :s; 8/4. Now, 

f"(.\) = 1E(h2 exp .\h) - 32 exp( _82 /32) . 

By definition of h and a change of variables, 
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1 ( X2) dx 
1E( h2 exp Ah) = x 2 exp AX - -2 In::. 

Ixl>8 V 211" 

( A2) 1 ( X2) dx = exp - (x + A)2exp -- --. 
2 Ix+,\1>8 2 y'2; 

When A ::; s/4 ::; s/2, s < Ix + AI ::; Ixl + s/2 ::; 21xl so that 

( A2) 1 ( X2) dx 1E(h2expAh)::; 4exp -2 x2exp --2 In::. 
Ixl>8/2 V 211" 

which gives the result. 

( A2) 1 ( X2) dx ::; 16exp - exp -- --
2 Ixl>8/2 4 y'2; 

( A 2 s2 ) ( s2 ) < 32exp - - - < 32exp --- 2 16 - 32 

Now, let us show (4.22). There is nothing to prove if T c so that we 
may assume that there is an element t of T with It I 1/2; then, by (4.3), 
r(T) 1/2V2. By definition of N(T, !B2 ) there exists a subset U of T of 
cardinality N(T, !B2 ) such that d2 (u,v) 1/2 whenever u,v are distinct ele-
ments in U. Let us then consider the Gaussian process giuduEU where 
(gi) is an orthogaussian sequence. As a consequence of Sudakov's minoration 
and the Gaussian integrability properties (Theorem 3.18 and Corollary 3.2), 
there is a numerical constant K' 1 such that 

We use a kind of a priori estimate argument. Let K = (lOOK,)2 and assume 
that maxi:SN Itil ::; l/Kr(T) for every t E T. We claim that whenever 0: 1 
satisfies (logCardU)1/2 ::; o:Kr(T), then 

so that, intersecting the sets, (log Card U)1/2 ::; o:K r(T)/2. Of course, this 
ensures that (log Card U)1/2 ::; K r(T) which is the conclusion (4.22). 

For every i, set hi = giI{19,I>s}, k i = gi - hi. By the triangle inequality 
and the contraction principle, since Ikil ::; s, 

{ N K} 4K' {N K} p SUplLgiUil > 0:2K,r(T) ::; KS + p suplL hiUil > 0: K,r(T) . 
uEU i=1 0: uEU i=1 4 

By (4.23), for any A ::; sKr(T)/4, and since U eTc B2 , 
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> 

2CardU exp [ -Aa + 16A2 exp ( -

2exp [a2 K2r(T)2 - Aa r(T) + 16A2 exp( - . 

Let s = aK/1OK' and A = aK2r(T)/40K'. Then 

1P{SUplt9iUil > a KK,r(T)} 
uEU i=l 4 

2 [ ( K 16K2 ( a 2K2 ))] 5" + 2exp a 2K2r(T)2 1- 160(K')2 + (40K,)2 exp - 32(1OK')2 . 

If we recall that a 1, r(T) 1/2.;2 and K = (100K,)2 104 , it is clear 
that the preceding probability is made strictly less than 1/2 . This was the 
announced claim. 

To reach the full conclusion of the proposition, we use a simple iteration 
procedure. For each t and 6 > 0, denote by B2(t,6) the Euclidean ball with 
center t and radius 6. Let e > 0 and let k be an integer such that 2-k < e 
2-k+1. Then, 

Clearly 
N(T,2- k B2) II supN(TnB2(t,Ti+1),TiB2). 

tET 

By homogeneity, (4.22) tells us that 

Hence, 

N(T n B2(t, 2-i+1), Ti B2) exp(K22i- 2r(T)2). 

N(T,d2;e) exp ( KL22t- 2r(T)2) 
£9 

Therefore, Proposition 4.13 is established. 

The previous proposition yields a first version of Sudakov's minoration for 
Rademacher processes which however still involves a factor depending on the 
dimension. It can be stated as follows. 

Corollary 4.14. Let T be a subset of RN; for every e > 0 

( ( VN))1/2 e(logN(T,d2 ;e))1/2 Kr(T) log 2 + r(T) 

where K > 0 is some numerical constant. 
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Proof. As before, let us first assume that T c B2 and estimate N(T, 
Denote by Kl the numerical constant in Proposition 4.13. We can write 

N(T, K 1:(T)Boo )N«T-T)n K1:(T) Boo , 

N(B2' Kl:(T)Boo )N(T-T)n K1:(T) Boo , 

where Boo is the unit ball for the sup-norm in ]RN. It is known that (see 
[Schu, Theorem 1]) 

where K2 is a numerical constant (it can be assumed that r(T) is bounded 
below). Combining with Proposition 4.13 we get that for some numerical con-
stant K 3 , 

( ( 1 ))1/2 (( VN))1/2 log N T'"2 B2 K3r (T) log 2 + r(T) 

Then, we can use an iteration argument similar to that used in the proof 
of Proposition 4.13 to obtain the inequality of the corollary. The proof is 
complete. 

Now, we turn to another version of Sudakov's minoration. The example 
of T consisting of the canonical basis of ]RN for which clearly r(T) = 1 and 
N(T, B2) = N indicates that Sudakov's minoration for Gaussian variables 
cannot extend litterally to Rademacher averages. On the other hand, note 
that if T c B1, the £f -ball, then r(T) 1. This suggests the possibility of 
some interpolation and of a minoration involving both B2 and B 1, the unit 
balls of £: and £f respectively. This is the conclusion of the next statement. 

Theorem 4.15. Let T be a (compact) subset of]RN and let r(T) = 

JEsUPtET I E!l citil· There exists a numerical constant K such that if C > 0 
and if D = Kr(T)B1 + cB2 , then 

c(logN(T,D))1/2 Kr(T) 

where we recall that N(T, D) is the minimal number of translates of D by 
elements of T which are necessary to cover T. 

Proof. The idea is to use Proposition 4.13 by changing the balls D into £2-balls 
for another T. Let Kl be the constant of the conclusion in Proposition 4.13 
and set K = 3K1 which we would like to fit the statement of Theorem 4.15. 
Set a = c2 / Kr(T) and let M be an integer larger than r(T)/a. Define a map 
<p in the following way: 
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cp: [-Ma, +Ma]-t R[-M,Ml 

u -t 

cp( u)j is defined according to the following rule: if U E [0, M a], k = k( u) is the 
integer part of uja; we then set 

cp( u ) j = a for 1:S j :S k 
cp(U)k+1 = u - ka 

cp( u) j = 0 for all other values of J. 

If u E [-Ma,O], we let cp(u)j = cp(-u)_j. We mention some elementary 
properties of cpo First, for every u,u' in [-Ma,Ma], 

(4.24) 
M 

L Icp(u)j - cp(u')jl = lu - u'l· 
j=-M 

Another elementary property is the following. Suppose that we are given u, u' 
in [-M a, M a] and assume that u' < u. Let us define v' :S v in the following 
way: if u 2 0, let v = k(u)a and v' = (k(u') + l)a or v' = k(u')a according 
whether u' :::: 0 or u' < 0; if u < 0, we let v = (k(u) - l)a and v' = k(u')a. 
Then, we have 

M 

(4.25) L Icp(u)j - cp(u')jI2 = lu - vl 2 + lu' - v'I 2 + alv - v'l· 
j=-M 

Once these properties have been observed, let 

1jJ : T -t (R[-M,Ml)N 

t = -t 

Of course, 1jJ is well defined since if t E T, then Itil :S r(T) :S Ma for every 
i = 1, ... , N. Consider now a doubly indexed Rademacher sequence (cij) and 
another sequence which we assume to be independent of (cij). Then, by 
symmetry, 

Now, for every choice of (cij), every i and every t, t' in T, by (4.24), 

M M 

I L cijcp(tdj - L cijcp(tDjl:s Iti -
j=-M j=-M 

This means that, with respect to (cD, we are in a position to apply the com-
parison Theorem 4.12 from which we get that r(1jJ(T)) :S 3r(T). Now, by 
construction, for every t, i,j, 
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£2 £2 
Itn(t')'1 < a - < 

T t J - - 3K1r(T) - K1r(1/J(T)) . 

Hence, by Proposition 4.13 applied to 1/J(T) in (RI-M,Ml)N, 

£(logN(1/J(T),£B2))1/2:::; K1r(1/J(T)):::; Kr(T). 

Now, this implies the conclusion; indeed, by (4.25), if t, t' are such that 
11/J( t) -1/J( t') 1 :::; £, then 

t 'E t' + Kr(T)B1 + £B2. 

Hence N(T,D) :::; N(1/J(T),£B2) and the proof of Theorem 4.15 is therefore 
complete. 

We conclude this chapter with a remark on the tensorization of Rade-
macher series. As in the Gaussian case, (and we follow here the notations 
introduced in Section 3.3) we ask ourselves if, given (Xi) and (Yi) in Banach 
spaces E and F respectively such that Li £iXi and Li £iYi both converge 
almost surely, is this also true for Li,j £ijXi ® Yj in the injective tensor prod-
uct Eii9F. To investigate this question, first recall (4.8). For a large class of 
Banach spaces (which will be described in Chapter 9 as the spaces having a 
finite cotype), convergence of Rademacher series Li £iXi and of corresponding 
Gaussian series Li 9iXi are equivalent. Therefore, according to Theorem 3.20, 
if E and F have this property, the answer to the preceding question is yes. 
What we would like to briefly point out here is that this is not the case in 
general. 

Let (resp. be a finite sequence in E (resp. F) and set 

Recall 

N 

X = L£iXi 
i=l 

N 

(resp. Y = L£iYi)' 
i=l 

Then, for the Rademacher average £ijXi ® Yj in Eii9F we have: 

N 

JEll L £ijXi ® Yjll 
i,j=l v 

(4.26) 
:::; K(log(N + 1))1/2 (u(X)JEIIYII + u(Y)JEIiXII) 

where K is a numerical constant. This inequality is an immediate consequence 
of, respectively, (4.8), Theorem 3.20 and (4.9). The point of this observation 
is that (4.26) is best possible in general. To see this, let E = l!, Xi be the 
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elements of the canonical basis, and F = R, Yi = N-1/ 2 , i = 1, ... , N. Then 
clearly O'(X) = O'(Y) = 1, JEIIXII = 1, JEIIYII :S 1. However, by definition of 
the tensor product norm, 

and this quantity turns out to be of the order of (log N?/2. Indeed, by (4.2), 
for some numerical constant K > 0, 

( 4.27) 

(at least for all large enough N's). Then 

which proves our claim. 

Notes and References 

The name of Bernoulli is historically more appropriate for a random variable 
taking the values ±1 with equal probability. Strictly speaking, the Rademacher 
sequence is the sequence on [0,1] defined by ri(t) = sin(27l'it) (i 1). We 
decided to use the terminology of Rademacher sequence since it is commonly 
used in the field as well as in the Geometry of Banach spaces. 

The best constants in Khintchine's inequality were obtained by 
U. Haagerup [Ha]. See [Sz] for the case p = 1 (4.3). Lemma 4.2 is in the 
spirit of the Paley-Zygmund inequality (cf. [Ka1]). Lemma 4.3 has been ob-
served in [R-S] and [PilO] and used in Probability in Banach spaces in [M-P2] 
(cf. Chapter 13). 

The contraction principle has been discovered by J.-P. Kahane [Ka1]. Some 
further extensions have been obtained by J. [HJ1 J, [HJ2J, 
[HJ3]. Lemma 4.6 is taken from [J-M2]. 

In [Ka1] (first edition), J.-P. Kahane showed that an almost surely con-
vergent Rademacher series X = Ei CiXi with coefficients in a Banach space 
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satisfies JEexp(allXID < 00 for every a > 0 and that all its moments are 
equivalent. Using Lemma 4.5, S. Kwapien [Kw3] improved this integrability 
to JEexp(allXII2) < 00 for some (and also all) a > 0 (Theorem 4.7). The 
proof of this result presented here is different and is based on isoperimetry. 
Theorem 4.8 about bounded Rademacher processes is perhaps new; its proof 
uses Lemma 4.9 which was noticed independently in [MS2]. 

The hypercontractivity inequality (4.16) was established by L. Gross (as 
a logarithmic Sobolev inequality) [Gro] and by W. Beckner (as a two point 
inequality and with the extension to the complex case) [Bec]. Its interest as 
for the integrability of Rademacher chaos was pointed out by C. Borell [B05]. 
Complete details may be found in [Pi4] where the early contribution of A. 
Bonami [Bon] is pointed out. The decoupling argument used in the proof of 
Theorem 4.11 is inspired from [B-Tl]. General results on the decoupling tool 
may be found in [K-S], [Kw4], [MC-Tl], [MC-T2], [Zi3] etc. 

The comparison Theorem 4.12 is due to the second named author and first 
appeared in [L-T4] (the proof presented here being simpler). Proposition 4.13 
and Theorem 4.15 are recent results of the second author while Corollary 4.14 
is essentially in [C-P] (see also [Pal for some earlier related results). (4.26) 
and the fact that it is best possible belong to the folklore. Theorem 4.15 is in 
particular applied in [TaI8]. 



5. Stable Random Variables 

After Gaussian variables and Rademacher series, we investigate in this chap-
ter another important class of random variables and vectors, namely stable 
random variables. Stable random variables are fundamental in Probability 
Theory and, as will be seen later, also play a role in structure theorems of 
Banach spaces. The literature is rather extensive on this topic and we only 
concentrate here on the parts of the theory which will be of interest and use to 
us in the sequel. In particular, we do not attempt to study stable measures in 
the natural more general setting of infinitely divisible distributions. We refer 
to [Ar-G2] and [Li] for such a study. We only concentrate on the aspects of 
stable distributions analogous to those developed in the preceding chapters 
on Gaussian and Rademacher variables. In particular, our study is based on 
a most useful representation of stable random variables detailed in the first 
paragraph. The second section examines integrability properties and tail be-
havior of norms of infinite dimensional stable random variables. Finally, the 
last section is devoted to some comparison theorems. 

We recall that, for 0 < p < 00, Lp,oo = Lp,oo (il, A, P) denotes the space 
of all real valued random variables X on (il, A, P) such that 

/lX/lp,oo = (suptpp{IXI > t})l/P < 00. 
t>O 

/I·/lp,oo is only a quasi-norm but is equivalent to a norm when p > 1; take for 
example 

(5.1) Np(X) = sup { IP(A)-l/q L IXldIP; A E A, IP(A) > o} 
where q = pip - 1 is the conjugate of p, for which we have that, for all X, 
IIXllp,oo Np(X) qllXl!p,oo (integration by parts). A random variable X in 
Lp is of course in Lp,oo, satisfying even limt-+oo tPP{IXI > t} = O. Conversely, 
the space of all random variables such that this is limit 0 is the closure in the 
Lp,oo-norm of the step random variables. Recall also the comparisons with the 
Lr-norms: for every r > p and every random variable X, 

/lX/lp,oo /lXllp (_r_)l/PIIXllr,oo. 
r-p 

Finally, if B is a Banach space, we denote by Lp,oo(B) the space of all random 
variables X in B such that /lX/I E Lp,oo; we simply let /lX/lp,oo = /I/IX/I/lp,oo. 
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As in the Gaussian case, we only consider symmetric stable random 
variables. A real valued (symmetric) random variable X is called p-stable, 
o < p ::; 2, if, for some 0" 0, its Fourier transform is of the form 

1Eexp(itX) = exp( -O"PIW /2), t E It. 

0" = O"p = O"p(X) is called the parameter of the stable random variable X with 
index p. A 2-stable random variable with parameter 0" is just Gaussian with 
variance 0"2. If 0" = 1, X is called standard. As for Gaussian variables, when 
we speak of a standard p-stable sequence (Od, we always mean a sequence of 
independent standard p-stable random variables Oi (the index p will be clear 
from the context). 

Despite the analogy in the definition, the case p = 2 corresponding to 
Gaussian variables and the case 0 < p < 2 present some quite important 
differences. For example, while stable distributions have densities, these cannot 
be easily expressed in general. Further, if Gaussian variables have exponential 
moments, a non-zero p-stable random variable X, 0 < p < 2, is not even in 
Lp. It can however be shown that IIXllp,oo < 00 and actually that 

(5.2) lim tP1P{IXI > t} = 
t---+oo 

where 0" is the parameter of X and cp > 0 only depends on p (cf. e.g. [Fel]). 
X has therefore moments of order r for every r < p and IIXlir = cp,rO" where 
cp,r depends on p and r only. 

Stable random variables are characterized by their fundamental "stability" 
property (from which they draw their name): if (Oi) is a standard p-stable 
sequence, for any finite sequence (ai) of real numbers, Li aiOi has the same 

distribution as (Li laiIP)l/POl. In particular, by what preceeds, for any r < p, 

so that the span in Lr , r < p, of the sequence (Oi) is isometric to i p • This 
property, which is analogous to what we learned in the Gaussian case but 
with a smaller spectrum in r, is of fundamental interest in the study of i;-
subspaces of Banach spaces (cf. Chapter 9). In this order of ideas and among 
the consequences of (5.2), we would like to note further that if (Oi) is a standard 
p-stable sequence with 0 < p < 2 and (ai) a sequence of real numbers such 
that sUPi laiOil < 00 almost surely, then Li lailP < 00. Indeed, we have from 
the Borel-Cantelli lemma (cf. Lemma 2.6) that for some M' > 0 

L 1P{la i Oil > M/} < 00. 

i 

It already follows that (ai) is bounded, i.e. sUPi lai I :s Mil for some Mil. By 
(5.2), there exists to such that for all t to 
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1 
p{lfhl > t} 2cI:tP ' 

Hence, letting M = max(M', toM"), we have 

This kind of result is of course completely different in the case p = 2 for which 
we recall (see (3.7)), as an example and for the matter of comparison, that if 
(gi) is an orthogaussian sequence, 

lim sup Igil 1/2 = 1 almost surely. 
i-+oo (2Iog( i + 1)) 

A random variable X = (XI, ... , X N) with values in R N is p-stable if 
each linear combination eliXi is a real valued p-stable variable. A random 
process X = (Xt )tET indexed by a set T is called p-stable if for every tl, ... , t N 

in T, (Xt1 , ••• , X tN ) is a p-stable random vector. Similarly, a Radon random 
variable X with values in a Banach space B is p-stable if f(X) is p-stable for 
every f in B'. By their very definition, all these p-stable random vectors satisfy 
the fundamental and characteristic stability property of stable distributions: 
if, and only if, X is p-stable, if Xi are independent copies of X, then 

L eliXi has the same distribution as 
i 

for every finite sequence (eli) of real numbers. 
It will almost always be assumed in the sequel that 0 < p < 2. The case 

p = 2 corresponding to Gaussian variables was investigated in Chapter 3. 

5.1 Representation of Stable Random Variables 

p-stable (0 < p < 2) finite or infinite dimensional random variables can 
be given (in distribution) a series representation. This representation can be 
thought of as some central limit theorem with stable limits and we will actually 
have the opportunity to verify this observation in the sequel. This representa-
tion is a most valuable tool in the study of stable random variables; it almost 
allows to think of stable variables as sums of nicely behaved independent ran-
dom variables for which a large variety of tools is available. We use it almost 
automatically each time we deal with stable distributions. 

To introduce this representation we first investigate the scalar case. We 
need some notation. Let (Ai) be independent random variables with common 
exponential distribution P{Ai > t} = e-t , t O. Set rj = I:i=1 Ai, j 1, 
which will always have the same meaning throughout the book. The sequence 
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(rj)j?1 defines the successive times of jump of a standard Poisson process (cf. 
[Fel]). As is easy to see, 

t j-I 
p{rj ::;t}= io (jx_I)!e-Xdx, 

In particular, 
p{r:- I / P > t} < J.-, 

J - j! tPJ 

for all 0 < p < 00, j I and t > O. It already follows that while 

(5.3) lim tpp{r;I/P > t} = I, 
t-->oo 

for j 2 we have 

(5.4) 

(actually IIrj-I/Pllr < 00 for any r < pj), hence limt-->oo tpp{rj- I/P > t} = O. 
By the strong law of large numbers, rj / j -> I almost surely. A powerful 

method will be to replace rj by j which is non random. We already quote at 
this stage a first observation: for any 0: > 0 and j > 0:, 

(5.5) 
_Q r(j - 0:) I 

E(rj ) = r(j) rv jQ 

as can easily be seen from Stirling's formula (r is the gamma function). 
Provided with these easy observations, the series representation of p-stable 

random variables can be formulated as follows. 

Theorem 5.1. Let 0 < p < 2 and let 17 be a symmetric real valued random 
variable such that lEl17IP < 00. Denote further by (17j) independent copies of 
17 assumed to be independent from the sequence (rj ). Then, the almost surely 
convergent series 

00 

X = L rj-I/P17j 
j=1 

defines a p-stable random variable with parameter a = c;IIl17llp (where Cp has 
been introduced in (5.2)). 

Proof. Let us first convince ourselves that the sum defining X converges almost 
surely. To this aim, we prove a little bit more than is necessary but this will 
be useful later in the proof. Let us show indeed that 

N 

lim sup II L rj-I/P17j II = O. 
JO-->OO N?jo j=jo P,OO 

(5.6) 

If this is satisfied, the sum r-1/P17j is in particular convergent in all Lr, 

r < p, and thus in probability. Since (rj-I/P17j) is a symmetric sequence, the 
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series converges almost surely by Ito-Nisio's theorem. Thus, let us establish 
(5.6). An alternate proof making use of some of the material introduced later in 
this chapter is given at the end of Section 5.2. For every t > 0 and 2 jo N, 

N 

rj-l/Prul > t} P{3j jo, l1Jjl > t//P} 

1" (-2/p 2 ) + t 2 L...J 1E rj 1Jj I{I'/j Is:tjl/p} . 
i?jo 

Clearly 

P{3j jo, l1Jjl > tjl/P} P{I171 > t//P } 

3_30 

while, by (5.5), provided jo is large enough, for some constants G, G', 

The conclusion follows: for every c > 0, a > 0 and jo large enough, we have 
obtained 

G'a2 

+ 2- .(2/p)-1 + G'1E(l17IP I{I7II>a}) 
c p]o 

+ (G' + 

Since .IE117IP < 00, we can let jo tend to infinity, then a also, and then c to 0 
to get the conclusion. 

In order to establish the theorem, we show that X satisfies the charac-
teristic property of p-stable random variables, namely that if Xl and X2 are 
independent copies of X, for all real numbers aI, a2, 

alXl + a 2 X2 has the same distribution as (lallP + la2IP)1/P X . 

Write Xi = "'£';.1 i = 1,2, where {(rji)j?l, (17ji)j?d for i = 1,2 
are independent copies of {(rj )j?1,(17j)j?d. Set ai = lailP . Consider the 
non-decreasing rearrangement {1j j j I} of the countable set {rjd ai j 
j 1, i = 1,2}. The sequence {rji/ai j j I} corresponds to the suc-
cessive times of the jumps of a Poisson process N i of parameter ai, i = 1,2. It 
is easily seen that {1j j j I} then corresponds to the sequence of the succes-
sive times of jump of the process N l + N 2 • Now N l + N 2 is a Poisson process 
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of parameter a1 + a2. Hence h;; j ;::: 1} has the same distribution as the 
sequence {rj / (a1 + a2); j ;::: 1}. Therefore, we have the following equalities 
in distribution: 

00 00 

a1X1 +a2X 2 = = (a1 +a2)1/PLrj-1/p"lj 
j=1 j=1 

= (la1lP + la2IP)1/P X . 

Hence X is p-stable. The final step of the proof consists in showing that X 
has parameter c;111"111p" To this aim, we identify the limit (5.2) and use the 
fact established in the first part of this proof. We have indeed from (5.6) and 
(5.4) that 

tP1P{ It. rj-
1/ p"Ijl > t} = O. 

Now, from (5.3) and independence, we see that 

Hence, combining these observations yields 

lim tP1P{IXI > t} = EI"IIP 
t--->oo 

and by comparison with (5.2) we indeed get that X has parameter c;111"1llp. 
The proof of Theorem 5.1 is complete. 

After the scalar case, we now attack the case of infinite dimensional stable 
random vectors and processes. The key tool in this investigation is the concept 
of spectral measure. The spectral measure of a stable variable arises from 
the general theory of Levy-Khintchine representations of infinitely divisible 
distributions. We do no follow here this approach but rather outline, for the 
modest purposes of our study, a somewhat weaker but simple description of 
spectral measures of stable distributions in infinite dimension. It will cover 
the applications which we have in mind and explains the flavor of the result. 
We refer to [Ar-G2] and [Li] for the more general infinitely divisible theory. 

We state and prove the existence of a spectral measure of a stable distribu-
tion in the context of a random process X = (Xt)tET indexed by a countable 
set T in order to avoid measurability questions. Anyway, this is the basic result 
from which the useful corollaries are easily deduced. 

Theorem 5.2. Let 0 < p < 2 and let X = (Xt)tET be a p-stable process 
indexed by a countable set T. There exists a positive finite measure m on 1R T 

(equipped with its cylindrical a-algebra) such that for every finite sequence (aj) 
of real numbers 
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JEexp(i L ajXtj ) = exp ( fIRJL ajXtj IP dm(x)) . 
3 3 

m is called a spectral measure of X (it is not necessarily unique). 

Before the proof, let us just mention that in the case p = 2 we can simply 
take for m the distribution of the Gaussian process X. 

Proof. In a first step, assume that T is a finite set {tI,"" tN}' Recall that if 
(J is real p-stable with parameter CJ, and r < p, then 1I(Jllr = cp,rCJ. It follows 
that for every a = (al,'" ,aN) in R N , 

where CJ(a) denotes the parameter of z=f=l ajXtj . For every r < p, define 
then a positive finite measure mr on the unit sphere S for the sup-norm 11·11= 
on RN by setting, for every bounded measurable function <p on S, 

where lPx is the law of X = (Xt1 , ... , XtN)' Hence, for any a = (al,"" aN) 
inRN, 

Now, the total mass Imrl of mr is easily seen to be majorized by 

where ej, 1 ::; j ::; N, are the unit vectors of RN. Therefore sUPr<p Imrl < 00. 

Let m be a cluster point (in the weak-star sense) of (mr )r<p; m is a posi-
tive finite measure which is clearly a spectral measure of X. This proves the 
theorem in the finite dimensional case. 

Assume now that T = {tl,t2''''}' It is not difficult to see that we may 
assume the stable process X to be almost surely bounded. Indeed, if this is 
not the case, by the integrability property (5.2) and the Borel-Cantelli lemma, 
there exists a sequence (at)tET of positive numbers such that if Zt = atXt, the 
p-stable process Z = (Zt)tET satisfies SUPtET IZtl < 00 almost surely. Then, if 
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we can construct a spectral measure m' on R, T for Z, we define m in such a 
way that for any bounded measurable function <p on R, T depending on finitely 
many coordinates only, 

where x = (xt) E R,T. Then the positive finite measure m on R,T is a spectral 
measure for the p-stable process X. We therefore assume that X is almost 
surely bounded. For each N, the preceding finite dimensional step provides 
us with a spectral measure mN concentrated on the unit sphere of f! of the 
random vector (Xtu "" X tN ) in R,N. Denote by (Yl) independent random 
variables distributed as mN/lmNI. If we recall the sequence (rj) of the repre-
sentation and if we let (c j) denote a Rademacher sequence, then, the sequences 
(Yt), (rj ), (Cj) being assumed to be independent, Theorem 5.1 indicates that 
(Xtt, ... ,XtN ) has the same distribution as 

00 

I 11/p'" r- 1/ p yN cp mN j Cj j . 

j=l 

Our next step is to show that sUPN ImNI < 00. Since X is assumed to be almost 
surely bounded, we can choose a finite number u such that IP {SUPtET IX t I > u} 
:S 1/4. By Levy's inequality (2.7) and the preceding representations, it follows 
that, for every N, 

1 
- 2IP{suplXt l > u} > u} 
2 tET 

IP{ cp lmNl 1/p r 1- 1/ p > u} . 

We deduce that ImNI :S c;7uP and thus that sUPN ImNI < 00 since u was 
chosen independently of N. As before, if m denotes then a cluster point (in 
the weak-star sense) of the bounded sequence (mN) of positive measures, m 
is immediately seen to fulfil the conclusion of Theorem 5.2; m is a spectral 
measure of X and the proof is complete. 

As an immediate corollary to Theorems 5.1 and 5.2 we can now state the 
following: 

Corollary 5.3. Let 0 < p < 2 and let X = (Xt)tET be a p-stable random 
process indexed by a countable set T with spectral measure m. Let (Yj) be 
a sequence of independent random variables distributed as m/lml (in R,T). 
Let further ("1j) be real valued independent symmetric random variables with 
the same law as "1 where lEl"1IP < 00 and assume the sequences (Yj), ("1j), 
(rj) to be independent. Then, the random process X = (Xt)tET has the same 
distribution as 
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Remark 5.4. If m is a spectral measure of an almost surely bounded p-stable 
process X = (XthET, then necessarily 

f < 00 

where we have denoted by II ·1100 the ioo(T)-norm. This can be seen for exam-
ple from the preceding representation; indeed, by Levy's inequalities applied 
conditionally on (rj ), we must have IIY;IIoo/r}/p < 00 almost surely. 
Now recall that from the strong law of large numbers rj Ii -+ 1 with prob-
ability one and therefore we also have IIY;IIoo/jl/P < 00. The claim 
thus follows from the Borel-Cantelli lemma and the fact that the independent 
random variables Y; are distributed as m/lml. Actually, a close inspection 
of the proof of Theorem 5.2 shows that for a bounded process we directly 
constructed a spectral measure concentrated on the unit ball of ioo(T). It is 
in fact convenient in many problems to work with a spectral measure con-
centrated on the unit sphere (or only ball) of ioo(T). To this aim, if m is a 
spectral measure of X that satisfies I < 00, let ml be the image 
of the measure by the map x -+ x/llxll oo . Then ml is a spectral 
measure of X concentrated on the unit sphere of ioo(T) with total mass 

Imll = f 
It can be shown that a symmetric spectral measure on the unit sphere of 
ioo(T) is unique and this actually follows from (5.10) below (at least in the 
Radon case). However, this uniqueness is rather irrelevant for our purposes. 
By analogy with the scalar case, we can define the parameter of X by 

(5.7) 

Note that by the uniqueness of ml! ap(X) is well defined (cf. also (5.11». The 
terminology of parameter extends the real case. Sometimes, this parameter 
plays roles analogous to the a's encountered in the study of Gaussian and 
Rademacher variables; it is however quite different in nature as will become 
apparent later on. 

Now, we inspect the consequences of the preceding results in the case of 
a p-stable Radon random variable in a Banach space. 

Corollary 5.5. Let X be a p-stable (0 < p < 2) Radon random variable with 
values in a Banach space B. Then there is a positive finite Radon measure m 
on B satisfying I IIxllPdm(x) < 00 such that for every f in B' 

1Eexp(if(X») = exp( L If(x)IPdm(x») . 

Furthermore, if (Y;) is a sequence of independent random variables distributed 
as m/lml, and ('7j) a sequence of real valued symmetric random variables with 
the same law as '7 where 1EI'7IP < 00, the series 
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co 

cpllrJlI;llmll/P L ril/PrJj Y; 
j=l 

converges almost surely in B where, as usual, the sequences (rj ), (rJj) and (Y;) 
are assumed to be independent from each other, and this series is distributed 
as X. 

Proof. We may and do assume that B is separable. Let D be a countable 
weakly dense set in the unit ball of B'. By Corollary 5.3, there exists a pos-
itive finite measure m on the unit ball of lco(D) such that if (Y!)/ED are 
independent and distributed as m/lml, and independent of (rj) and (rJj), 
then (f(X))/ED has the same distribution as 

(cpllrJlI;llmll/P f: rj-l/PrJjY!) . 
j=l /ED 

Then, let (xn) be a dense sequence in B and denote, for each n, by Fn the 
subspace generated by Xl, ... ,xn . By Levy's inequality (2.7) applied to the 
norms infzEPn SUP/ED I· - f(z)l, and conditionally on the sequence (rj), we 
get that for all n and c > 0, 

Since X is a Radon variable in B, the left hand side of this inequality can 
be made, for every c > 0, arbitrarily small for all large enough n's. It easily 
follows that we can define a random variable with values in B, call it Y, such 
that f(Y) = Y! almost surely for every f in D. The same argument as before 
via Levy's inequalities indicates that Y is Radon. By the density of D, the 
law of Y is, up to a multiplicative constant, a spectral measure of X and 
we have, by Remark 5.4, that EIIYIIP < 00. The convergence of the series 
representation indeed takes place in B by the Ito-Nisio theorem (Theorem 
2.4). Corollary 5.5 is therefore established. 

As in (5.7) we define the parameter up(X) = (J IIxIIPdm(x))l/P. We can 
choose further (following Remark 5.4) the spectral measure to be symmetri-
cally distributed on the unit sphere of Bj it is then unique (cf. (5.10) below). Of 
course, a typical example of a p-stable Radon random variable with values in 
a Banach space B is given by an almost surely convergent series X = L:i 9iXi 
where (9 i ) is a standard p-stable sequence and (Xi) is a sequence in B. In this 
case, the spectral measure is discrete and can be explicitely described. For 
example, since necessarily SUPi 119iXili < 00 almost surely, we learned in the 
beginning of this chapter that, when 0 < p < 2, L:i IIXiliP < 00. Let then m 
be given by 
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Then m is a spectral measure for X (symmetric and concentrated on the unit 
sphere of B). We note in this case that the parameter O"p(X) of X (cf. (5.7)) 
is simply 

This property induces a rather deep difference with the Gaussian situation in 
which I:i IIXill2 is not necessarily finite if I:i 9iXi converges. As yet another 
difference, note that if convergent series I:i 9iXi completely describe the class 
of Gaussian Radon random vectors, this is no longer the case when p < 2 (as 
soon as the spectral measure is not discrete). The series representation might 
then be thought of as a kind of substitute for this property. 

The representation theorems were described with a sequence (1'/j) of inde-
pendent identically distributed real valued symmetric random variables with 
1E11'/j IP < 00. Two choices are of particular interest. First, there is the sim-
ple choice of a Rademacher sequence. A second choice is an orthogaussian 
sequence. It then appears that p-stable vectors and processes may be seen as 
conditionally Gaussian. Various Gaussian results can then be used to yield, 
after integration, similar consequences for stable random variables. This main" 
idea, and the two preceding choices, will be used extensively in the subsequent 
study of p-stable random variables and processes. 

To conclude this section, we would like to come back to the comparison of 
rj with j initiated in the beginning. The representation now clearly indicates 
what kind of properties would be desirable. First, as an easy consequence of 
rj fj -+ 1 almost surely and of the contraction principle (conditionally) in the 
form of Theorem 4.4, it is plain that, in the previous notation, rj-l/PTJj Y; 
converges almost surely if and only if j-l/p1'/j Y; does. The next two 
observations will be used as quantitative versions of this result. As a simple 
consequence of the expression of F{rj ::::: t} and Stirling's formula, we have 

(5.8) II ( j )l/PII sup - ::::: Kp 
j?l rj P,OO 

for some Kp < 00 and similarly with (rjfj)l/p (for which actually all moments 
exist). More important perhaps is the following: 

(5.9) L IlFj- l/P - rl/PII:in(P,l) < 00 • 

j?2 

Note that the sum in (5.9) starts from 2 in order that r j- l / P is in Lp. It suffices 
to show that for all large enough j's 

1Elr:-l/P _ rl/PIP < K _1_. 
3 - P jP/2+! 
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We have 

1Elr:-l/p _ rl/PIP:::; _ j > j} + [ r-lI1- (r!)l/PIP d1P. 
1 J if{r"<2"} 1 J 3_ 1 

Now, if 0 :::; x:::; 2, II-xl/PI:::; KpI1-xl, so that, by Chebyshev's and Holder's 
inequalities the preceding is bounded by 

j12 + K: ( 1E11 _ -; 12) p/2 (1E(rj2/(p-2)) ) (2-p)/2 

= + Kp_1_ (2-p)/2 . 
j2 P jP/2 1 

By (5.5), the claim follows. 

5.2 Integrability and Tail Behavior 

We investigate the integrability properties of p-stable Radon random variables 
and almost surely bounded processes, 0 < p < 2. We already know from the 
real case some severe limitations compared to the Gaussian case p = 2. This 
study could be based entirely on the representation and the result of the 
next chapter on sums of independent random variables substituting, as we 
just learned, j to r j • However, there is a first a priori simple result which it 
will be convenient to record. This is Proposition 5.6 below. We then use the 
representation, combined with some results of the next chapter, to give some 
precise information on tail behaviors. 

As usual, in order to unify our statement on Radon random variables and 
bounded processes, let us assume that we are given a Banach space B with a 
countable subset D in the unit ball of B' such that Ilxll = sUP!ED If(x)1 for 
all x in B. X is a random variable with values in B if f(X) is measurable 
for every f in D. It is p-stable if each finite linear combination Li adi(X), 
ai E R, Ii ED, is a real p-stable random variable. 

Proposition 5.6. Let 0 < p < 2 and let X be a p-stable random variable in 
B. Then IIXllp,oo < 00. Furthermore, all the moments of X of order r < p 
are equivalent, and are equivalent to IIXllp,oo, i.e. for every r < p, there exists 
Kp,r > 0 such that for every p-stable variable X 

Proof. As in the previous chapters, we show that the moments of X are con-
trolled by some parameter in the Lo(B)-topology. Indeed, let to be such that 
P{IIXII > to} :::; 1/4. Let (Xi) be independent copies of X. Since, for each N, 

1 N 
Nl/p L Xi has the same distribution as X, 

i=l 
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we get from Levy's inequality (2.7) that 

IP{lIxll > to} IP{IIt,Xill > toN1/P} 

1 > toNl/p}. 

By Lemma 2.6 and identical distribution, it follows that 

which therefore holds for every N 1. By a trivial interpolation, IIXllp,oo :::; 
21/ p to. To show the equivalence of moments, simply note that for 0 < r < p, 
if to = (4lEIIXlnl/r, then 

IP{IIXII > to} :::; lElIXllr :::; 

As a consequence of this proposition, we see that if (Xn) is a p-stable 
sequence of random variables converging almost surely to X, or only in prob-
ability, then (Xn) also converges in Lp,oo and therefore in Lr for every r < p. 
This follows from the preceding equivalence of moments together with Lemma 
4.2, or directly from the proof of Proposition 5.6; indeed, for every c > 0, 
IP{IIXn - XII> c} can be made smaller than 1/4 for all large enough n's and 
then IIXn - Xllp,oo :::; 21/ pc. 

Thus, integrability properties of infinite dimensional p-stable random vec-
tors are similar to the finite dimensional properties. This observation can be 
pushed further to extend (5.2). The proof is based on the representation and 
mimicks the last argument in the proof of Theorem 5.1. For notational con-
venience and simplicity of the exposition, we present this result in the setting 
of Radon random variables but everything goes through in the case of almost 
surely bounded stable processes. 

Therefore, let X be a p-stable Radon random variable with values in a 
Banach space B. According to Corollary 5.5 (and Remark 5.4), let m be a 
spectral measure of X, which is symmetrically distributed on the unit sphere 
of B. Then, for every measurable set A in the unit sphere of B such that 
m(8A) = 0 where 8A is the boundary of A, 

(5.10) tPIP{ IIXII > t, E A} = C::m(A) . 

This shows in particular the uniqueness of such a spectral measure as an-
nounced in Remark 5.4. If we recall the parameter O"p(X) = ImI 1/ P of X (cf. 
(5.7)), we have in particular 

(5.11) 



5.2 Integrability and Tail Behavior 135 

To better describe the idea of the proof of (5.10), let us first establish the 
particular case (5.11). We use a result of the next chapter on sums of in-
dependent random variables. Let (Yj) be independent random variables dis-
tributed as m/lml. According to Corollary 5.5, X has the same distribution as 
cplmll/P I:j':l rj-1/pYj. The main observation is that 1E1I I:j':2 rj-1/pYjIlP < 
00. By (5.9), it is enough to have 1E1I I:j':2 rl/pYj liP < 00. But then we are 
dealing with a sum of independent random variables. Anticipating on the next 
chapter, we invoke Theorem 6.11 to see that indeed JEll rl/pYj liP < 00. 

Hence it follows that 

(5.12) 

Since Y1 is concentrated on the unit sphere of B, combining with (5.3) we get 
that 

hence the result. 
We next turn to (5.10). By homogeneity, assume that cplmll/P = 1. We 

only establish that for every closed subset set F of the unit sphere of B 

The corresponding lower bound for open sets is established similarly yielding 
thus (5.10) since Yl is distributed as m/lml. For each e > 0, we set Fe = 
{x E Bj 3y E F, IIx - yll ::; e}. Set also Z = which is 
distributed as X. For every e, t > 0 

IP{IIX II>t, EF}::;IP{IIZ II>t, EF, lIt,rj-l/PYjIl::;et} 

+ IP{IIt, rj-1/Pyjll > et}. 
By (5.12) we will need only concentrate on the first probability on the right 
hand side of this inequality. Thus, assume that IIZI1 > t, Z/IIZII E F and 
III:j':2 rj-1/pYj II ::; et. Since 

00 

Z - r-1/py; + r-1/py. 
- IlL....,; j J, 

j=2 

we deduce from the triangle inequality that r;l/PYt/IIZIl E Fe. Further 

r-1/py; r-1/p 

II lliZIl 1 - Y111 ::; lizr - 11 
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and since (1 - £)t < IIzll - £t :s; r l- I/p :s; IIzll + £t, we get that YI E F2e:. 

Summarizing, 

p{IIXIl > t, E F}:S; 1P{r;l/p > (1-£)t, Yl E F2e } 

+p{llt,rj-I/PYjII > £t}. 

By the independence of r l and YI , and (5.3), (5.12), it follows that for every 
£>0 

Since £ > 0 is arbitrary, this proves the claim. 
Along the same line of ideas, it is possible to obtain from the representa-

tion a concentration inequality of IIXII around its expectation (p > 1). The 
argument relies on a concentration idea for sums of independent random vari-
ables presented in Section 6.3 but we already explain here the result. For 
simplicity, we deal as before with Radon random variables and the case p > 1. 
The case 0 < p :s; 1 can be discussed similarly with EIIXllr, r < p, instead of 
EIIXII· 

Proposition 5.7. Let 1 < p < 2 and let X be a p-stable Radon random 
variable with values in a Banach space B. Then, with up(X) denoting the 
parameter of X, for all t > 0, 

where Cp > 0 only depends on p. 

Proof. Let (Yj) be independent identically distributed random variables in 
the unit sphere of B such that X has the law of cpup(X)Z where Z = 
E.i=l rj-I/pYj is almost surely convergent in B (Corollary 5.5). By the trian-
gle inequality, 

00 00 

IIiZII- EIIZIII:S; 1112:F1/PYjII- EII2:F1/PYjIII 
j=l j=l 
00 00 

+ L !Fj-l/p - FI/PI + L Elrj- l/p - j-l/PI· 
j=l j=l 

00 00 ilL Irj- I/p - F1/PI!! :s; L l!Fj-I/p - FI/Plip < 00. 

j=2 P j=2 
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To estimate III Ell we can use the (martin-
gale) quadratic inequality (6.11) to see that 

00 00 2 00 

E\\\Lrl/pYj\\- E\\Lrl/pYj\\\ Lr2/ p < 00. 

j=l j=l j=l 
Combining these various estimates, the proof is easily completed. 

As a parenthesis, note that if X is a p-stable random variable with pa-
rameter O"p{X), applying Levy's inequalities to the representation yields 

(5.13) 

for some constant Kp depending on p only. (It is also a consequence of (5.11).) 
Thus, the "strong" norm of a p-stable variable always dominates its parameter 
O"p{X). Let us mention that (5.13) is two-sided when 0 < p < 1. This follows 
again from the representation together with the fact that r 1/ p < 00 

when p < 1. We will see later how this is no longer the case when 1 P < 2. 
We conclude this paragraph with some useful inequalities for real val-

ued independent random variables which, at first sight, do not seem to be 
connected with stable distributions. They will however be much helpful later 
on in the study of various questions involving stable distributions such as in 
Chapters 9 and 13. They also allow us to evaluate some interesting norms of 
p-stable variables. 

Recall that for 0 < p < 00 and a sequence of real numbers, we set 

where is the non-increasing rearrangement of the sequence 
The basic inequality which we present is contained in the following lemma. 

Lemma 5.8. Let 0 < p < 00. Let (Zi) be independent positive random vari-
ables. Then 

Proof· By homogeneity (replacing Zi by Zf), it suffices to deal with the case 
p = 1. If denotes the non-increasing rearrangement of the sequence 
{Zik:,:l, > u if and only if EJ{Zi>U} n. Hence, if a = Ei JP{Zi > u}, 
by Lemma 2.5, for all n 1, 

(ea)n > u} . 



138 5. Stable Random Variables 

Now 
P{II{Zi)!ll,oo > t} = > t} 

n2:1 
00 

::; LP{ 
n=l 

00 ( t )n ::; p{ Zi > ;;} 

Assuming by homogeneity that sUPu>OuL:iP{Zi > u} ::; 1, we see that if 
t> 2e 

00 e n 2e 
p{ !I{Zi)l\l,oo > t} ::; L (t) ::; t 

n=l 

while this inequality is trivial for t ::; 2e. Lemma 5.7 is therefore established. 

Note that the cP tail of P{SUPn>l > t} is actually given by the 
largest term Z;. The next terms are smaller and, indeed, the preceding proof 
indicates that for all t > 0 and all integers k 1, 

(5.14) > t}::; (2e)k supUPLP{Zi > u}. 
n2:k tP u>O i 

Motivated by the representation of stable variables, the preceding lemma 
has an interesting consequence in the case where Zi = "Yi/i1/ P, ("Yi) being a 
sequence of independent identically distributed random variables. 

Corollary 5.9. Let 0 < p < 00 and let Y be a positive random variable such 
that 1EYP < 00. Let ("Yi) be independent copies of Y and set Zi = "Yi/i1/ p, 
i 1. Then, if (Z;) is as usual the non-increasing rearrangement of the 
sequence (Zd, for every t > 0 and every integer n 1 

Furthermore, 

for all k 1 and t > O. 

Proof. Note that for every u > 0 

00 00 1 
LP{Zi > u} = LP{Y > ui1/ P} ::; up1EYP . 
i=l i=l 

Hence, the first inequality of the lemma simply follows from > t} ::; 
(ea/nt (Lemma 2.5) with u = {e/n)l/PIJY!lp t. The second inequality follows 
similarly from Lemma 5.8 and (5.14). 



5.2 Integrability and Tail Behavior 139 

Let us note that the previous simple statements yield an alternate proof of 

(5.6). Let us simply indicate how to establish that IIL;:l r j- 1/ P71Jll p,oo < 00 

whenever EI7]IP < 00 with these tools. For every t > 0, 

p{ If r j- 1/p7]jl > 3t} :::; p{ If 7]j(rj- 1/p - r 1/p)1 > t} 
3=1 3=1 

+ p{ It, r 1/p7]j I > 2t}. 
By (5.3) and (5.9), the first probability on the right hand side of this inequality 
is of the order of CPo We are thus left with P{I L;:lF1/ P7]jl > 2t}. Set 
Zj = 7]j/P/p, j 1, and let (Zj) be the non-increasing rearrangement of 
the sequence (IZjl). Denote further by (Cj) a Rademacher sequence which is 
independent of (7]j). Then, by symmetry and identical distribution, 

p{lfr1/ p7]j l > 2t} = p{lfcjz;1 > 2t} 
3=1 3=1 

< P > t} + p { It, C j Z; I > t} 
< > t} + p{supj1/pZ; > Vi} 

j?2 

+ p{lfcjz;1 > t, sup//PZ; :::; Vi}. 
j=2 3?2 

Recall that EI7]jIP < 00 and that Zj = r/jjj1/P. By Corollary 5.9, the first 
two terms in the last estimate are of the order of CP. Concerning the third 
one, we can use for example the subgaussian inequality (4.1) conditionally on 
the sequence (Zj) and find in this way a bound of the order of exp(-Kpt). 
This shows that II L;:l r j- 1/p7]jllp,oo < 00. The limit (5.6) can be established 
similarly. 

Lemma 5.8 has some further interesting consequences concerning the eval-
uation of the norm of certain stable vectors. Consider a standard p-stable 
sequence (Oi) (0 < p < 2) and (ai) a finite (for simplicity) sequence of real 
numbers. We might be interested in II(Li laiOin1/rllp,oo, 0 < r :::; 00, as a 
function of the ai's. In other words, we would like to examine the p-stable 
random variable in ir whose coordinates are (aiOi). Lemma 5.8 indicates to 
start with that 

(5.15) 

This inequality is in fact two-sided; we indeed have 
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where the equivalence sign means a two-sided inequality up to a constant Kp 
depending on p only. The right hand side follows from (5.15) while for the left 
hand side, we may assume by homogeneity that L:i IO:ilP = 1; then by Lemma 
2.6 and (5.2), if t is large enough and satisfies 1P{SUpi IO:iOil > t} :S 1/2, 

p{SUplO:iOil > t} 2 L1P{IO:iOil > t} 2 (KptP)-l 
, i 

from which (5.16) clearly follows. 
Since for r > p 

it is plain that (5.16) extends for r > pinto 

(5.17) 

where the equivalence is up to Kp,r depending on p, r only. When r < p, we 
can simply use Proposition 5.6 and the equivalence of moments to see that, 
by Fubini, 

(5.18) 

We are thus left with the slightly more complicated case r = p. It states that 

Assume by homogeneity that L:i lo:i\P = 1. For the upper bound, we note that 
for every t > 0, 

p{ (L !O:iOiIP) lip > t} :s 1P{ L IO:iOilP I{l oi8iI9} > tp} 
• • 

+ p{ sup !O:iOil > t} . 
i 

By (5.16), we need only be concerned with the first probability on the right 
of this inequality. By integration by parts, it is easily seen that there exists a 
large enough constant Kp such that, if tP 2 Kp L:i IO:iIP(l + log 1;;1)' then 

tP 

L1E(IO:iOiIPI{loi8;I:"Ot}) :s "2' 
i 
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Therefore, for such t's, by Chebyshev's inequality, 

p{ laiOilP I{l a i(liI9} > tp } 

• 
::; p{ laiOilP - JE(laiOilP I{la;(I;19}) > t;} 

• 
::; t!p L JE(l a iOil 2p . 

i 

Again, integrating by parts, this quantity is seen to be less than 
If we bring together all these informations we see that these yield the upper 
bound in (5.19). The lower bound is proved similarly and we thus leave it to 
the interested reader. 

5.3 Comparison Theorems 

In this section, we are concerned with comparisons of stable proceses analogous 
to those described for Gaussian and Rademacher processes. It will appear 
that, in general, these cannot be extended to the stable setting. However, 
several interesting results are still available. All of them are based on the 
observation described at the end of Section 5.1, namely that stable variables 
can be represented as conditionally Gaussian. Gaussian techniques can then 
be used to yield some positive consequences for p-stable variables, 0 < p < 2. 
This line of investigation will also be the key idea in Section 12.2. 

We would like to start with the inequality (5.13). We noticed that this 
inequality is two-sided for 0 < p < 1. Therefore, in some sense, the study of 
p-stable variables with 0 < p < 1 is not really interesting since the parameter, 
that is the mere existence ofa spectral measure m satisfying J IIxIIPdm(x) < 00 

(cf. Remark 5.4), completely describes the boundedness and the size of the 
variable. Things are quite different when 1 ::; p < 2 as the following example 
shows. 

Assume that 1 < p < 2, although the case p = 1 can be treated com-
pletely similarly. Consider the p-stable random variable X in RN equipped 
with the sup-norm given by the representation rj-l{p"Yj where "Yj are 
independent and distributed as the Haar measure I-'N on {-l,+l}N. Then 
the quantity O"p(X) of (5.7) is 1. Let us show however that IIXllp,oo is of the 
order of (log N)I/q (for N large) where q is the conjugate of p (log log N when 
p = 1). We only prove the lower bound, the upper bound being similar. First 
note that by the contraction principle 

JEIII=r1/p"Yj11 ::; JEsup( r!) I/PJEIIXII. 
j=1 J 

By (5.8), we know that ::; Kp for some Kp depending on p 
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only. Now, let Z be the real valued random variable 'L.';.1j-1/PCj where (Cj) 
is a Rademacher sequence and denote by Z 1, ... , Z N, N independent copies 
of Z. By definition, and since we consider JRN with the sup-norm, 

00 

JEIILr1/Pljll = IZil 
j=1 -

so that we simply need to bound this maximum from below. For t > 0, let i 
be the smallest integer such that (e + 1)1/q > t. By Levy's inequality (2.6), 

With probability 2-£, 

£+1 H1 

ILr1/PCjl = Lr1/p 2 (i+ 1)1/q > t 
j=1 j=1 

so that 
1 

1P{ IZI > t} 2 2-i'-1 2 2 exp( -tq ) • 

Let then t = 2JEmaxi::;N IZil so that in particular 1P{maxi::;N IZil > t} ::; 1/2. 
By Lemma 2.6 we have N1P{IZI > t} ::; 1. From the preceding lower bound, it 
follows that t 2 K;1(log N)1/q for some Kp > o. Therefore, we have obtained 
that IIXllp,oo 2 K;1(log N)1/q while up(X) = 1. This clearly indicates what 
the differences can be between IIXllp,oo and the parameter up(X) of a infinite 
dimensional p-stable random variable X with 1 :s; p < 2. 

According to the previous observations, the next results on comparison 
theorems and Sudakov's minoration for p-stable random variables are re-
stricted to the case 1 :s; p < 2. 

First, we address the question of comparison properties in the form of 
Slepian's lemma for stable random vectors. Consider two p-stable, 1 ::; p < 2, 
random vectors X = (X1, ... ,XN) and Y = (Y1, ... ,YN) in JRN. In analogy 
with the Gaussian case denote by dx(i,j) (resp. dy(i,j)) the parameter of 
the real valued p-stable variable Xi - Xj (resp. Yi - lj), 1 ::; i, j ::; N. 
One of the ideas of the Gaussian comparison theorems was that if one can 
compare dx and dy, then one should be able to compare the distributions or 
averages of maxi::;N Xi and maXi::;N Yi (cf. Corollary 3.14 and Theorem 3.15). 
In the stable case with p < 2, the following simple example furnishes a very 
negative result to begin with. Let X be as in the preceding example and take 
Y to be the canonical p-stable vector in JR N given by Y = (fh, . .. , () N) « (}d 
is a standard p-stable sequence). It is easily seen that dx(i,j) = 21/ q while 
dy(i,j) = 21/ p , i =1= j. Thus dx and dy are equivalent. However, assuming for 
example that p > 1, we know that 

JE Xi :s; Kp(log N)1/q 
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while, as a consequence of (5.16), 

lEmaxO· > K- l Nl/p 
i5,N t - P 

(at least for every N large enough - compare lEmaxi5,N Oi and lEmaxi5,N IOi!). 
Thus, one can measure on this example, the gap which may arise in comparison 
theorems for p-stable vectors when p < 2. 

Nevertheless, some positive results remain. This is for example the case 
for Sudakov's minoration (Theorem 3.18). If X = (XdtET is a p-stable pro-
cess (1 ::; p < 2) indexed by some set T, denote as before by dx(s,t) 
the parameter of the p-stable random variable Xs - X t , s, t E T. Since 
IIXs - Xtll r = cp,rdX(s, t), r < p, dx (dX if p = 1) defines a pseudo-metric on 
T. Recall that N(T,dx;c) is the smallest (possibly infinite) number of open 
balls of radius c > 0 in the metric dx which cover T. Then, we have the fol-
lowing extension of Sudakov's minoration. (This minoration will be improved 
in Section 12.2.) The idea of the proof is to represent X as conditionally Gaus-
sian and then apply the Gaussian inequalities. As is usual in similar contexts, 
we simply let here 

II sup IXtlllp,oo = sup{ II sup IXtlllp,oo; F finite in T} . 
tET tEF 

Theorem 5.10. Let X = (XdtET be a p-stable random process with 1 ::; p < 2 
and associated pseudo-metric dx . There is a constant Kp > 0 depending only 
on p > 1 such that if q is the conjugate of p, for every c > 0, 

When p = 1, the lower bound has to be replaced by dog + log N (T, dx ; c). In 
both cases, if X is almost surely bounded, (T, dx) is totally bounded. 

Proof· We only show the result when 1 < p < 2. The case p = 1 seems to 
require independent deeper tools; we refer to [TaB] for this investigation. Let 
N(T, dx ; c) :2: N; there exists U C T with cardinality N such that dx(s, t) > c 
for s =j:. tin U. Consider the p-stable process (Xt}tEU and let m be a spectral 
measure of this random vector (in 1RN thus). Let (Yj) be independent and 
distributed as m/lml and let further (gj) be an orthogaussian sequence. As 
usual in the representation, the sequences (Yj), (rj), (gj) are independent. 
From Corollary 5.3, (Xt}tEU has the same distribution as 

00 

cpllglll;llmil/P L r j-
l/p gjYj . 

j=l 

In relation with this representation, we introduce random distances (on U). 
Denote by w the randomness in the sequences (Yj) and (rj) and set, for each 
such wand s, tin U, 
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where lEg denotes partial integration with respect to the Gaussian sequence 
(9i). Accordingly, note that for all oX E 1R and s, t 

It follows that for every u and oX > 0 and s, t in U, 

Minimizing over oX > 0, namely taking oX = [(2u2)0</2Pdx(s,t)t1 where 1. = 
- ! yields, for all u > 0, 

(5.20) 

where Co< = (4·20</2)-1. 
Now recall that dx(s,t) > € for s -I t in U. From (5.20), we thus get that 

for all u > 0 

Choose u > 0 such that this probability is less than 1/2 (say), more precisely 
take 

u = (log(2N2)) -I/o< 

where N = CardU. Hence, on a set Do of w's of probability bigger than 
1/2, dw(s,t) > cu for all s -I t in U. By Sudakov's minoration for Gaussian 
processes (Theorem 3.18), for some numerical constant K > 0 and all w's in 
Do 

(since N(U, dw ; cu/2) N). Now, by partial integration, 

Esup IXtl Cp II9111;1Iml l / P { Eg suplf r j- l / p 9j Yj (t)1 d1P 
tEU J no tEU j=l 

1 
4K cu(log N)1/2 . 
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By the choice of u and Proposition 5.6, II SUPtEU IXtlllp,oo K;lc(log N)l/q. 
If we now recall that N ::; N(T, dx ; c) was arbitrary, the proof is seen to be 
complete. 

There is also an extension of Corollary 3.19 whose proof is completely 
similar. That is, if X = (XdtET is a p-stable random process, 1 ::; p < 2, 
with almost all trajectories bounded and continuous on (T, dx) (or having a 
version with these properties), then 

(5.21 ) limc(logN(T,dx;c))l/q = 0, p> 1 
eo-+O 

(and 
lim dog+ logN(T,dx;c) = 0, p = 1). 
eo-+O 

In the last part of this chapter, we briefly investigate tensorization of 
stable random variables which are analogous to those studied for Gaussian 
and Rademacher series with vector valued coefficients. One question is the 
following: if (Xi) is a sequence in a Banach space E and (Yj) is a sequence 
in a Banach space F such that Li (hXi and Lj OjYj are both almost surely 
convergent, where (Oi) is a standard p-stable sequence, is it the same for 
Li,j Oij Xi i8l Yj, where (Oij) is a doubly indexed standard p-stable sequence, in 
the injective tensor product E0F of the Banach spaces E and F? Theorem 
3.20 has provided a positive answer in the case p = 2 and the object of what 
follows will be to show that this remains valid when p < 2. However, we 
have to somewhat widen this study; we indeed know that, contrary to the 
Gaussian case, not all p-stable Radon random variables in a Banach space 
can be represented as a convergent series of the type Li OiXi' We use instead 
spectral measures. Let thus 0 < p < 2 and let U and V be p-stable Radon 
random variables with values in E and F respectively. Denote by mu (resp. 
mv) the symmetric spectral measure of U (resp. V) concentrated on the unit 
sphere of E (resp. F). One can then define naturally the symmetric measure 
mu i8l mv on the unit sphere of E0F. Is this measure the spectral measure 
of some p-stable random variable with values in E0F? The next theorem 
describes a positive answer to this question. 

Theorem 5.11. Let 0 < p < 2 and let U and V be p-stable Radon random 
variables with values in Banach spaces E and F respectively. Let mu and mv 
be the respective symmetric spectral measures on the unit spheres of E and F. 
Then, there exists a p-stable Radon random variable W with values in E0F 
with spectral measure mu i8l mv. Moreover, for some constant Kp depending 
on p only, 
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Proof. The idea is again to use Gaussian randomization and to benefit in a 
conditional way of the Gaussian comparison theorems. Let (Yj) (resp. (Zj» 
be independent random variables with values in E (resp. F) and distributed 
as mullmul (resp. mv/lmvl). From Corollary 5.5, 

00 00 

U' r-1/ p Y d V' r-1/ p Z = L...J j gj j an = L...J j gj j 
j=1 j=1 

converge almost surely in E and F respectively where (gj) is an orthogaussian 
sequence and, as usual, (rj), (9j), (Yj) and (Zj) are independent. Our aim is 
to show that 

00 

W' = Lrj- 1/Pgj Yj ®Zj 
j=1 

is almost surely convergent in Eii!JF and satisfies 

(5.22) 

W' induces a p-stable Radon random variable W with values in Eii!JF and 
spectral measure mu ® my. Since lTp(U) = ImuI1/p, lTp(V) = ImvI1/p, 
lTp(W) = Imull/Plmvll/p, homogeneity and the normalizations in Corollary 
5.5 easily lead to the conclusion. 

We establish inequality (5.22) for sums U', V', W' as before but only for 
finitely many terms in the summations, simply indicated by Lj" Convergence 
will follow from (5.22) by a simple limiting argument. 

Let I, I' be in the unit ball of E', h, h' in the unit ball of F'. Since 
IIYjIl = IIZjll = 1, for every j, with probability one, 

I/(Yj)h(Zj) - I'(Yj)h'(Zj)1 ::; I/(Yj) - I'(Yj)1 + Ih(Zj) - h'(Zj)l· 

Let (g;) be another orthogaussian sequence independent from (gj) and de-
note by JEg conditional integration with respect to those sequences. By the 
preceding inequality 

Therefore, it follows from the Gaussian comparison theorems in the form of 
Corollary 3.14 (or Theorem 3.15) that, almost surely in (rj), (Yj), (Zj), 

JEgllE r j- 1/p gj Yj ® Zj II ::; r j- 1/P gj Yj II 
j J 

+ 2v'2JEgIIL r j- 1/p gjZjll· 
j 
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Integrating and using the equivalence of moments of both Gaussian and stable 
random vectors conclude in this way the proof of Theorem 5.11. 

We mention to conclude some comments and open questions about The-
orem 5.11. While IIWllp,oo always dominates up(U)up(V), it is not true in 
general that the inequality of Theorem 5.11 can be reversed. The works 
[G-Ma-Z] and [M-T] have actually shown a variety of examples with different 
sizes of IIWllp,oo. One may introduce weak moments similar to the Gaussian 
case; a natural lower bound for IIWllp,oo would then be, besides up(U)up(V), 

where 

Ap(U) = sup (/ l!(x)jPdmu(x)) lip 
11/119 

and similarly for V. However, neither this lower bound nor the upper bound 
of the theorem seem to provide the exact weight of IIWllp,oo. The definitive 
result, if any, should be in between. This question is still under study. 

Notes and References 

As announced, our exposition of stable distributions and random variables in 
infinite dimensional spaces is quite restricted. More general expositions based 
on infinitely divisible distributions, Levy measures, Levy-Khintchine repre-
sentations and related central limit theorems for triangular arrays may be 
found in the treatises [Ar-G2] and [Li] to which we actually also refer for more 
accurate references and historical background. See also the work [A-A-G], 
the paper [M-Z], etc. The survey article [Wer] presents a sample of the top-
ics studied in the rather extensive literature on stable distributions (see also 
[Sa-TJ). More on Lp,oo-spaces (and interpolation spaces Lp,q) may be found 
e.g. in [S-W]. 

The theory of stable laws was constructed by P. Levy [LeI]. The few facts 
presented here as an introduction may be found in the classical books on 
Probability Theory such as [Fel]. 

Representation of p-stable variables, 0 < p < 2, goes back to the work 
by P. Levy and was revived recently by R. LePage, M. Woodroofe and 
J. Zinn [LP-W-Z]; see [LP2] for the history of this representation. For a recent 
and new representation (in particular used in [TaI8J), see [R03]. The proof 
of Theorem 5.1 is taken from [PiI6] (see also [M-P2]). Theorem 5.2 and the 
existence of spectral measures is due to P. Levy [LeI] (who actually dealt 
with the Euclidean sphere); our exposition follows [B-DC-K]. Remark 5.4 and 
uniqueness of the symmetric spectral measure concentrated on the unit sphere 
follow from the more general results about uniqueness of Levy measures for 
Banach space valued random variables, and started with [Jal] and [Kuel] in 
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Hilbert space and was then extended to more general spaces by many authors 
(cf. [Ar-G2], [Li] for the details). (5.9) was noticed in [Pi12]. 

Proposition 5.6 is due to A. de Acosta [Ac2]; a prior result for Ei (}iXi 

was established by J. Hoffmann-Jj1.Irgensen [HJl] (see also [HJ3] and Chap-
ter 6). A. de Acosta [Ac3] also established the limit (5.11) (by a different 
method however) while the full conclusion (5.10) was proved by A. Araujo and 
E. Gine [Ar-G1]. Proposition 5.7 is taken from [G-Ma-Z]. Lemma 5.8 is due 
to M. B. Marcus and G. Pisier [M-P2] with a simplified proof by J. Zinn (cf. 
[M-Zi], [Pi16]). The equivalences (5.16) - (5.19) were described by L. Schwartz 
[Schwl]. 

Comparison theorems for stable random variables intrigued many people 
and it was probably known for a long time that Slepian's lemma does not ex-
tend to p-stable variables with 0 < p < 2. The various introductory comments 
collect informations taken from [E-F], [M-P2], [Li], [Ma3] ... Our exposition 
follows the work by M. B. Marcus and G. Pisier [M-P2]; Theorem 5.10 is 
theirs (but the case p = 1 was only proved in [TaB]). Theorem 5.11 on tensor 
product of stable distributions was established by E. Gine, M. B. Marcus and 
J. Zinn [G-Ma-Z], and further investigated in [M-T]. 



6. Sums of Independent Random Variables 

Sums of independent random variables already appeared in the preceding 
chapters in some concrete situations (Gaussian and Rademacher averages, 
representation of stable random variables). On the intuitive basis of central 
limit theorems which approximate normalized sums of independent random 
variables by smooth limiting distributions (Gaussian, stable), one would ex-
pect that results similar to those presented previously should hold in a sense 
or in another for sums of independent random variables. The results pre-
sented in this chapter go in this direction and the reader will recognize in this 
general setting the topics covered before: integrability properties, equivalence 
of moments, concentration, tail behavior, etc. We will mainly describe ideas 
and techniques which go from simple but powerful observations such as sym-
metrization (randomization) techniques to more elaborate results like those 
obtained from the isoperimetric inequality for product measures of Theorem 
104. Section 6.1 is concerned with symmetrization, Section 6.2 with Hoffmann-
J0rgensen's inequalities and the equivalence of moments of sums of indepen-
dent random variables. In the last and main section, martingale and isoperi-
metric methods are developed in this context. Many results presented in this 
chapter will be of basic use in the study of limit theorems later. 

Let us emphasize that the infinite dimensional setting is characterized by 
the lack of the orthogonality property EI I:i Xil 2 = I:i EIXi I2 , where (Xi) is 
a finite sequence of independent mean zero real valued random variables. This 
type of identity or equivalence extends to finite dimensional random vectors, 
and even to Hilbert space valued random variables, but does not in general for 
arbitrary Banach space valued random variables (cf. Chapter 9). With respect 
to the classical theory which is developed under this orthogonality property, 
the study of sums of independent Banach space valued random variables un-
dertaken here requires in particular to circumvent this difficulty. Besides the 
difficult control in probability (which will be discussed further in this book), 
the various tools introduced in this chapter provide a more than satisfactory 
extension of the classical theory of sums of independent random variables. 
Actually, many ideas clarify the real case (for example, the systematic use 
of symmetrization-randomization) and, as for the isoperimetric approach to 
exponential inequalities (Section 6.3), go beyond the known results. 

Since here we need not be concerned with tightness properties, we present 
the various results in the setting introduced in Chapter 2 and already used 



150 6. Sums of Independent Random Variables 

in the previous chapters. That is, let B be a Banach space such that there 
exists a countable subset D of the unit ball of the dual space such that IIxll = 
sUP/eD If(x)1 for all x in B. We say that a map X from some probability 
space (.a,A,P) into B is a random variable if f(X) is measurable for each f 
in D. We recall that this definition covers the case of Radon random variables 
or equivalently of Borel random variables taking their values in a separable 
Banach space. 

6.1 Symmetrization and Some Inequalities 
for Sums of Independent Random Variables 

One simple but basic idea in the study of sums of independent random vari-
ables is the concept of symmetrization. If X is a random variable, one can 
construct a symmetric random variable which is "near" X by looking at 
X = X - X' where X' denotes an independent copy of X (constructed on some 
different probability space (.a',A',P')). The distributions of X and X - X' 
are indeed closely related; for example, for any t, a > 0, by independence and 
identical distributions, 

(6.1) p{IIXIl >t+a} >t}. 

This inequality is of particular interest when for example a is chosen such that 
P{IIXII a} 1/2 in which case it follows that 

p{IIXIl > t+a} 2P{IIX -X/II> t}. 

It also follows in particular that EIIXIIP < 00 (0 < p < 00) if and only if 
EIIX - X/liP < 00. 

Actually, (6.1) is somewhat too crude in various applications and the fol-
lowing improvements are noteworthy: for t, a > 0, 

(6.2) >t+a} >t}. 

For a proof, let w be such that IIX(w)11 > t + aj then, for some h in D, 
Ih(X(w))1 > t + a. Hence 

inf P/{lf(X')1 a} p{IIX(w) - X/II> t}. 
feD 

Integrating with respect to w then yields (6.2). Similarly, one can show that 
for t,a > 0, 

(6.3) P{IIXII >t+a} >t}+supp{lf(X)1 >a}. 
feD 

When we deal with a sequence (Xi)ielN of independent random variables, 
we construct an associated sequence of independent and symmetric random 
variables by setting, for each i, Xi = Xi - XI where (XD is an independent 
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copy of the sequence (Xi). Recall that (Xi) is then a symmetric sequence in the 
sense that it has the same distribution as (ciXi) where (ci) is a Rademacher 
sequence which is independent of (Xi) and (XI). That is, we can randomize 
by independent choices of signs symmetric sequences (Xi). Accordingly and 
following Chapter 2, we denote by lEe,Pe (resp. lEx,Px) partial integration 
with respect to (ci) (resp. (Xi)). 

The fact that the symmetric sequence (Xi) built over (Xi) is useful in the 
study of (Xi) can be illustrated in different ways. Let us start for example 
with the Levy-Ito-Nisio theorem for independent but not necessarily sym-
metric variables (cf. Theorem 2.4) where symmetrization proves its efficiency. 
Since weak convergence is involved in this statement we restrict ourselves for 
simplicity to the case of Radon random variables. However, the equivalence 
between (i) and (ii) holds in our general setting. 

Theorem 6.1. Let (Xi) be a sequence of independent Borel random variables 
with values in a separable Banach space B. Set Sn = Xi, n 2: 1. The 
following are equivalent: 

(i) the sequence (Sn) converges almost surely; 

(ii) (Sn) converges in probability; 

(iii) (Sn) converges weakly. 

Proof. Suppose that (Sn) converges weakly to some random variable S. On 
some different probability space (il', A', P'), consider a copy (XI) of the se-
quence (Xi) and set = X:; converges weakly to S' which has 
the same distribution as S. Set Sn = Sn - S = S - S' defined on il x il'. 
Since Sn - S weakly, by the result for symmetric sequences (Theorem 2.4), 
Sn - S almost surely. In particular, there exists, by Fubini's theorem, an w' 
in il' such that 

Sn - - S - S'(w') almost surely. 

On the other hand Sn - S weakly. By difference, it follows from these two 
observations that is a relatively compact sequence in B. Moreover, 
taking characteristic functionals, for every f in B', 

- exp(if(S'(w'))) . 

Hence - f(S'(w')) and thus converges to S'(w') in B. There-
fore Sn - S almost surely and the theorem is proved. 

While Levy's inequalities (Proposition 2.3) are one of the main ingredients 
in the proof of Its-Nisio's theorem in the symmetrical case, one can actually 
also prove directly the preceding statement using instead a similar inequality 
known as Ottaviani's inequality. Its proof follows the pattern of the proof of 
Levy's inequalities. 
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Lemma 6.2. Let (Xik:;N be independent random variables in B and set 
Sk = L::=l Xi, k :::; N. Then, for every s, t > 0, 

Proof. Let r = inf{k :::; N; IISkl1 > s + t} (+00 if no such k exists). Then, 
as usual, {r = k} only depends on Xl, ... ,Xk and = k} = 
IP{maxk:5N IISkll > s + t}. When r = k and IISN - Skll :::; s, then IISNII > t. 
Hence, by independence, 

N 

IP{IISNII > t} = LIP{r = k,IISNII > t} 
k=l 
N 

LIP{r = k, IISN - Skll:::; s} 
k=l 

N 

- Skll :::; s} LIP{r = k} 
- k=l 

which is the desired result. 

The symmetrization procedure is further illustrated in the next trivial 
lemma. As always, (ci) is a Rademacher sequence which is independent of 
(Xi). Recall that X is centered if lEf(X) = 0 for every f in D. 

Lemma 6.3. Let F : 1R+ ---> 1R+ be convex. Then, for any finite sequence (Xi) 
of independent mean zero random variables in B such that lEF(IIXill) < 00 
for every i, 

Proof. Recall Xi = Xi - XI and let (ci) be a Rademacher sequence which 
is independent from (Xi) and (Xn. Then, by Fubini, Jensen's inequality and 
zero mean (cf. (2.5)), and by convexity, we have 

:::; = :::; 
t 't 't 't 

Conversely, by the same arguments, 
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t t 

= . 
t • 

The lemma is proved. 

Note that when the variables Xi are not centered, we have similarly 

and also 

Thus, symmetrization indicates how results on symmetric random vari-
ables can be transferred to general results. In the sequel of this chapter, we 
therefore mainly concentrate only on symmetrical distributions for which the 
results are usually clearer and easier to state. We leave it to the interested 
reader to extend them to the case of general (or mean zero) independent 
random variables by the techniques just presented. 

Before turning to the main object of this chapter, we would like to briefly 
mention in passing a concentration inequality which is often useful when for 
example Levy's inequalities do not readily apply. It is due to M. Kanter [Kan]. 

Proposition 6.4. Let (Xi) be a finite sequence of independent symmetric 
random variables with values in B. Then, for any x in B and any t > 0, 

Since symmetric sequences of random variables can be randomized by an 
independent Rademacher sequence, the contraction and comparison properties 
described for Rademacher averages in Chapter 4 can be extended to this more 
general setting. The next two lemmas are easy instances of this procedure. 
The second one will prove extremely useful in the sequel. 

Lemma 6.5. Let (Xi) be a finite symmetric sequence of random variables 
with values in B. Let further and ((i) be real random variables such that 

= !Pi(Xd where !Pi : B -+ lR is symmetric (even), and similarly for (i. Then, 
if lei! almost surely for every i, for any convex function F : lR+ -+ lR+ 
(and under some appropriate integrability assumptions), 
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We also have, for every t > 0, 

In particular, these inequalities apply when {i = [{X.EA.} 1 == (i where 
the sets Ai are symmetric in B (in particular Ai = {lIxll ai}). 

Proof. The sequence (Xi) has the same distribution as (eiXi). By the symme-
try assumption on the 'Pi'S and Fubini's theorem 

By the contraction principle (Theorem 4.4) 

• • 
from which the first inequality of the lemma follows. The second is established 
similarly using (4.7). 

Lemma 6.6. Let F : R+ ---t R+ be convex and increasing. Let (Xi) be 
arbitrary random variables in B. Then, ifEF(IIXiID < 00, 

When the Xi'S are independent and symmetric in L2(B), we also have 

(6.5) + 
• • • 

Proof. (6.4) is simply Theorem 4.12 applied conditionally. To establish (6.5), 
we write 

Lemma 6.3 shows that 
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and, by (4.19), 

41EIIL:cixilixillll· 
• • 

The lemma is thus established. 

6.2 Integrability of Sums 
of Independent Random Variables 

Integrability of sums of independent vector valued random variables are based 
on various inequalities. While isoperimetric methods, which are most powerful, 
will be described in the next section, we present here some more classical and 
easier ideas. An important result is a set of inequalities due to J. Hoffmann-
J!2Irgensen which is the content of the next statement. Some of its various 
consequences are presented in the subsequent theorems. 

Proposition 6.7. Let (Xi)i$N be independent random variables with values 

in B. Set Sk = E:=l Xi, k N. For every s, t > 0, 

If the variables are symmetric, then, for s, t > 0, 

Proof. Let r = inf{j N; IISjl1 > t}. By definition, {r = j} only depends 
on the random variables X!, ... ,Xj and {maxk:SN IISkl1 > t} = 2:f=l{r = j} 
(disjoint union). On {r = j}, IISkll t if k < j and when k ;:::: j 

so that in any case 

Hence, by independence, 

IP{r =j, maxllSkl1 > 3t+s} 
k$N 

IP{ r = j, max IIXil1 > s} + IP{r = j}IP{ max IISk - Sjll > 2t} . 
• $N j<k$N 

Since maXj<k$N IISk - Sjll 2 maxk$N IISkll, a summation over j = 1, ... , N 
yields (6.6). 
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Concerning (6.7), for every j = 1, ... , N, 

so that 

IP{r =j,IISNIl > 2t+s} IP{r =j, > s} 

+ IP{r = j}IP{IISN - Sjll > t}. 

Using Levy's inequality (2.6) for symmetric variables and summing over j 
yields (6.7). The proposition is proved. 

The preceding inequalities are mainly used with s = t. Their main int!!rest 
and usefulness stem from the squared probability which make them close in a 
sense to exponential inequalities (see below). 

As a first consequence of the preceding inequalities, the next proposition 
is still a technical step preceding the integrability statements. It however al-
ready expresses, in the context of sums of independent random variables, a 
property similar to the one presented in the preceding chapters on Gaussian, 
Rademacher and stable vector valued random variables. Namely, if the sums 
are controlled in probability (Lo), they are also controlled in Lp , p > 0, pro-
vided the same holds for the maximum of the individual summands. Applied 
to Gaussian, Rademacher or stable averages, the next proposition actually 
gives rise to new proofs of the equivalence of moments for these particular 
sums of independent random variables. 

Proposition 6.8. Let 0 < p < 00 and let (Xi )i:5N be independent ran-
dom variables in Lp(B). Set Sk = Xi, k < N. Then, for to = 
inf{t> OJ IP{maxk:5N IISkll > t} (2· 4P)-1}, 

(6.8) 

If, moreover, the Xi'S are symmetric, and to = inf{t > OJ IP{IISNII > t} 
(8· 3P)-1}, then 

(6.9) 

Proof. We only show (6.9), the proof of (6.8) being similar using (6.6). Let 
u > to. By integration by parts and (6.7), 
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EI/SNI/P = 3P 100 
p{IISNI/ > 3t}dtP 

= 3P(l u+ l°O)p{IISN" > 3t}dtP 

::; (3u)P + 4· 3P l°O(IP{IISNIl > t})2 dtP + 3P 100 P{ II Xi II > t }dtP 

::; (3u)P + 4· 3Pp{IISNIl > u} 100 
IP{IISNII > t}dtP + II Xi liP 

::; 2(3u)P + 2· IIXiliP 

since 4·3PP{IISNII > u} ::; 1/2 by the choice of u. Since this holds for arbitrary 
u > to the proposition is established. 

It is actually possible to obtain a true equivalence of moments for sums of 
independent symmetric random variables. However, the formulation is some-
what technical. Before we introduce this result, we need a simple lemma on 
moments of maximum of independent random variables which is of indepen-
dent interest. 

Lemma 6.9. Let p > 0 and let (Zi) be a finite sequence of independent positive 
random variables in Lp. Given A > 0, let 60 = inf{t > OJ Ei P{Zi > t} ::; A}. 
Then 

'x(1 + ,X)-16g + (1 + A)-l IP{Zi > t}dtP 

::; EmrxZf ::; 6g + L [00 IP{Zi > t}dtp . 
i 160 

Proof· Use integration by parts. The right hand side inequality is trivial (and 
actually holds for any 60 > 0). Turning to the left hand side we use Lemma 
2.6: the definition of 60 indicates that 

IP{maxZ. > t} > {(I + A)-l EiP{Zi > t} if t > 60 
i t - 'x(1+,X)-1 ift::;60 . 

Lemma 6.9 then clearly follows. 

The announced equivalence of moments is as follows. 

Proposition 6.10. Let 0 < p, q < 00. Let (Xi) be a finite sequence of inde-
pendent and symmetric random variables in Lp(B). Then, for some constant 
Kp,q depending on p, q only, 
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Proof. By the triangle inequality 

+ 
" , 

IT we apply (6.9) to the second term of the right hand side of this inequality, 
we see that, by the definition of 60, we can take to = 0 there so that 

2· 3PEmFIIXiIIP. , 
Turning to the first term and applying again Proposition 6.8, we can take 

The first half of the proposition follows. To prove the reverse inequality note 
that, by (6.9) again, 

EIIL Xi I {IIXdl:56o} Ilq 2 . 3q6g + 2(3to)q 
i 

where we can choose for to, 

Then, if we draw from Lemma 6.9 the fact that 

II Xi liP A(l + A)-16g 
• 

with A = (8· 3P)-1, the proof will be complete since we know from Levy's 
inequality (2.7) that 

JEmFIIXillP 2JEIIL Xi IIP. 
i 

We now summarize in various (integrability) theorems for sums of inde-
pendent vector valued random variables the preceding powerful inequalities 
and arguments. 

Theorem 6.11. Let (Xi)iEIN be a sequence of independent random variables 
with values in B. Set, as usual, Sn = Xi, n 1. Let also 0 < p < 00. 

Then, if supn IISnll < 00 almost surely, we have an equivalence between: 
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(i) JEsup IISnllP < 00; 
n 

(ii) JEsup IIxnllP < 00. 
n 

Furthermore, if the sequence (Sn) converges almost surely, (i) and (ii) are also 
equivalent to 

(iii) JEllL:XillP < 00 

i 

and in this case (Sn) also converges in Lp. 

Proof. That (i) implies (ii) is obvious. Let N be fixed. By Proposition 6.8, to 
being defined there, 

Since lP {suPn II Sn II < oo} = 1, there is M > 0 such that to ::; M independently 
of N. Letting N tend to infinity shows (ii) => (i). The assertion relative to (iii) 
follows from Levy's inequalities for symmetric random variables, and from an 
easy symmetrization argument based on (6.1) in general. 

Corollary 6.12. Let (an) be an increasing sequence of positive numbers tend-
ing to infinity. Let (Xi) be independent random variables with values in B 
and set, as usual, Sn = Xi, n 1. Then, if SUPn IISnll1 an < 00 almost 
surely, for any 0 < p < 00, the following are equivalent: 

(i) JE sup ( IISnll)P < 00; 
n an 

(ii) JE sup ( IIXnll)P < 00. 
n an 

Proof. We define a new sequence (Vi) of independent random variables with 
values in the Banach space £oo(B) of all bounded sequences x = (xn) with the 
sup-norm Ilxll = supn Ilxnll by setting 

where there are i-I zeroes to start with. Clearly IIViIi = IIXiliiai for all i, 
and 

Apply then Theorem 6.11 to the sequence (Vi) in £oo(B). 

Remark 6.13. It is amusing to note that Hoffmann-J!Ilrgensen's inequalities and 
Theorem 6.11 describe well enough independence to include the Borel-Cantelli 
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lemma! Indeed, if (Ai) is a sequence of independent sets, we get from Theorem 
6.11 that ifL:i IA. converges almost surely, then JE(L:i IA.) = L:i IP(Ai) < 00; 

this corresponds to the independent part of the Borel-Cantelli lemma. 
With the preceding material, let us now consider an almost surely con-

vergent series S = L:i Xi of independent symmetric, or only with mean zero, 
uniformly bounded random variables with values in B and let us try to in-
vestigate the integrability properties of II S II. Assume more precisely that the 
Xi's are symmetric and that IIXill oo :::; a < 00 for every i. For each N, set 
SN = Xi. By (6.7), for every t > 0, 

Let to to be specified in a moment and define the sequence tn = 2n(to +a) - a. 
The preceding inequality indicates that, for every n, 

By iteration, we get 

If S = L:iXi converges almost surely, there exists to such that, for every N, 
IP{IISNII > to} :::; l/B. Summarizing, for every N and n, 

IP{IISNII > 2n(to + a)} :::; 2-2n . 

It easily follows that for some ,\ > 0, sUPN JEexp('\IISNII) < 00, and thus, 
by Fatou's lemma, that JEexp(,\IISII) < 00. By convergence, this can eas-
ily be improved into the same property for all ,\ > o. Note actually that 
suPNJEexp(,\IISNII) < 00 as soon as the sequence (SN) is stochastically 
bounded. 

The preceding iteration procedure may be compared to the proof of (3.5) 
in the Gaussian case. To complement it, let us present a somewhat neater 
argument for the same result, which, if only a small variation, completes our 
ability with the technique. The argument is the following; applied to power 
functions, it yields an alternate proof of Proposition 6.B (cf. Remark 6.15 
below). 

Proposition 6.14. Let (Xi)iSN be independent and symmetric random vari-

ables with values in B, Sk = L::=1 Xi, k :::; N. Assume that IIXilioo :::; a for 
all i :::; N. Then, for every '\, t > 0, 

Proof. Let as usual T = inf{k :::; N; IISkl1 > t}. We can write 

N 

JEexp(,\IISNII) :::; exp('\t) + t; hr=k} exp(,\IISNII)dIP. 
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On the set {r = k}, 

so that, by independence, 

[ exp(AIISNII)d1P exp(A(t + a))1P{r = k}JEexp(AIiSN - Skll) . 
J{r=k} 

By Jensen's inequality and mean zero, JEexp(AIiSN - SkiD JEexp(AIiSNII) 
(cf. (2.5)), and, summing over k, 

N 

"'1P{r = k} = 1P{maxIlSkll > t} 21P{IISNII > t} k<N 
k=l -

where we have used Levy's inequality (2.6). The proof is complete. (Note that 
there is an easy analog when the variables are only centered.) 

Remark 6.15. As announced, the proof of Proposition 6.14 applied to power 
functions yields an alternate proof of the inequalities of Proposition 6.8. It 
actually yields an inequality in the form of Kolmogorov's converse inequality. 
That is, under the assumption of the last proposition, for every t > 0 and 
every 1 p < 00, 

Let (Xi) be a sequence of independent symmetric (or only mean zero) 
random variables, uniformly bounded by a, such that S = I:i Xi converges 
almost surely. Then, as a consequence of Proposition 6.14, we recover the fact 
that JEexp(AIISII) < 00 for some (actually all) A > O. Indeed, if we choose t 
in Proposition 6.14 that satisfies 1P{IISNII > t} (2e)-1 for every N and let 
..\ = (t + a)-I, we simply get 

supJE(expAIISNII) 2exp(..\t) < 00. 
N 

This exponential integrability result is not quite satisfactory since it is 
known that for real valued random variables, JEexp{AISllog+ lSI) < 00 for 
some A > O. This result on the line is one instance of the Poisson behavior of 
general sums of independent (bounded) random variables as opposed to the 
normal behavior of more specialized ones, such as Rademacher averages. It 
originates in the sharp quadratic real exponential inequalities (see for example 
(6.1O) below). These results can however be extended to the vector valued 
case. To this aim, we use isoperimetric methods to obtain sharp exponential 
estimates for sums of independent random variables, even improving in some 
places the scalar case. 
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6.3 Concentration and Tail Behavior 

This section is mainly devoted to applications of isoperimetric methods (Theo-
rem 1.4) to the integrability and tail behavior of sums of independent random 
variables. One of the objectives will be to try to extend to the infinite di-
mensional setting the classical (quadratic) exponential inequalities as those 
of Bernstein, Kolmogorov (Lemma 1.6), Prokhorov, Bennett, Hoefi'ding, etc. 
(Of course, the lack of orthogonality forces to investigate new arguments, like 
therefore isoperimetry.) To state one, and for the matter of comparison, let 
us consider Bennett's inequality. Let (Xi) be a finite sequence of independent 
mean zero real valued random variables such that IIXilloo :$ a for every ij then, 
if b2 = Ei ]EX1, for all t > 0, 

(6.10) 

This inequality is rather typical of the tail behavior of sums of independent 
random variables. This behavior varies depending on the relative sizes of t 
and of the ratio b2/a. Since 10g(1 + x) x - !x2 when ° x 1, ift b2 la, 
(6.10) implies 

which is furthermore less than exp( _t2 14b2 ) if t :$ b2/2a (for example). On 
the other hand, for every t > 0, 

which is sharp for large values of t (larger than b2 /a). These two inequalities 
actually describe the classical normal and Poisson type behaviors of sums of 
independent random variables according to the size of t with respect to b2 / a. 

Before we turn to the isoperimetric argument in this study, we would 
like to present some results based on martingales. Although these do not 
seem to be powerful enough in general for the integrability and tail behavior 
questions that we have in mind, they are however rather simple and quite 
useful in many situations. They also present the advantage of being formulated 
as concentration inequalities, some of which will be useful in this form in 
Chapter 9. 

The key observation in order to use (real valued) martingale inequalities in 
the study of sums of independent vector valued random variables relies on the 
following simple but extremely useful observation ofV. Yurinskii. Let (Xik5N 
be integrable random variables in B. Denote by Ai the a-algebra generated 
by the variables XI, ... ,Xi, i :$ N, and by Ao the trivial algebra. Write as 
usual SN = Xi and set, for each i, 
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defines a real valued martingale difference sequence (JEAi-1di = 0) 

and di = IISNII-JEIISNII· Then, we have: 

Lemma 6.16. Assume that the random variables Xi are independent. Then, 
in the preceding notation, almost surely lor every i :::; N, 

Furthermore, if the Xi'S are in L2(B) we also have 

:::; JEll Xi 112 . 

Proof. Independence ensures that 

and the first inequality of the lemma already follows from the triangle inequal-
ity since 

Since conditional expectation is a projection in L2 the same argument leads 
to the second inequality of the lemma. 

The philosophy of the preceding observation is that the deviation of the 
norm of a sum SN of independent random vectors Xi, i :::; N, from its expec-
tation JEIISNII can be written as a real valued martingale whose differences 
di are nearly exactly controlled by the norms of the corresponding individual 
summands Xi of SN. Therefore, in a sense, up to JEIISN II , IISNII is as good as 
a real valued martingale with differences comparable to IIXili. Typical in this 
regard is the following quadratic inequality, immediate consequence of Lemma 
6.16 and of the orthogonality of martingale differences: 

N 

(6.11) JEIIiSNII-JEIiSNII12 :::; 
i=l 

Of course, on the line or even in Hilbert space, if the variables are centered, this 
inequality (which then becomes an equality) holds true without the centering 
factor JEIISNII. 

This remark is a rather important feature of the study of sums of inde-
pendent Banach space valued random variables (we will also find it in the 
isoperimetric approach developed later). It shows how, when a control in ex-
pectation (or only in probability by Proposition 6.8) of a sum of independent 
random variables is given, then one can expect, using some of the classical 
scalar arguments, an almost sure control. This was already the line of the in-
tegrability theorems discussed in Section 6.2 and those of this section will be 
similar. In the next two chapters devoted to strong limit theorems for sums of 
independent random variables, this will lead to various equivalences between 
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almost sure and in probability limiting properties under necessary (and clas-
sical) moment assumptions on the individual summands. As in the Gaussian, 
Rademacher and stable cases, it is then to know how to control in probability 
(or weakly) sums of independent random variables. On the line or in finite 
dimensional spaces, this is easily accomplished by orthogonality and moment 
conditions. This is much more difficult in the infinite dimensional setting and 
may be considered as a main problem of the theory. It will be studied in 
some instances in the second part of this work, in Chapters 9, 10 and 14 in 
particular. 

From Lemma 6.16, the various martingale inequalities of Chapter 1, Sec-
tion 1.3, can be applied to IISNII - EIISNII yielding concentration properties 
for norms of sums SN = Xi of independent random variables around 
their expectation in terms of the size of the summands Xi. Let us record some 
of them at this stage. Lemma 1.6 (together with Lemma 6.16) shows that if 
a = IIXill oo and b ::; EIiXiI12)1/2, then, for every t > 0, 

One can also prove a martingale version of (6.10) 
IISNII- EIISNII, yields 

which, when applied to 

p{IIISNII- EIISNIII > t} 
(6.13) 

[ t ( t b2 
) ( 2at ) ] ::; 2 exp - - - + - log 1 + - . 

2a 2a 4a2 b2 

Lemma 1.7 indicates in the same way that if 1 < p < 2, q = pip - 1 and 
a = i1/PIiXill oo is assumed to be finite, for all t > 0, 

(6.14) 

where Cq > 0 only depends on q. (6.14) is of particular interest when Xi = ciXi 
where (ci) is a Rademacher sequence and (Xi) a finite sequence in B. We then 
have, for all t > 0, 

(6.15) p{ ciXill- Ell CiXi111 > t} ::; 2 exp( -tq 
• • 

where II(Xi)lIp,oo = 11(lIxill)lIp,oo. Of course, this inequality may be compared 
to the concentration property of Theorem 4.7 as well as to the inequalities 
described in the first section of Chapter 4. The previous two inequalities will be 
helpful both in this chapter and in Chapter 9 where in particular concentration 
will be required for the construction of e;-subspaces, 1 < p < 2, of Banach 
spaces. Note that we already used (6.11) in the preceding chapter to prove a 
concentration inequality for stable random variables (Proposition 5.7). 

Now, we turn to the main part of this chapter with the applications to sums 
of independent random variables of the isoperimetric inequality for product 
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measures of Theorem 1.4. This isoperimetric inequality appears as a powerful 
tool which will be shown to be efficient in many situations. In particular, it 
will allow us to complete the study of the integrability properties of sums 
of independent random variables started in the preceding section and to in-
vestigate almost sure limit theorems in the next chapters. This isoperimetric 
approach, which is a priori very different from the classical tools (although 
similarities can and will be detected), seems to subsume in general the usual 
arguments. 

First, let us briefly recall Theorem 1.4 and (1.13). Let N be an arbitrary 
but fixed integer and let X = be a sample of independent random 
variables with values in B. (In this setting, we may simply equip B with the 
a-algebra generated by the linear functionals fED.) For A measurable in 
the product space BN = {x E Bj x = (xiksN,Xi E B} and for integers q,k, 
set 

H(A,q,k) 

= {x E BN j :3 xl, ... ,xq E A, Card {i ::; N j Xi f/. {xL· .. ,xn } ::; k}. 
Then, if P{X E A} 1/2 and k q, 

(6.16) P*{X E H(A,q,k)} 1- k 

Recall that, for convenience, the numerical constant Ko is assumed to be an 
integer. 

On H (A, q, k), the sample X is controlled by a finite number q of points 
in A provided k values are neglected. The isoperimetric inequality (6.16) pre-
cisely estimates, with an exponential decay in k, the probability that this is 
satisfied. In applications to sums of independent random variables, the k val-
ues for which the isoperimetric inequality does not provide any control may 
be thought of as the largest elements (in norm) of the sample. This obser-
vation is actually the conducting rod to the subsequent developments. We 
will see how, up to the control of the large values, the isoperimetric inequal-
ity provides optimal estimates of the tail behavior of sums of independent 
random variables. As for vector valued Gaussian variables and Rademacher 
series, several parameters are used to measure the tail of sums of independent 
random variables. These involve some quantity in the Lo-topology (median 
or expectation), information on weak moments, and thus, as is clear from the 
isoperimetric approach, estimates on large values. 

Let us now state and prove the tail estimate on sums of independent ran-
dom variables which we draw from the isoperimetric inequality (6.16). It may 
be compared to the inequalities presented at the beginning of the section al-
though we do not explicit this comparison since the vector valued case induces 
several complications. However, various arguments in both this chapter and 
the next one provide the necessary methodology and tools towards this goal. 
Our estimate deals with symmetric variables since Rademacher randomiza-
tion and conditional use of tail estimates for Rademacher averages are an 
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essential complement to the approach. If is a finite sequence of ran-
dom variables, we denote by the non-increasing rearrangement of 

Theorem 6.17. Let be independent and symmetric random variables 
with values in B. Then, for any integers k 2: q and real numbers s, t > 0, 

N p{118Xill > 8qM + 2s + t} 
(6.17) 

::; (Ko)k + p{t, II Xi II * > s} + 2exp (- t2 2) 
q i=l 128qm 

where 
N 

M = 1EIIL Uill, 
i=l 

Before we turn to the proof of Theorem 6.17, let us make some comments 
in order to clarify the statement. First note that M and m which are defined 
with truncated random variables Ui are easily majorized (using the contraction 
principle for M) by the same expressions with Xi instead of Ui (provided 
Xi E L2{B)). (6.17) is often enough for applications in this simpler form. 
Actually, note also that when we need not be concerned with truncations, 
for example if we deal with bounded variables, then in (6.17) the parameter 
2s on the left hand side can be improved to s. This is completely clear from 
the proof below and is sometimes useful as we will see in Theorem 6.19. The 
reader recognizes in the first two terms on the right of (6.17) the isoperimetric 
bound (6.16) and the largest values of the sample. M corresponds to a control 
in probability of the sum, m to weak moment estimates. Actually m can be 
used in several ways. These are summarized in the following three estimates. 
First, by (6.5) and the contraction principle 

( 6.18) 

Then, by (4.3) and symmetry, 

(6.19) 

while, trivially, 

N 

(6.20) m 2 ::; L 1Ellu ill 2 . 

i=l 
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(6.18) basically corresponds to the sharpest estimate and will prove efficient 
in limit theorems for example. The two others, especially (6.19), are conve-
nient when no weak moment assumption needs to be taken into accountj both 
include the real valued situation. 

Let us now show how Theorem 6.17 is obtained from the isoperimetric 
inequality. 

Proof of Theorem 6.17. We decompose the proof step by step. 

First step. This is an elementary observation on truncation and large values. 
Recall that if no truncation is needed, this step can be omitted. If are 
(actually arbitrary) random variables and if s ::::: II Xi II", then 

where we recall that Ui = XiI{IIX,II$s/k}, i N. Indeed, if J denotes the set 
of integers i N such that IIXili > s/k, then Card J k since, if not, this 
would contradict s. Then 

N k N 

IlL Xiii IlL Xiii + IlL Xiii L IIXill* + IlL uill i=l iEJ il/.J i=l i=l 

which gives the result. 

Second step. Application of the isoperimetric inequality. By symmetry and 
independence, recall that the sample X = has the same distribution 
as where (ci) is a Rademacher sequence which is independent of 
X. Suppose that we are given A in BN such that P{X E A} ::::: 1/2. If then 
X E H = H(A, q, k), there exist, by definition, j k and xI, ... , xq E A such 
that 

{1, ... ,N} = {it, ... ,ij} U I 

where I = NjX i = xf}. Together with the first step we can then 

write, if s ::::: II Xi II" , 
IIf:cixili s+ IIf:CiUill 
i=l i=l 

s+ lit CitUit II + IILCiUil1 
l=l iEI 

2s + IILCiUill. 
iEI 

From the isoperimetric inequality (6.16) we then clearly get that, for k ::::: q, 
s,t > 0, 
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p{IIt,Xill > 28 + t} k + P{t,IIXill* > 8} 

(6.21) 

+ hXEH} > t }dPX . 

Here, there is a slight abuse in notation since {X E H} need not be measur-
able and we should be somewhat more careful in this application of Fubini's 
theorem. However, this is irrelevant and for simplicity we skip these details. 

Third step. Choice of A and conditional estimates on Rademacher averages. 
On the basis of (6.21), we are now interested in some conditional estimates of 
Pe{11 LiElciUili > t} with some appropriate choice for A. This is the place 
where randomization appears to be crucial. The tail inequality on Rademacher 
averages that we use is inequality (4.11) in the following form: if (Xi) is a finite 
sequence in Band u = sUPJED(Li f2(Xi))1/2, for any t > 0, 

(6.22) p{IILCiXill > 2IEIILcixili +t} 2exp(-t2/8u2). , , 

(With some worse constants, we could also use (4.15).) Of course, this kind of 
inequality is simpler on the line (cf. the subgaussian inequality (4.1)) and the 
interested reader is perhaps invited to consider this simpler case to start with. 
Provided with this inequality, let us consider A = Al n A2 where 

N 

Al = {X = (Xi)i:S;N; IEIIt;ciXiI{IIXdl:S;S/k}11 4M}, 

A2 = {x = (Xi)i:S;N; sup (t f 2(Xi)I{II X ;JI:s;s/k}) 1/2 4m} . 
JED i=l 

The very definitions of M and m clearly show that P{X E A} ;::: 1/2 so that 
we are in a position to apply (6.21). Now, observe that Rademacher averages 
are monotone in the sense that Ell LiEJ ciXil1 is an increasing function of 
J C 1N. We use this property in the following way. By definition of I, for each 
i E I, we can fix 1 f(i) qwithXi = Let Ii = {i; f(i) = f}, 1 f q. 
We have 

q q 

IEellLciUil1 = IEellL L CiUi11 L IEellL cixfI{llxfll:S;S/k}ll· 
iEI i=l iE1l i=l iE1l 

Then, by monotonicity of Rademacher averages, and the definition of A (recall 
that xl, . .. ,xq belong to A), it follows that 

q N 

IEellLciUil1 LEeIILciXfI{lIxfll:S;S/k}11 4qM. 
iEI i=l i=l 
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Similarly, but with sums of squares (which are also monotone), 

Theorem 6.17 now clearly follows from these observations combined with the 
estimate on Rademacher averages (6.22) and with (6.21). 

Remark 6.18. One of the key observations in the third step of the preceding 
proof is the monotonicity of Rademacher averages. It might be interesting to 
describe what the isoperimetric inequality directly produces when applied to 
conditional averages Ee II EiXi II which thus satisfy this basic uncondi-
tionality property. Let therefore (Xik:;N be independent symmetric variables 
in Ll(B) and set M = Ell XiII. Then, for every k q and s > 0, 

For the proof we let 

so that, by symmetry, 1P{X E A} 1/2. If X E H(A,q,k), there exist 
j ::; k and x\ ... ,xq in A such that {1, ... ,N} = {i 1 , ... ,ij} U I where 
I = {i ::; N; Xi = xn. Then, as in the third step, 

N k 

EellL: EiXili ::; L: II Xi 11* + EellL: EiXili 
i=l i=1 iEI 

k q N 

::; L IIXill* + LlEc11LEiXf11 
i=1 £=1 i=1 

k 

::; L II Xi 11* + 2qM 
i=1 

by monotonicity of Rademacher averages and definition of A. (6.23) then 
simply follows from (6.16). Note that the same applies to sums of independent 
real positive random variables since these share this monotonicity property, 
and this case is actually one first instructive example for the understanding 
of the technique. 

Next, we turn to several applications of Theorem 6.17. We first solve the 
integrability question of almost surely convergent series of independent cen-
tered bounded random variables. Proposition 6.14 provided an exponential in-
tegrability property. It is however known, from (6.10) or Prokhorov's arcsinh 
inequality e.g. (cf. [Sto]), that in the real case these series are integrable with 
respect to the function exp( x log + x). Furthermore, this order of integrability 
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is best possible. Take indeed to be a sequence of independent ran-
dom variables such that, for each i 1, Xi = ±1 with equal probability 
(2i2)-1 and Xi = 0 with probability 1 - i-2 • Then EilEXl < 00. However, 
if SN = Xi and a,e > 0, for every N, 

N 

lEexp(aISNI(1og+ ISNI)HE) = L exp(ak(log+ k)HE)P{ISNI = k} 
k=O 

N 

exp(aN(1ogN)HE) II i-2 

i=l 

which goes to infinity with N. 
The following theorem extends this strong integrability property to the 

vector valued case. 

Theorem 6.19. Let (Xi) be independent and symmetric random variables 
with values in B such that S = Ei Xi converges almost surely and IIXilioo a 
for every i. Then, for every .x < 1/a, 

lEexp(.xIlSlIlog+ IISII) < 00. 

If the Xi'S are merely centered, this holds for all .x < 1/2a. 

Proof. For every N, set SN = Xi. We show 

which is enough by Fatou's lemma. We already know from Theorem 6.11 
that sUPN lEliSNIl = M < 00 (this can also be deduced directly from the 
isoperimetric inequality so that this proof is actually self-contained). We use 
(6.17) together with (6.19) and the comment after Theorem 6.17 concerning 
truncation to see that, for all integers k q and all real numbers s, t > 0, 

P{IISNII > 8qM + s + t} 

+P{t,IIXi ll*>s}+2exP (-25:;M2)' 

Since, almost surely, ka, 

p{IISNIl > 8qM + ka + t} k + 2exp ( - . 

Let e > O. For u > 0 large enough, set t = cu, k = [(1 - 2e)a-1u] (integer 
part) and 
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Then, for u 2: Uo (M, a, c) large enough, k 2: q and 

p{ IISN!! > u} :S p{ !!SN!! > 8qM + ka + t} 
:S exp( -(1 - 3c)a-1u log u) + 2 exp( -a-1ulog u) . 

Since this is uniform in N, the conclusion follows. If the random variables are 
only centered, use for example the symmetrization Lemma 6.3. Note again 
that SUPN Eexp(,XIISN!!log+ !!SNII) < 00 as soon as the sequence (SN) is 
bounded in probability. 

Theorem 6.19 is closely related to the best order of growth as functions of p 
of the constants in the Lp-inequalities of J. (Proposition 
6.8). This is the content of the next statement. 

Theorem 6.20. There is a universal constant K such that for all p > 1 and 
all finite sequences (Xd of independent mean zero random variables in Lp(B), 

Proof. We may and do assume the Xi'S, i :S N, to be symmetric. If r is 
an integer, we set xt) = IIXjl! whenever !!Xj !! is the r-th maximum of the 

sample (IIXi!!)iSN (ties being broken by the index and xt) = ° if r > N). 
Then, if M = II Xill l , Theorem 6.17 and (6.19) indicate that, for k 2: q 
and s,t > 0, 

N 

> 8qM +2S+t} 
(6.24) 

:S 25:;M2)' 
To establish Theorem 6.20, we may assume by homogeneity that M :S 1 and 
!!xIJ) lip :S 1 (xIJ) = maxiSN IIXill). Therefore, in particular, P{xIJ) > u} :S 
u-p for all u > 0. By induction over r, for every u > 0, one easily sees that 

from which we deduce, by iteration, that 

(With some worse irrelevant numerical constants, the same result may be 
obtained, perhaps more simply, from the successive application of Lemmas 
2.5 and 2.6.) Let u 2: 1 be fixed. We have 1P{X};) > u2/ 3 } :S u-4p/ 3 • Further, 
if £ is the smallest integer such that 2i 2: u2 , 
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p{ > 2} S Ttp S u-2p S u-4p/ 3 • 

Hence, the probability of the complement of the set {xj,p s u, S u2/ 3 , 

S 2} is smaller than > u} + 2u-4p/ 3 . We now apply (6.24). Let 
k be the smallest integer u. On the set S S u2/ 3 S 2}, 

k 

Lxi;) s u + fu2/ 3 + 2(k - 1) S Cu 
r=l 

for some constant C. If we now take q in (6.24) to be the smallest integer 
Vii, s = Cu, t = u, it follows from the preceding that 

N 

p{IIt;Xill > 2(C + lO)u} 
S exp ( + > u} + 5u-4p/ 3 + 2exp ( -

Standard computations using the integration by parts formula then give the 
constant p/ log p in the inequality of the theorem. The proof is complete. 

The preceding inequalities can also be investigated for exponential func-
tions. Recall that for 0 < 0: < 00 we let 'l/Jo = exp(xO ) - 1 (linear near the 
origin when 0 < 0: < 1 in order for 'l/Jo to be convex) and denote by 11·11'f/1" the 
norm of the Orlicz space L'f/1,,' 

Theorem 6.21. There is a constant K o , depending on 0: only, such that 
for all finite sequences (Xi) of independent mean zero random variables in 
L'f/1,,(B), if 0 < 0: S 1, 

(6.25) IIL Xi ll'f/1" S + IlmrxIIXillll'f/1a)' 
• • 

and, if 1 < 0: S 2, 

(6.26) 

where 1/0: + 1/f3 = 1. 

Proof. We only give the proof of (6.26). Similar (and even simpler when 0 < 
0: < 1) arguments are used for (6.25) (cf. [TaU)). By Lemma 6.3, we reduce 
ourselves to symmetric random variables (Xik::::N. We set di = IIXill'f/1a so 
that P{IIXill > u} S 2exp(-(u/di )O). By homogeneity we can assume that 
II Xill l S 1, df S 1, and there is no loss in generality to assume 
the sequence (dik5;N to be decreasing. Hence, S 2. We can find 
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a sequence "Ii 2: such that "Ii 2: "Ii+1/V'i 2: "Ii/2 for i 2: 1 and Li "Ii ::; 10 
(e g "'- = '" - 2-lj-il/22j d,6) Let c- = (2- i",_)1/,6 so that c?- 1 < c?-2-o./2,6 • ." 23 • ", ,+ - , , 
cr ::; cr+123o./2,6. Then Li 2icf ::; 10 and dj ::; Ci for j 2: 2i. We observe that 
Et>2 4ct( 4 log 4£+1 )1/0. ::; Co. < 00. 

It will be enough to show that for some constants a, c depending on Q 

only, if u 2: c then 

(6.27) lP{ L xt) > au} ::; exp( _uo.). 
r$;uO 

Indeed, if we then take, in (6.24), q to be 2K 0, k to be of the order of uo. , s and 
t to be of the order of u, we obtain the tail estimate corresponding to (6.26). 
In order to establish (6.27), since > u}::; 2exp(-uo.), it is actually 
enough to find s, a, c such that when u 2: c 

lP{ L xt) > au} ::; exp( _uo.). 
2B$;r$;uO 

Fix u (large enough) and denote by n the largest integer such that 2n ::; uo.. 

S h '" X(r) h ",n tX(21 ) L uppose t at N > au so t at 2 N > a. et 

L = {s ::; e ::; nj > 2ct( 4 log 4£+1 )1/o.} . 

Then LtEL 2t > au - Co. > au/2 for u large enough. For eEL, we 

can find a number at of the form 2m(m E such that x;t) > at and 
at 2: ci(410g4£+1)1/o. and LiEL2t at > au/4. There exist disjoint subsets 1£, 
eEL, of {I, ... , N} such that Card 1£ 2: 2i - 1 and IIXil! > at for i E h Set 
Ii = Ji\{l, ... , 2i - 2}. We have 

1P{ve E L,XJt) > ad::; L II II 1P{IIxi li > ad 
iEL iEI1 

where the summation is taken over all possible choices of (Ii)iEL. Hence 

lP{W E L,X(/) > ad ::; Xl (l-f;$;N lP{I!Xil! > ad) 

21- 2 

We know that lP{I!Xili > at} ::; 2exp(-(at/di )<», so 

L lP{ I! Xi I! > ad::; L 21+1 exp( -(at/cj )<» . 
21- 2 <i$;N j?i-2 
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for j f - 2 provided s has been taken large enough. It follows that 

L 2i+1exp(-(adci)"):S L Ti-1exp ( 
i?l-2 i?I-2 4 Cl 

:S exp ( (:;r) . 
Hence 

By Holder's inequality, 

so that LlEL 21(adddi (au/40)", and, if we take for example a = 640, we 
get 

The number of possible choices for the sequence (al is less than exp( u") 
for C large enough. From this, (6.27) follows and the proof of (6.26) is complete. 

Remark 6.22. The preceding proof shows that the constant K" in (6.26) is 
bounded in any interval [1 + 6, 2]. Applying (6.26) to independent copies of a 
Gaussian random variable, one can then deduce from this observation (and a 
finite dimensional approximation) that vector valued Gaussian variables are 
in L1/I2(B). 

To conclude this chapter, we would like to mention that the previous 
statements are only a few examples of a seemingly large number of variations 
that one can try with the isoperimetric approach. As an illustration, let us 
mention a few more ideas. 

The first idea is that in the third step of the proof of Theorem 6.17, possibly 
other inequalities on Rademacher averages can be used. One may think for 
example of (6.15). Actually, from the more general inequality (6.14) directly 
(which was obtained by martingale methods), we already get an interesting 
inequality in the spirit of Theorem 6.21 which deals with the case a > 2. 
Namely, in the hypotheses of Theorem 6.21, for 2 < a < 00 and l/a+l//3 = 1, 

(6.28) IlL Xi 111/1" :S + II (IiXill oo) Ilfj,oo) . 
• • 

Using estimates on large values similar to those used in the proof of Theorem 
6.21, it is possible to improve on (6.28) by the isoperimetric method to get 

(6.29) :S + II (IiXi ll1/l.)IIfj,oo ) 
• • 

for 2 < a < s :S 00 (See [Tall]). 
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Another idea concerns the possibility in the three step procedure of the 
proof of Theorem 6.17 to let s, and at some point t too, be random. One 
random bound for the largest values is given by the inequality 

k 

L IIXil!* :S ,8k1/ i3 I! (Xi) 110,00 , 
i=l 

1 < a < 00, ,8 = a/a - 1. With this choice of s, one can show the following 
inequalities; as usual, (Xi) is a finite sequence of independent symmetric vector 
valued random variables. If 2 :S a < 00, for some constant Ko > 0 depending 
on a only and every t > 0, 

(6.30) JP{IILXill > t(IILXiI11+I!(Xi)1!0,00)}:S Ko exp(-t{3/Ko); 
t t 

if 1 < a < 2, 

(6.31) JP{IILXill > KollI:Xilll +t ll (Xi)lI o,oo}:S Ko exp(-t{3/Ko). 
t t 

To illustrate these inequalities, let us prove the second; it uses (6.15) as op-
posed to the first inequality which uses the usual quadratic inequality (Theo-
rem 4.7). We start with (6.21), actually without truncated variables since here 
we need not be concerned with truncation. There, we set s to be random and 
equal to ,8k1/i3 I1(Xi)1I0,00. Take further t = 2qM + k l /{3I!(Xi)l!o,oo, therefore 
also random, where M = I! Li Xi lit- It follows that, for k 2: q, 

JP{ IILXil1 > 2qM + (2,8 + 1)k1/{3I1(Xi)1I0,00 } 
t 

:S (Ko)k + { JPc{llI:ciXill > 2qM + k 1/ i3 II(Xi )1I 0 ,00}dJPx. 
q lrxEH} iEI 

Let A = {(Xi); IEII Li ciXil! :S 2M} so that JP{X E A} 2: 1/2. By the defini-
tion of I and monotonicity of Rademacher averages, 

IEcllL:>iXill :S 2qM. 
iEI 

Now, by the inequality (6.15) conditionally on the Xi's, 

JPc{III:CiXill > 2qM + kl/i3 II(Xi ) 110,00 } :S 2exp( -k/Co ). 

tEl 

Letting for example q = 2Ko, we then clearly deduce (6.31). As already men-
tioned, the proof of (6.30) is similar. 

We conclude these applications although many different techniques might 
now be combined from what we learned to yield some new useful inequalities. 
We hope that the interested reader has now enough information to establish 
from the preceding ideas the tools he will need in his own study. 
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Notes and References 

The study of sums of independent Banach space valued random variables 
and the introduction of symmetrization ideas were initiated by the works of 
J.-P. Kahane [Kal] and of J. Hoffmann-J!Zirgensen [HJl], [HJ2]. Sections 6.1 
and 6.2 basically follow their work (cf. [HJ3]). 

Inequality (6.2) has been noticed in [V-Cl] and [AIel]. Theorem 6.1 is due 
to K. Ito and M. Nisio [I-N] (cf. Chapter 2), extending the classical result of 
P. Levy on the line. Lemma 6.2 is usually referred to as Ottaviani's inequality 
and is part of the folklore. Proposition 6.4 was established by M. Kanter [Kan] 
as an improvement of various previous concentration inequalities of the same 
type. It turns out to be rather useful in some cases (cf. Section 10.3). Lemmas 
6.5 and 6.6 are easy variations and extensions of the contraction principle and 
comparison properties (see further [J-M2], [HJ3]). 

Proposition 6.7 is due to J. Hoffmann-J!Zirgensen [HJ2] who used it to es-
tablish Theorem 6.11 and Corollary 6.12. Proposition 6.8 is implicit in his 
proof. Applied to sums Li (JiXi where ((Ji) is a standard p-stable sequence, 
it yielded historically the first integrability and moment equivalence results 
for vector valued stable random variables. Lemma 6.9 is classical and is taken 
in this form from [G-Zl]. In this paper, E. Gine and J. Zinn establish the 
moment equivalences of sums of independent (symmetric) random variables 
of Proposition 6.10. Remark 6.13 has been mentioned to us by J. Zinno The 
integrability of sums of independent bounded vector valued random variables 
has been studied by many authors. Iteration of Hoffmann-J!Zirgensen's inequal-
ity has been used in [J-M2], [Pi3] and [Kue5] for example. Proposition 6.14 is 
due to A. de Acosta [Ac4] while the content of Remark 6.15 is taken from the 
paper [A-S]. 

Among the numerous real (quadratic) exponential inequalities, let us men-
tion those by S. Bernstein (cf. [Ho]), A. N. Kolmogorov [Kol] (cf. [Sto]), 
Y. Prokhorov [Pr02] (cf. [Sto]), G. Bennett [Ben], etc. We refer to the inter-
esting paper by W. Hoeffding [Ho] for a comparison between these inequal-
ities and for further developments. See also an inequality by D. K. Fuk and 
S. V. Nagaev [F-N] (cf. [Na2]' [Yu2]). The key Lemma 6.16 is due to V. Yurin-
skii [Yu1] (see also [Yu2] and [Ber]). Inequality (6.11) (and some others) has 
been put forward in [Ac6]. Inequalities (6.12), (6.13) and (6.14) may be found 
respectively in [K-Z], [Ac5] and [Pi16] (see also [Pi12]). A. de Acosta [Ac5] 
used (6.13) to establish Theorem 6.19 in cotype 2 spaces. There is also a ver-
sion of Prokhorov's arcsinh inequality noticed in [J-S-Z] which may be applied 
similarly to IISNII-1EIISNII. 

In the contribution [Led6] (see [L-T2]), on the law of the iterated loga-
rithm, a Gaussian randomization argument is used to decompose the study 
of the sums of independent random variables into two parts: one for which 
the Gaussian (or Rademacher) concentration properties can be applied condi-
tionally, and a second part which is enriched by an unconditionality property 
(monotonicity of Rademacher averages). This kind of decomposition is one 
important feature ofthe isoperimetric approach (cf. Remark 6.18) and the dis-



Notes and References 177 

covery of Theorem 1.4 was motivated by this unconditionality property. The 
isoperimetric approach (Theorem 6.17) and its applications to the integrabil-
ity of sums of independent vector valued random variables were developed by 
the second author in [Tall] and we follow here this work (and [L-T5]). Very re-
cently, the same author [Ta22] established an important extension of Theorem 
1.3 to general product measures. This result is much simpler than Theorem 
1.4, and, although not directly comparable to it, allows to recover similarly 
Theorem 6.17 and all the subsequent bounds and integrability theorems. It 
provides thus, avoiding the difficult Theorem 1.4, a significant simplification in 
the isoperimetric background of our study of the tails of sums of independent 
random variables as well as of their applications to strong limit theorems in the 
next chapters. Theorem 6.19 is in [Tall] and extends the prior result of [Ac5]. 
Recently, an alternate proof of Theorem 6.20 has been given by S. Kwapien 
and J. Szulga [K-S] using very interesting hypercontractive estimates in the 
spirit of what we discussed in the Gaussian and Rademacher cases (Sections 
3.2 and 4.4). On the line, Theorem 6.20 was obtained in [J-S-Z] where a thor-
ough relation to exponential integrability is given. Theorem 6.21 is taken from 
[Tall] and improves upon [Kue5], [Ac5]. Inequality (6.29) is also in [Tall]. 
Inequalities (6.30) and (6.31) extend to the vector valued case various ideas 
of [He7], [He8] (see further Lemma 14.4). 
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In this chapter and in the next one, we present respectively the strong law 
of large numbers and the law of the iterated logarithm for sums of indepen-
dent Banach space valued random variables. In this study, the isoperimetric 
approach of Section 6.3 demonstrates its efficiency. We only investigate exten-
sions to vector valued random variables of some of the classical limit theorems 
such as the laws of large numbers of Kolmogorov and Prokhorov. 

One main feature of the results we present is the equivalence, under classi-
cal moment conditions, of the almost sure limit theorem and the corresponding 
property in probability. In a sense, this can be seen as yet another instance 
in which the theory is broken into two parts: starting from a statement in 
probability (weak statement), prove almost sure properties; then try to un-
derstand the weak statement. It is one of the main difficulties of the vector 
valued setting to control boundedness in probability or tightness of a sum 
of independent random variables. On the line, this is usually done with or-
thogonality and moment conditions. In general spaces, one has either to put 
conditions on the Banach space or to use empirical process methods. Some 
of these questions will be discussed in the sequel of the work, starting with 
Chapter 9, especially in the context of the central limit theorem which forms 
the typical example of a weak statement. As announced, in this chapter and in 
the next one, almost sure limit properties are investigated under assumptions 
in probability. 

In the first part of this chapter, we study a general statement for almost 
sure limit theorems for sums of independent random variables. It is directly 
drawn from the isoperimetric approach of Section 6.3 and already presents 
some interest for real valued random variables. We introduce it together with 
some generalities on strong limit theorems such as symmetrization (random-
ization) and blocking arguments. The second paragraph is devoted to applica-
tions to concrete examples such as the independent and identically distributed 
(iid) Kolmogorov-Marcinkiewicz-Zygmund strong laws of large numbers and 
the laws of Kolmogorov, Brunk, Prokhorov, etc. for independent random vari-
ables. 

Apart from one example where Radon random variables will be useful, we 
can adopt the setting of the last chapter and deal with a Banach space B for 
which there is a countable subset D of the unit ball of the dual space B' such 
that IIxli = SUP/ED If(x)1 for all x E B. X is a random variable with values 
in B if f(X) is measurable for every f in D. When (XihEIN is a sequence of 
(independent) random variables in B we set, as usual, Sn = Xl + ... + X n, 
n;:::1. 
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7.1 A General Statement for Strong Limit Theorems 

Let (Xi)iEIN be a sequence of independent random variables with values in 
B. Let also (an) be a sequence of positive numbers increasing to infinity. We 
study the almost sure behavior of the sequence (Sn/an). As described above, 
such a study in the infinite dimensional setting can be developed reasonably 
only if one assumes some (necessary) boundedness or convergence condition in 
probability. Recall that a sequence (Yn ) is bounded in probability if for every 
€ > 0 there exists A > 0 such that, for every n, 

IP{llYnll > A} < €. 

This kind of hypothesis will be common to all the limit theorems discussed 
here. In particular, this condition on the behavior in probability allows to use 
a simple symmetrization procedure summarized in the next trivial lemma. 

Lemma 7.1. Let (Yn ), be independent sequences of random variables 
such that the sequence (Yn - is almost surely bounded (resp. convergent to 
0) and such that (Yn ) is bounded (resp. convergent to 0) in probability. Then, 
(Yn ) is almost surely bounded (resp. convergent to 0). More quantitatively, if 
for some numbers M and A, 

lim sup llYn - II ::; M almost surely 
n---;oo 

and 
limsupIP{llYnll > A} < 1, 

n---;oo 

then 
lim sup llYn II ::; 2M + A almost surely. 

n---;oo 

Given (Xd, let then (Xn denote an independent copy of the sequence 
(Xi) and set, for each i, Xi = Xi - X: defining thus independent and sym-
metric random variables. Lemma 7.1 tells us that under some appropriate 
assumptions in probability on (Sn/an), it is enough to study Xi/an)' 
reducing ourselves to symmetric random variables. From now on, we therefore 
only describe the various results and the general theorem we have in mind 
in the symmetrical case. This avoids several unnecessary complications about 
centerings, but, with some care, it would however be possible to study the 
general case. 

As we learned, properties in probability are often equivalent to properties 
in Lp which are more convenient. For sums of independent random variables, 
this is shown by Hoffmann-Jjlirgensen's inequalities (Proposition 6.8) on which 
the following useful lemma relies. 

Lemma 7.2. Let (Xi) be independent and symmetric random variables with 
values in B. If the sequence (Sn/ an) is bounded (resp. convergent to 0) in 
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probability, for any p > 0 and any bounded sequence (cn) of positive numbers, 
the sequence 

is bounded (resp. convergent to 0). 

Proof. We only show the part of the statement concerning the convergence of 
the sequence (Sn/an). Let (cn) be bounded by c. By inequality (6.9), for each 
n, 

n 

EII2: liP 2 . II Xi liP + 2 (3to(n))P 
i=l -

where 

When (Sn/an) converges to 0 in probability, using the contraction principle 
in the form of Lemma 6.5, for each e > 0, to(n) is seen to be smaller than �an 

for n large enough. Concerning the maximum term, by integration by parts 
and Levy's inequality (2.7), 

lcan > t}dtP 

l c P{IISnll > tan}dtp • 

The conclusion follows by dominated convergence. 

A classical and important observation in the study of strong limit theorems 
for sums Sn of independent random variables is that it can be developed in 
quite general situations through blocks of exponential sizes. More precisely, 
assume that there exists a subsequence (amn ) of (an) such that for each n 

(7.1) 

where 1 < c C < 00. This hypothesis is by no means restrictive since it can 
be shown (cf. [Wi]) that, for any fixed M > 1, one can find a strictly increasing 
sequence (mn) of integers such that the preceding holds with c = M, C = M3. 
We thus assume throughout this section that (7.1) holds for some subsequence 
(mn) and define, for each n, I(n) as the set of integers {mn-l + 1, ... , mn}. 
The next lemma describes the reduction to blocks in the study of the almost 
sure behavior of (Sn/an). 

Lemma 7.3. Let (Xi) be independent and symmetric random variables. The 
sequence (Sn/an) is almost surely bounded (resp. convergent to 0) if and only 
if the same holds for (EiEI(n) Xi/amn )· 
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Proof. We only show the convergence statement. By the Borel-Cantelli lemma 
and the Levy inequality for symmetric random variables (2.6), the sequence 

converges almost surely to o. Hence, for almost every wand for every c > 0, 
there exists (0 such that for all ( 2 (0, 

k 

sup II L Xi(w)ll::; came· 
kEI(£) i=me_l+1 

Let now nand j 2 (0 be such that mj-1 < n ::; mj. Then 

j-1 n 

IISn(w)11 ::; II Smeo_l(W)1I + L II L Xi(w)11 + II L Xi(w)11 
£=£0 iEI(£) i=mj_l+1 

j 

::; IISmeo_l(W)11 +c Lame 
£=1 

00 

::; IISmiO_l(W)1I +canCL c-£ 
£=0 

where we have used (7.1). Since C > 1 and C < 00, the conclusion follows. 

As a corollary to Lemmas 7.1 and 7.3 we can state the following equivalence 
for general independent variables. 

Corollary 7.4. Let (Xi) be independent random variables with values in B. 
Then Sn/ an ----> 0 almost surely if and only if Sn/ an ----> 0 in probability and 
Smn/amn ----> 0 almost surely, and similarly for boundedness. 

After these preliminaries, we are in a position to describe the general result 
about the almost sure behavior of (Sn/an). Recall that we assume (7.1). By 
symmetrization and Lemma 7.3, we have to study, thanks to the Borel-Cantelli 
lemma, convergence of series of the type 

for some, or all, c > o. The sufficient conditions which we describe for this to 
hold are obtained by the isoperimetric inequality for product measures in the 
form of Theorem 6.17. They are of various types. There is the assumption in 
probability on the sequence (Sn/an). If the sequence (Sn/an) is almost surely 
bounded, this is also the case for IIXill/an ). This necessary condition 
on the norm of the individual summands Xi is unfortunately not powerful 
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enough in general and has to be complemented with some information on 
the successive maximum of the sample (IIXilI, ... , IIXnll). Once this is given, 
the last sufficient condition deals with weak moment assumptions. These will 
appear to be almost optimal. 

The announced result can now be stated. Recall Ko is the absolute 
constant of the isoperimetric inequality (6.16). If r is an integer, we set 

= IIXjll whenever IIXjll is the r-th maximum of the sample (IiXill)iEI(n) 

(breaking ties by priority of index, and setting = 0 if r > CardI(n)). 

Theorem 7.5. Let (Xi) be a sequence of independent and symmetric random 
variables with values in B. Assume there exist an integer q 2: 2Ko and a 
sequence (kn ) of integers such that the following hold: 

(7.2) 

(7.3) 

k
n < 00, 

> camn} < 00 

for some e > o. Set, for each n, 

Then, if L = limsuPn--+oo Mn/amn < 00, and, for some 0 > 0, 

(7.4) 
n 

we have 

(7.5) L1P{11 LXiii> 102a(e,O,q,L)amn } < 00 

n iEI(n) 

where a(e, 0, q, L) = e+qL+ (eL+o2)1/2(q log it;)1/2 ::; e+qL+q(eL+o2)1/2. 
Conversely, if (7.5) holds for some (resp. all) a > 0 and if (7.2) and (7.3) are 
satisfied, then L < 00 (resp. L = 0) and (7.4) holds for some (resp. all) {) > o. 

Proof. There is nothing to prove concerning the sufficient part of this theorem 
which readily follows from the inequality of Theorem 6.17 together with (6.18) 
applied to the sample (Xi)iEI(n) with k = k n (2: q for n large enough), s = 
eamn and 



7.1 A General Statement for Strong Limit Theorems 183 

(Of course, the numerical constant 102 is not the best one; it is simply a 
convenient number.) The necessary part concerning L is contained in Lemma 
7.2. The necessity of (7.4) is based on Kolmogorov's exponential minoration 
inequality (Lemma 8.1 below). Assume, for instance, that for all a > 0 

LP{II LXiii> aamn } < 00. 
n iEI(n) 

Set, for simplicity, Xi = i E I(n), and choose, for each n, 
f n in D such that 

a; ::; 2 L (::; 2a;) . 
iEI(n) 

By the contraction principle (cf. second part of Lemma 6.5), we still have 

L P { L fn(Xi) > aamn } < 00. 

n iEI(n) 

Let () > O. If ry > 0 is such that ()2ry ?:: log(q/ K o), by (7.2) it is enough 
to check (7.4) for the integers n satisfying ::; rykna;". Let us therefore 
assume this holds. Recall Lemma 8.1 below and the parameter and constants 
,",/, cb), Kb) therein, '"'/ being arbitrary but fixed for our purposes. Let a > 0 
be small enough such that (1 + ,",/)a2 ::; ()2 and 2acry ::; cb) so that 

(aamJ(wmn/kn) ::; acrya; ::; cb) L 
iEI(n) 

Since L 0, it follows from Lemma 7.2 and orthogonality that 
LiEI(n) --+ 0; thus, for n large enough, 

( )
1/2 

aamn ?:: Kb) L 
iEI(n) 

Lemma 8.1 then exactly implies that 

1P{ L fn(Xi) > aamn } ?:: exp( -(1 + 
iEI(n) 

which gives the result since (1 + '"'/ )a2 ::; {)2. This completes the proof of 
Theorem 7.5. 

Theorem 7.5 expresses that, under (7.2) and (7.3), some necessary and 
sufficient conditions involving the behavior in probability or expectation and 
weak moments can be given to describe the almost sure behavior of (Sn/an). 
However, conditions (7.2) and (7.3) look rather technical and it would be de-
sirable to find if possible simple, or at least easy to be handled, hypotheses on 
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(Xi) in order these conditions be fulfilled. There could be many ways to do this. 
We suggest such a way in terms of the probabilities IP{maxiEI(n) II Xi II > t} 
(or IP{IIXili > t}). Of course, no vector valued structure is involved 
here. 

Lemma 7.6. In the notation of Theorem 7.5, assume that, for some u > 0, 

(7.6) 

and that, for some v > 0, all nand t, 0 < t :S 1, 

(7.7) IP{max II Xi II > tvamn}:s 6n exp(!) 
.EI(n) t 

where < 00 for some integer s. Then, for each q > Ko, there exists a 
sequence (kn) of integers such that < 00, which satisfies 

Proof. The idea is simply that if the largest element of the sample (Xi)iEI(n) 

is exactly estimated by (7.6), the 2s-th largest one is already very small. If 

P{maxiEI(n) IIXil1 > tvamn } :S 1/2, and since > tvamn if and only if 
Card{i E I(n); IIXili > tvamn } 2s, we have by Lemmas 2.5 and 2.6 

> tvamn } :S ( L IP{II X ili > tvamn }) 28 
iEI(n) 

:S (2P{max IIXil1 > tvamn })28 
.EI(n) 

:S (26n exp ( ) ) 28 

where we have used hypothesis (7.7) in the last inequality (one can also use 
the small trick on large values shown in the proof of Theorem 6.20). The choice 
oft = t(n) = (log1/J8n)-1 bounds the previous probability by (26n )8 which, 
by hypothesis, is the current term of a summable series. Define then kn , for 
each n, to be the integer part of 

( q ) -1 1 
2s log -K log Ir' 

o y6n 

It is plain that < 00. Now, we have 

k n 

'" (r) (1) (28) 
X len) :S 2sX len) + knX len) 

r=1 
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from which it follows that, for every n, 

> 2S(U+V(log ;J-l)amn } 

:::; > uamn } > t(n)vamn }. 

Therefore, the lemma is established. 

Remark 7.7. Assume that (7.7) of Lemma 7.6 is strengthened into 

1 
P{ max IIXili > tvamn } :::; -Dn 

iEI(n) tP 

for some v > 0, all n and t, 0 < t :::; 1, and some p > O. Then the preceding 
proof can easily be improved to yield that Lemma 7.6 holds with a sequence 
( kn ) satisfying 

1 L 2ps < 00 
n kn 

(or even En k:;;P's < 00 for some p' > p). This observation is sometimes useful. 
When the independent random variabl ,Xi are identically distributed, 

and the normalizing sequence (an) is regular enough, the first condition in 
Lemma 7.6 actually implies the second. This is the purpose of the next lemma. 
The subsequence (mn ) is chosen to be mn = 2n for every n. The regularity con-
dition on (an) contains the cases of an = n 1/p , 0 < p < 00, an = (2nLLn)1/2, 
etc, which are the basic examples that we have in mind for the applications. 

Lemma 7.S. Let (an) be such that for some p > 0 and every k :::; n, 
2': 2n- ka;k' Assume that (Xi) is a sequence of independent and identi-

cally distributed (as X) random variables. Then, if for some U > 0, 

n 

for all nand 0 < t :::; 1 

1 PLmax IIXili > tua2n} :::; 2n 1P{IIXIl > tua2n} :::; TDn 
.EI(n) t p 

where En Dn < 00. 

Proof. For each n set 'Yn = 2n p{IIXIl > ua2n}. There exists a sequence (f3n) 
such that f3n 2': 'Yn and f3n :::; 2f3n+l for every n such that En f3n < 00. Let 
0< t:::; 1, and k 2': 1 be such that 2-k :::; tP :::; 2- k +1. If k < n, 

2n p{IIXII > tua2n} :::; 2k'Yn_k :::; 2kf3n_k :::; 22kf3n :::; 4t-2Pf3n' 
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Uk 
2n p{IIXIl > tua2n} ::; 2n ::; 4C2PT n . 

The conclusion follows with 6n = 4max{.Bn,2-n). 

Notice that Lemma 7.8 enters the setting of Remark 7.7. 

7.2 Examples of Laws of Large Numbers 

This section is devoted to applications to some classical strong laws of large 
numbers for Banach space valued random variables of the preceding general 
Theorem 7.5. Issued from sharp isoperimetric methods, this general result 
is actually already of interest on the line as will be clear from some of the 
statements we will obtain here. The results which we present follow rather 
easily from Theorem 7.5. 

We do not seek the greatest generality in normalizing sequences and (al-
most) only deal with the classical strong law of large numbers given by an = n. 
That is, we usually say that a sequence (Xi) satisfies the strong law of large 
numbers (in short SLLN) if Snln -t 0 almost surely. We sometimes speak of 
the weak law of large numbers meaning that Snln -t 0 in probability. Thus, 
when an = n, we may simply take mn = 2n as the blocking subsequence. Our 
applications here deal with the independent and identically distributed (iid) 
SLLN and the SLLN of Kolmogorov and Prokhorov as typical and classical 
examples. further applications can easily be imagined. 

The first theorem is the vector valued version of the SLLN of Kolmogorov 
and Marcinkiewicz-Zygmund for iid random variables. Although this result 
can be deduced from Theorem 7.5, there is a simpler argument based on 
Lemma 6.16 and the martingale representation of IISnll- JEIISnll. However, to 
demonstrate the universal character of the isoperimetric approach, we present 
the two proofs. 

Theorem 7.9. Let 0 < p < 2. Let (Xi) be a sequence of iid random variables 
distributed as X with values in B. Then 

if and only if 

Sn -t 0 almost surely 
n 1/ p 

Sn b JEIIXIIP < 00 and n1/ p -t 0 in proba ility. 

Proof. The necessity is obvious; indeed, if Snln1/ p -t 0 almost surely, then 
Xnln1/ p -t 0 almost surely from which it follows by the Borel-Cantelli lemma 
and identical distributions that 
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n 

which is equivalent to JEIIXIIP < 00. Turning to the sufficiency, it is enough, 
by Lemma 7.1, to prove the conclusion for the symmetric variable X - X' 
where X' denotes an independent copy of X. Since X - X' satisfies the same 
conditions as X, we can assume without loss of generality X itself to be 
symmetric. By Lemma 7.3, or directly by Levy's inequality (2.6), it suffices to 
show that for every c: > 0 

L1P{11 LXiII> C:2n / p } < 00 

n iEI(n) 

where I(n) = {2n - 1 + 1, ... , 2n}. 

First proof. For each n, set Ui = ui(n) = Xdn!Xill:52n/p}, i E I(n). We have: 

n n 

which is finite under JEIIXIIP < 00. It therefore suffices to show that for every 
c:>O 

By Lemma 7.2, we know that 

2;/p JE II L uill = O. 
iEI(n) 

Hence, it is sufficient to prove that for every c: > 0 

By the quadratic inequality (6.11) and identical distribution, the preceding 
sum is less than 

which is finite under the condition JEIIXIIP < 00. This concludes the first proof. 

Second proof. We apply the general Theorem 7.5 with Lemmas 7.6 and 7.8 for 
the control of the large values. JEIIXIIP < 00 is equivalent to saying that for 
every c: > 0 
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n 

Let 6 > 0 be fixed. By Lemmas 7.6 and 7.8, there is a sequence (kn ) of integers 
such that En 2-kn < 00 and 

x{r) > 562n / p } < 00 I{n) • 
n r=l 

Then, apply Theorem 7.5 with q = 2Ko. As before, we can take L = 0 by 
Lemma 7.2. To check condition (7.4) note that 

(at least for all large enough n 's). The same computation as in the first proof 
shows that En < 00 under EIIXIIP < 00 so that (7.4) will hold for 
every 6 > o. The conclusion of Theorem 7.5 then tells us that, for all 6 > 0, 

L p{ II LXiii> 102 (56 + 2Ko6)} < 00. 

n iEI{n) 

The proof is therefore complete. 

At this point, we open a digression on the hypothesis Sn/n1/ p --+ 0 in 
probability in the preceding theorem on which we shall actually come back in 
Chapter 9 on type and cotype of Banach spaces. Let us assume that we deal 
here with a Borel random variable X with values in a separable Banach space 
B. It is known and very easy to show that in finite dimensional spaces, when 
EIIXIIP < 00, 0 < p < 2 (and EX = 0 for 1 ::; p < 2), then 

Sn o· b b·l· n 1/ p --+ m pro a llty. 

Let us briefly sketch the proof of this fact for real valued random variables. 
For all 6, 6 > 0 

If 0 < p < 1, 

n IL E(XiI{IXil:S6nl/p}) I ::; n(6n1/P)1-PEIXIP; 
i=l 

choose then 6 = 6(6) > 0 such that 61- PEIXIP = 6. If 1 ::; p < 2, by centering, 

n IL E(Xd{IXi l:S6n1 / p }) I ::; nE(IXII{IXI>.5n1 / p }) 

i=l 
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which can be made smaller than cn1/ p for all large enough n's. Hence, in any 
case, we can center and write that, for n large, 

p{ I > 2en1/ P } 

::; p{ X i I{IXiI9n1 / p} -lE(Xi I{IXd:56n1 / p}) I > en1/ P } 

1 n 

::; c2n 2/ p L lE(IXi 12 I{IXi I9n 1 / p}) 
i=l 

by Chebyshev's inequality. By an integration by parts, 

nl-2/PlE(IXI2I{IXI9nl/p}) ::; 16 ntPP{IXI > tnl/P} 

so that the conclusion follows by dominated convergence since we know that 
limu--+oo uPP{IXI > u} = 0 when lElXIP < 00. 

Note indeed that if X is real symmetric (for example), then Sn/n1/ P 0 in 
probability as soon as limt--+oo tPP{IXI > t} = 0 (which is actually necessary 
and sufficient). We shall come back to this and to extensions to the vector 
valued setting in Chapter 9. 

From the preceding observation, a finite dimensional approximation ar-
gument shows that in arbitrary separable Banach spaces, when 0 < p ::; 1, 
the integrability condition lElIXIIP < 00 (and X has mean zero for p = 1) 
also implies that Sn/nl / p 0 in probability. Indeed, since X is Radon and 
lElIXIiP < 00, we can choose, for every c > 0, a finite valued random variable 
Y (with mean zero when p = 1 and lEX = 0) such that lEliX - YIIP < c. 
Letting Tn denote the partial sums associated with independent copies of Y, 
we have, by the triangle inequality and since p ::; 1, 

lEliSn - Tnll P ::; nlEllX - YIIP ::; en. 

Y being a finite dimensional random variable, Tn/n l / p 0 in probability and 
the claim follows immediately. Theorem 7.9 therefore states in this case (i.e. 
o < p ::; 1) that 

S 
n 1/ p 0 almost surely if and only if lElIXIiP < 00 

(and lEX = 0 for p = 1). In particular, we recover the extension to separable 
Banach space of the classical iid SLLN of Kolmogorov. 

Corollary 7.10. Let X be a Borel random variable with values in a separable 
Banach space B. Then 

Sn 
- 0 almost surely 
n 

if and only if lE11X11 < 00 and lEX = o. 
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The proof of this result presented as a corollary of Theorems 7.5 and 7.9 is 
of course too complicated and a rather elementary direct proof can be given. 
For example, choose a finite valued mean zero random variable Y such that 
1EIIX - YII < € so that by the triangle inequality and the scalar law of large 
numbers 

1 n 1 n 

limsup -112)Xi - Yi)11 limsup- L: IIXi - Yill < € 
n __ oo n i=l n--oo n i=l 

where (Yi) is a sequence of independent copies of Y; then apply again the finite 
dimensional SLLN to Y (see e.g. [HJ3]). It is however instructive to deduce it 
from general methods. 

The preceding elementary approximation argument does not extend to the 
case 1 < p < 2. It would require an inequality such as 

1E11L:Yilr CL:1EIIYiIIP 

i i 

for every finite sequence (Yi) of independent centered random variables with 
values in B, C depending on B and p. Such an inequality does not hold in a 
general Banach space and actually defines the spaces of type p discussed later 
in Chapter 9. Mimicking the preceding argument we can however already 
announce that in (separable) spaces of type p, 1 < p < 2, Sn/n1/ p ---t 0 almost 
surely if and only if 1EIIX liP < 00 and 1EX = o. We shall see how this property 
is actually characteristic of type p spaces (see Theorem 9.21 below). 

The following example completes this discussion, showing in particular 
that Sn/n 1/ P , 1 < p < 2, cannot in general tend to 0 even if X has very 
strong integrability properties. The example is adapted for further purposes 
(the random variable is moreover pregaussian in the sense of Section 9.3). 

Example 7.11. In Co, the separable Banach space of all real sequences tending 
to 0 equipped with the sup-norm, there exists, for all decreasing sequences (an) 
of positive numbers tending to 0, an almost surely bounded and symmetric 
random variable X such that (Sn/nan) does not tend to 0 in probability. 

Proof. Let be independent with distribution 

1 1 
= +1} = = -I} = 2" (1 = O}) = log(k + 1) . 

Define {3k = va;; whenever 2n - 1 k < 2n and take X to be the random 
variable in Co with coordinates Then X is clearly symmetric and 
almost surely bounded. However, (Sn/nan) does not tend to 0 in probability. 
Indeed, denote by independent copies of Set further, for each 
k,n 2: 1, 

n 
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Clearly 1P(En,k) = (log(k + l))-n and 

1P(An) = 1 - II = 1 - II (1 - (1 (k1 1)()' 
og + 

Therefore, as is easily seen, 1P(An) ---t 1. Now, if (ek) is the canonical basis of 
Co, 

On An, 

Hence, since an ---t 0, for every c > 0, 

liminf1P{ IISnll > c} liminf1P(An) = 1 
n----+oo nan n-+oo 

which establishes the claim. 

After having extended to the vector valued setting the iid SLLN, we turn to 
the SLLN for independent but not necessarily identically distributed random 
variables. Here again, we restrict to classical statements like the SLLN of 
Kolmogorov. This SLLN states that if (Xi) is a sequence of independent mean 
zero real valued random variables such that 

LT<oo, 
. t , 

then the SLLN holds, i.e. Sn/n ---t 0 almost surely. From this result, together 
with a truncation argument, Kolmogorov deduced his iid theorem. The next 
theorem points towards a general extension of this result which is already of 
interest on the line. It is characterized by a careful balance between condi-
tions on the norm of the Xi'S and assumptions on their weak moments. The 
subsequent corollary is perhaps a more practical result. We take up again our 
framework of non-necessarily Radon random variables. 

Theorem 7.12. Let (Xi) be a sequence of independent random variables with 
values in B. Assume that 

(7.8) 

and 

(7.9) 

Xi 
- ---t 0 almost surely 
i 

Sn ---t 0 in probability. 
n 

Assume further that for some v > 0, all nand t, 0 < t :::; 1, 
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(7.10) 

where L:n < 00 for some s > 0, and that, for each b > 0, 

(7.11) 

(where we recall that I(n) = {2n- 1 + 1, ... , 2n}). Then the SLLN holds, i.e. 

Sn 
- ---t 0 almost surely. 
n 

Proof. We simply apply Theorem 7.5 and Lemma 7.6. If we define }i = 
by (7.8), almost surely }i = Xi for every large enough i so 

that it clearly suffices to prove the result for the sequence (}i) instead of (Xi)' 
We therefore assume that IIXili :::; i almost surely. If (XI) is an independent 
copy of the sequence (Xi)' the sequence of symmetric variables (Xi - Xn will 
satisfy the SallIe kind of hypotheses as (Xi)' By (7.9) and Lemma 7.1, we can 
reduce to the case of a symmetric sequence (Xi)' In Theorem 7.5, whatever 
the choice of (kn ) may be, we can take L = 0 thanks to (7.9) (Lemma 7.2). 
Since Xdi ---t 0 almost surely, for every u > 0, 

Summarizing the conclusions of Lemma 7.6 and Theorem 7.5, for all u, b > 0 
and all q 2Ko, and for s assumed to be an integer, 

It obviously follows that 

for every € > 0, hence the conclusion by Lemma 7.3. 

Corollary 7.13. Under the hypotheses of Theorem 7.10, but with (7.10) re-
placed by 

(7.10') 

for some p > 0 and s > 0, the SLLN is satisfied. 
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Proof. Simply note that, for every n, 

from which (7.1O) of Theorem 7.12 follows. Note that the sums LiEI(n) JEll Xi liP 
in (7.1O') can also be replaced, if one wishes it, by expressions of the type 

suptP L p{IIXill > t}. 
t>O iEI(n) 

In Theorem 7.12 (and Corollary 7.13), conditions (7.8) and (7.9) are of 
course necessary, (7.9) describing the usual assumption in probability on the 
sequence (Sn). For real valued mean zero random variables, this condition (7.9) 
is automatically satisfied under (7.11) and the scalar statement such obtained 
is sharp. Note also that, under (7.8), it is legitimate (and we used it in the 
proof of Theorem 7.12) to assume that IIXi li oo i for all i. This is sometimes 
convenient when various statements have to be compared; for example, (7.10) 
{via (7.10')) then holds under the stronger condition 

which in this case is seen to be weaker and weaker as p increases. Then this 
condition implies (7.8) and (7.11) provided p 2 and we therefore have the 
following corollary. (Since no weak moments are involved, it might be obtained 
simpler from Lemma 6.16, see [K-Z].) 

Corollary 7.14. Let (Xi) be a sequence of independent random variables with 
values in B. If for some 1 p 2 

then the SLLN holds, i.e. Sn/n ---+ 0 almost surely, if and only if the weak law 
of large numbers holds, i.e. Sn/n -+ 0 in probability. 

Along the same line of ideas, Theorem 7.12 also contains extensions of 
Brunk's SLLN. Brunk's theorem in the real case states that if (Xi) are inde-
pendent with mean zero and satisfy 
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then the SLLN holds. To include this result, simply note that for p 2 

for every n and f in D. 
One feature of the isoperimetric approach which is at the basis of Theo-

rems 7.5 and 7.12 is a common treatment of the SLLN of Kolmogorov and 
Prokhorov. As easily as we obtained Theorem 7.12 from the preceding section, 
we get an extension of Prokhovov's theorem to the vector valued case. We still 
work under conditions (7.9) and (7.11) but reinforce (7.8) into 

II Xi 1100 ::; i/ LLi for each i 

where LLt = L(Lt) and Lt = max(1,logt), t O. This boundedness as-
sumption provides the exact bound on large values and actually fits (7.10) of 
Theorem 7.12. Indeed, for each n and t, 0 < t ::; 1, 

with On = exp( -2LL2n) which is summable. We thus obtain as a last corollary 
the following version of Prokhorov's SLLN. Note that under the preceding 
boundedness assumption on the Xi's, condition (7.11) becomes necessary; the 
proof follows the necessary part in Theorem 7.5 and, therefore, we do not 
detail it. 

Corollary 7.15. Let (Xi) be a sequence of independent random variables with 
values in B. Assume that, for every i, 

Then the SLLN is satisfied if and only if 

Sn o· b b'l" - -+ m pro a z zty 
n 

and 

L eXP (-022nj sup L IEj2(Xi») < 00 
n JED iEI(n) 

for every 0 > 0 (where I(n) = {2n-l + 1, ... , 2n}). 
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Notes and References 

Various expositions on the strong laws of large numbers (SLLN) for sums of 
independent real valued random variables may be found in the classical works 
e.g. [Let], [Gn-K], [Re], [Sto], [Pel etc. In particular, Lemmas 7.1 and 7.3 are 
clearly presented in [Sto] and the vector valued situation does not make any 
difference. 

This chapter, which is based on the isoperimetric approach of [Tall] and 
[Ta9] presented in Section 6.3, follows the paper [L-T5]. In particular, Theorem 
7.5 and Lemma 7.6 are taken from there. 

The extension of the Marcinkiewicz-Zygmund SLLN (Theorem 7.9) is due 
independently to A. de Acosta [Ac6] and T. A. Azlarov and N. A. Volodin 
[A-V], with the first proof. The classical iid SLLN of Kolmogorov in separable 
Banach spaces (Corollary 7.10) was established by E. Mourier back in the 
early fifties [Mo] (see also [F-Ml], [F-M2]). A simple proof may be found in 
[HJ3]. The non-separable version of this result, which is not discussed in this 
text, has given recently rise to many developments related to measure theory; 
see for example [HJ5], [Ta3] , and, in the context of empirical processes, [V-Cl], 
[V-C2], [G-Z2]. Example 7.11 is taken from [C-Tl]. 

Theorem 7.12 comes from [L-T5]. For further developments, see [AI2]. The 
real valued statement, at least in the form of Corollary 7.13, can be obtained as 
a consequence of the Fuk-Nagaev inequality (cf. [F-N], [Yu2]). Let us mention 
that a suitable vector valued version of the SLLN of S. V. Nagaev [Nal], 
[Na2] still seems to be found; cf. [A13] and [Ber] in this regard. Corollary 7.14 
is due to J. Kuelbs and J. Zinn [K-Z] who extended results of A. Beck [Be] 
and J. Hoffmann-JjIlrgensen and G. Pisier [HJ-P] in special classes of spaces 
(cf. Chapter 9). The work of J. Kuelbs and J. Zinn was important in realizing 
that under an assumption in probability no condition has to be imposed on the 
space. In some smooth spaces, see [He5]. Brunk's SLLN appeared in [Br] and 
was first investigated in Banach spaces in [Wo3]. Extensions of Prokhorov's 
SLLN [Pro2] were undertaken in [K-Z], [He6], [All] (where, in particular, 
necessity was shown) and the final result was obtained in [L-T4] (see also 
[L-T5]). Applications of the isoperimetric method to strong limit theorems for 
trimmed sums of iid random variables are further described in [L-T5]. 



8. The Law of the Iterated Logarithm 

This chapter is devoted to the classical laws of the iterated logarithm of Kol-
mogorov and Hartman-Wintner-Strassen in the vector valued setting. These 
extensions both enlighten the scalar statements and describe various new in-
teresting phenomena in the infinite dimensional setting. As in the previous 
chapter on the strong law of large numbers, the isoperimetric approach proves 
to be an efficient tool in this study. The main results described here show 
again how the strong almost sure statement of the law of the iterated loga-
rithm reduces to the corresponding (necessary) statement in probability, under 
moment conditions similar to those of the scalar case. 

Together with the law of large numbers and the central limit theorem, the 
law of the iterated logarithm (in short LIL) is a main subject in Probability 
Theory. Here, we only concentrate on the classical (but typical) forms of the 
LIL for sums of independent Banach space valued random variables. We first 
describe, starting from the real valued case, the extension of Kolmogorov's 
LIL. In Section 8.2, we describe the Hartman-Wintner-Strassen form of the 
(iid) LlL in Banach space and characterize the random variables which satisfy 
it. A last survey paragraph is devoted to a discussion of various results and 
questions about the identification of the limits in the vector valued LIL. 

In all this chapter, if (Xi)iEIN is a sequence of random variables, we set, 
as usual, Sn = Xl + ... + X n, n :2: 1. Recall also that LL denotes the iterated 
logarithm function, that is, LLt = L(Lt) and Lt = max(l,logt), t :2: o. 

8.1 Kolmogorov's Law of the Iterated Logarithm 

Let (Xi)iEIN be a sequence of independent real valued mean zero random vari-
ables such that IEX; < 00 for every i. Set, for each n, Sn = IEXl)1/2. 

Assume that the sequence (sn) increases to infinity. Assume further that 
for some sequence (rli) of positive number tending to 0, 

for every i. 

Then, Kolmogorov's LIL states that, with probability one, 

1· Sn 1 
Imsup ( 2LL 2)1/2 = . 
n-+oo 2sn Sn 

(8.1 ) 
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The proof of the upper bound in (8.1) is based on the exponential in-
equality of Lemma 1.6 applied to the sums Bn of independent mean zero 
random variables. The lower bound, which is somewhat more complicated, 
relies on Kolmogorov's converse exponential inequality described in the fol-
lowing lemma. Its proof (cf. [Sto]) is a precise amplification of the argument 
leading to (4.2). 

Lemma 8.1. Let (Xd be a finite sequence of independent mean zero real 
valued random variables such that IIXilioo ::; a for all i. Then, for every, > 0, 
there exist positive numbers K(r) (large enough) and c:(r) (small enough) 
depending on , only, such that for every t satisfying t K (,)b and ta ::; c:(, )b2 

where b = CEi lExl)I/2, 

lP{L: Xi > t} exp{ -(1 + ,)t2 /2b2 } • 

i 

The next theorem presents the extension to Banach space valued random 
variables of Kolmogorov's LIL. This extension involves a careful balance be-
tween conditions on the norms of the random variables and weak moment 
assumptions. Since tightness properties are unessential in this first section, 
we describe the result in our setting of a Banach space B for which there 
exists a countable subset D of the unit ball of the dual space such that 
IIxll = SUP/ED If(x)1 for every x in B. X is a random variable with values 
in B if f(X) is measurable for every f in D. 

Theorem 8.2. Let B be as before and let (Xi)iEIN be a sequence of independent 
random variables with values in B such that lEf(Xi) = 0 and lEf2(Xi) < 00 

for each i and each f in D. Set, for each n, Sn = 
assumed to increase to infinity. Assume further that for some sequence (17i) of 
positive numbers tending to 0 and every i 

(8.2) 

Then, if the sequence converges to 0 in probability, with 
probability one, 

(8.3) lim sup II Bnl1 = l. 
n-.oo (2s;LLs;)1/2 

This type of statement clearly shows in which direction the extension of 
the scalar result is looked for. The proof of Theorem 8.2 could seem to be 
somewhat involved. Let us mention however, and this will be accomplished in 
a first step, that the proof of the finiteness of the lim sup in (8.3) is rather 
easy on the basis of the isoperimetric approach of Section 6.3. Then, the fact 
that it is actually less than 1 requires some technicalities. The lower bound 
reproduces the scalar case. 
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Proof. To simplify the notation, let us set, for each n, Un = As 
announced, we first show that 

(8.4) limsup IISnii :s: M 
n-+oo SnUn 

almost surely for some numerical constant M. To this aim, replacing (Xi) by 
(Xi - XI) where (XI) is an independent copy of the sequence (Xd, and since 
(by centering, cf. (2.5)) 

we can assume by Lemma 7.1 that we deal with symmetric variables. For each 
n, define mn as the smallest integer m such that Sm > 2n. It is easily seen 
that 

By the Borel-Cantelli lemma, we need show that 

Using the preceding and Levy's inequality (2.6) (by increasing M), it suffices 
to prove that 

n 

We make use of the isoperimetric inequality of Theorem 6.17 together with 
(6.18) which we apply to the sample of independent and symmetric random 
variables (Xik::;mn for each n. Assuming for simplicity that the sequence (rli) 
is bounded by 1, we take there q = 2Ko, k = [u;'J + 1, S = t = 20y'q Smn U mn ' 

For these choices, by (8.2), 

Since (Sn/snun) converges to 0 in probability, by Lemma 7.2, lElISnli/snun 
O. Hence, at least for n large enough, m 2 in Theorem 6.17 can be bounded, 

using (6.18), by 2s;'n' Thus, it follows from (6.17) that, for large n's, 

which gives the result since u;'n '" 2LL4n. 
Note that this proof shows (8.4) already when the sequence (Sn/ snun) is 

only bounded in probability, which of course is necessary. 
We now turn to the more delicate proof that the lim sup is actually equal 

to 1. We begin by showing it is less than or equal to 1. Since Sn/ SnUn 0 in 
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probability, observe first that, by symmetrization, Lemma 7.2 and centering 
(Lemma 6.3), we have both 

(8.5) 
n 

lim _1 JEIISnll = lim _1 JE11LciXi11 = 0 
n-+oo SnUn n-+oo SnUn i=l 

where as usual (ci) denotes a Rademacher sequence which is independent of 
(Xi). 

For p > 1, let mn for each n be the smallest m such that Sm > pn. As 
above for p = 2 we have 

To establish the claim it will be sufficient to show that for every C > 0 and 
p> 1, 

(8.6) 
n 

Indeed, in order that lim sUPn-+oo II Sn II / Sn Un 1 almost surely, it suffices, by 
the Borel-Cantelli lemma, that for every 6 > 0 there is an increasing sequence 
( m n ) of integers such that 

A simple use of Ottaviani's inequality (Lemma 6.2) together with (8.5) shows 
that, for all large enough n's, 

> (1 + 26)} 

max IISmll>(1+26)sm,,_lumn_1} 
mn-l<m$mn 

2P{ IISm" II > (1 + 6)Sm"_1 umn_1 } • 

Now, for 6 > 0, there exist C > 0 and p > 1 such that if mn is defined from p 
as before, for all large n's, 

(1 + 6)Smn_lUmn_l 2: (1 + c)smnumn. 

So, it suffices to show (8.6). 
The proof is based on a finite dimensional approximation argument via 

some entropy estimate. Let now C > 0 and p > 1 be fixed. For /,g in D, and 
every n, set 
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Recall that N (D, c) denotes the minimal number of elements 9 in D such 
that for every f in D there exists such a 9 with < c. For every n, 
define 

which tends to 0 when n goes to infinity by (8.5). 

Lemma 8.3. For every large enough n, 

::; 

Proof. Suppose this is not the case. Then, infinitely often in n, there exists 
Dn CD such that for any f # g in Dn, d'!J.(f, g) 2: c and 

Card Dn = + 1. 

By Lemma 1.6 and (8.2), for h = f - g, f # 9 in Dn , and n large, 

For n large enough, 
Card Dn exp( < 1/4. 

It follows that, infinitely often in n, 

We would like to apply, conditionally on the Xi'S, the Sudakov type minoration 
of Proposition 4.13. To this aim, first note that by (8.5), with high probability, 
for example larger than 3/4, 

1 mn 2 

-:IE II2:coXII < ----,-,um.=-n -
8 m eo. •• - K maxi<m 1Ji 

n _ n 

for every n large enough, and thus, by (8.2), for i ::; m n , 

where K > 0 is the numerical constant of Proposition 4.13. This proposition 
then shows that, with probability bigger than 1/2, 
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Therefore, by integrating, we find that, infinitely often in n, an 2': E:Fnj2V2K 
which leads to a contradiction since an o. The proof of Lemma 8.3 is com-
plete. 

We can now establish (8.6). According to Lemma 8.3, we denote, for each n 
(large enough) and f in D, by gn(f) an element of D such that gn(f)) < E: 
in such a way that the set Dn of all gn(f)'s has a cardinality less than 
exp(anu;'J. We write that 

where = {f - gn(f); fED}. The main observation concerning is that 

It is then an easy exercise to see how the proof of the first part can be re-
produced (and adapted to the case of a norm of the type sUPhED' Ih(·)I, thus 
depending on n) to yield that for some numerical constant M, n 

The proof of (8.6) will be complete if we show that 

Now, as in the real valued case, we have by Lemma 1.6 that for all large 
enough n's (in order to efficiently use (8.2) and 'rJi 0, first neglect the first 
terms of the summation), 

hence the result since Card Dn S exp(2anLLs;'J, an 0 and Smn rv pn 
(p> 1). 

In the last part of this proof, we show that 

limsup IISnl1 2': 1 
n-+oo SnUn 

almost surely, reproducing simply (more or less) the scalar case based on the 
exponential minoration inequality of Lemma 8.1. Recall that for p > 1 we let 
mn = inf{m; Sm > pn}. By the zero-one law (cf. [Stoj), the limsup we study 
is almost surely non-random; by the upper bound which we just established, 
we have that (for example) 
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p{IISmnll 2smnumn for every large enough n } = 1. 

Suppose it can be proved that for all e > 0 and all p > 1 large enough 

(8.7) 

p{1I LXiii> (1-e)2(2suP L Ef2(Xi) 
iEI(n) JED iEI(n) 

. LL(SUP L F2(Xi»))1/2 i.o. in n} = 1 
JED iEI(n) 

where I(n) denotes the set of integers between mn -1 + 1 and mn . Then, on a 
set of probability one, i.o. in n, 

IISmnl1 II L Xill-IISmn_lll 
iEI(n) 

(1 - e)2 (2 sup L Ef2(Xi)LL (sup L Ef2(Xi»)) 1/2 
JED iEI(n) JED iEI(n) 

(1- - - - 2smn_lumn_l 

and, for n large, this lower bound behaves like 

[(1-e)2(1- ;2)1/2 

For p large enough and e > 0 arbitrarily small, this will therefore show that 
the limsup is 1 almost surely, hence the conclusion. Let us prove (8.7). For 
each n, let f n in D be such that 

L 2: (1 - e) sup L Ef2(Xi). 
iEI(n) JED iEI(n) 

Thus, the probability in (8.7) is larger than or equal to 

p{ L fn(Xi) > (1 - e) (2 L 
iEI(n) iEI(n) 

. LL( L 1/2 i.o. in n}. 
iEI(n) 

Now, we can apply Lemma 8.1 to the independent centered real valued random 
variables !n(Xi ), i E I(n). Taking there 'Y = ell - e, for all large enough n's, 

p{ L fn(Xi) > (1 - e) (2 L L r/2} 
iEI(n) iEI(n) iEI(n) 

2: exp [-(1 - e )LL ( L 
iEI(n) 
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where it has been used that 

Smn ::; sup ( L JEf2{Xi)) 1/2 + Smn_l 

JED iEI(n) 

( 1 2) 1/2 
::; 1 _ € L JEfn{Xd + smn_l 

iEI(n) 

and that the ratio smn_l / smn is small for large p > 1. Then, this observation 
yields the conclusion thanks to the independent half of the Borel-Cantelli 
lemma. Theorem 8.2 is established. 

8.2 Hartman-Wintner-Strassen's Law 
of the Iterated Logarithm 

Having described the fundamental 1IL of Kolmogorov for sums of independent 
random variables and its extension to the vector value case, we now turn to the 
independent and identically distributed (iid) 1IL and the results of Hartman-
Wintner and Strassen. Let X be a random variable, and, in the rest of the 
chapter, {Xi)iEIN will always denote a sequence of independent copies of X. 
The basic normalization sequence is here, and for the rest of the chapter, 

an = (2nLLn)I/2 

which is seen to correspond to the sequence in (8.1) when JEX2 = 1. The 1IL 
of Hartman and Wintner states that, if X is a real valued random variable 
such that JEX = 0 and JEX2 = 0"2 < 00, the sequence (an) stabilizes the 
partial sums Sn in such a way that, with probability one, 

(8.8) 1· Sn li' f Sn 1m sup - = - mIn - = 0" • 
n--+oo an n--+oo an 

Conversely, if the sequence (Sn/an) is almost surely bounded, then JEX2 < 00 

(and JEX = 0 trivially by the SLLN). P. Hartman and W. Wintner deduced 
their result from Kolmogorov's 1IL using a (clever) truncation argument. 
When JEX2 < 00, one can find a sequence (7U) of positive numbers tending to 
o such that 

(8.9) L P{IXI > r/i{i/ LLi)I/2} < 00. 

• 
Set then, for each i, 

}i = , 

and Zi = Xi - }i. Since the }i's are bounded at a level corresponding to the 
application of Kolmogorov's 1IL, (8.1) already gives that 
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1 n 
lim sup - I::Yi = 0-

n-+oo an i=1 

almost surely. The proof then consists in showing that the contribution of 
the Zi'S is negligible. To this aim, simply observe that by Cauchy-Schwarz's 
inequality, 

1 n 

;-IL: XJ{IXil>7j;(i/LLi)1/2} I 
n i=1 

(
In ) 1/2 (1 n ) 1/2 ;; t; xi 2LLn t; I{IXil>7j;(i/LLi)1/2} 

The first root on the right of this inequality defines an almost surely bounded 
(convergent!) sequence by the SLLN and EX2 < 00; the second root converges 
to 0 by Kronecker's lemma (cf. e.g. [Sto]) and (8.9). Since the centerings in Zi 
are similarly taken into account, it follows that 

1 n 
lim - L Zi = 0 almost surely 

n-+oo an i=1 

and therefore (8.8) holds. 
The necessity of EX2 < 00 can be obtained from a simple symmetry 

argument. By symmetrization, we may and do assume X to be symmetric. 
Let c > 0 and define 

Since X is symmetric, X has the same distribution as X. Now, assume that 
the sequence (Sn/an) is almost surely bounded. By the zero-one law, there is 
a finite number M such that, with probability one, limsuPn-+oo ISnl/an = M. 
Now 2XI{IXlsc} = X + X and since X has the same law as X, 

1 n 

2 lim sup -II:: Xd{IXils c}I 2M 
n-+oo an i=1 

almost surely. By (8.8), since E(X2 I{IXlsc}} < 00 and X is symmetric, it 
follows that 

E(X2 I{IXlsc}) M2. 

Letting c tend to infinity implies that EX2 < 00. 

While P. Hartman and A. Wintner used the rather deep result of A. N. 
Kolmogorov, the case of iid random variables should a priori appear as eas-
ier. Since then, simpler proofs of (8.8), which even produce more, have been 
obtained. As an illustration, we would like to intuitively describe in a direct 
way why the lim sup in (8.8) should be finite when JEX = 0 and JEX 2 < 00. 

The idea is based on randomization by Rademacher random variables, a tool 
extensively used throughout this book. It explains rather easily the common 



8.2 Hartman-Wintner-Strassen's Law of the Iterated Logarithm 205 

steps and features of Ll1's results such as the fundamental use of exponential 
bounds of Gaussian type (Lemma 1.6 in Kolmogorov's LIL) and the study of 
(Sn) through blocks of exponential sizes. It suffices for this (modest) purpose 
to treat the case of a symmetric random variable so that we may assume as 
usual that (Xi) has the same distribution as (ciXi) where (ci) is a Rademacher 
sequence which is independent of (Xi). By Levy's inequality (2.6) for sums of 
independent symmetric random variables and the Borel-Cantelli lemma, it is 
enough to find a finite number M such that 

Since EX2 < 00, X2 satisfies the law of large numbers and hence, by the 
Borel-Cantelli lemma again (independent case), 

Now, we simply write that, for every n, 

2n 2n 

+ 1P{ CiXil > Ma2n, xl ::; 2n+llEX2}. 

The classical subgaussian estimate (4.1) can be used conditionally on the 
sequence (Xi) to show that the second probability on the right of the preceding 
inequality is less than 

If we then choose M2 > 2lEX2, the claim is established. 
This simple approach, which reduces in a sense the iid LIL to the SLLN 

through Gaussian exponential estimates, can be pushed further in order to 
show the necessity of lEX2 < 00 when the sequence (Sn/an) is almost surely 
bounded. One can use the converse subgaussian inequality (4.2). Alternatively, 
and without going into the details, it is not difficult to see that if (9i) is an 
orthogaussian sequence which is independent of (Xi)' the two non-random 
lim sup's 

1 n 

lim sup -1L:Xil and 
n-+oo an i=l 

1 n 

lim sup -1L:9iXil 
n-+oo an i=l 
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are equivalent. Independence and the stability properties of (9i) expressed for 
example by 

li 19n1 1m I msup (I )1/2 = 1 a ost sure y n-+oo 2 ogn 

can then easily be used to check the necessity of EX2 < 00 (cf. [L-T2]). 
These rather easy ideas describe some basic facts in the study of the 

LIL such as exponential estimates of Gaussian type, blocking arguments, the 
connection of the LIL with the law oflarge numbers (for squares) and of course 
the central limit theorem by the introduction of Gaussian randomization. In 
fact, the LIL can be thought of as some almost sure form of the central limit 
theorem. The framework of these elementary observations will lead later to 
the infinite dimensional LIL. 

The preceding sketchy proof of Hartman-Wintner's LIL of course only 
provides qualitative results and not the exact value of the limsup in (8.8). 
[Note however, as was pointed out to us by D. Stroock, that if ones takes for 
granted the exact value of the limsup for bounded random variables (as follows 
from Kolmogorov's result for instance), then the preceding simple approach 
can yield (8.8) for every mean zero square integrable random variable by 
simply breaking it into a bounded part and a part with arbitrarily small 
variance.] Simple proofs of (8.8) have been given in the literature; they include 
the more precise and so-called Strassen's form of the LIL which states that, if 
and only if EX = 0 and EX2 < 00, 

(8.10) lim d(Sn , [-a, a]) = 0 
n-+oo an 

and 

(8.11) c(!:) = [-a, a] 

almost surely, where d{x,A) = inf{lx - YI; YEA} is the distance of the 
point x to the set A and where C{xn ) denotes the set of limit points of the 
sequence (xn), i.e. C(xn) = {x E :R; liminfn-+oo IXn - xl = OJ. (8.10) and 
C(Sn/an) c [-a,a] follow rather easily from the LIL of Hartman-Wintner. 
The full property (8.11) is more delicate and various arguments can be used 
to establish it; we will obtain (8.1O) and (8.11) in the more general context 
of Banach space valued random variables below. Strassen's approach used 
Brownian motion and the Skorohod embedding of a sequence of iid random 
variables in the Brownian paths. 

Our objective in the sequel of this chapter will be to investigate the iid 
LIL for vector valued random variables. Until the end of the chapter, we deal 
with Radon variables and even, for more convenience, with separable Banach 
spaces, although various conclusions still hold in our usual more general set-
ting; these will be indicated in remarks. For Radon random variables, the 
picture is probably the most complete and satisfactory and we adopt this 
framework in order not to obscure the main scheme. 
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Therefore, let B denote a separable Banach space. We start by describing 
what can be understood by a LIL for independent and identically distributed 
Banach space valued random variables. Let X be a Borel random variable 
with values in B, (Xd a sequence of independent copies of X. As usual, 
Sn = Xl + ... + X n, n 2: 1. According to Hartman-Wintner's LIL, we can 
say that X satisfies the LIL with respect to the classical normalizing sequence 
an = (2nLLn)I/2 if the non-random limit (zero-one law) 

(8.12) A(X) = lim sup IISnll 
n-+oo an 

is finite. (If X is non-degenerate, A(X) > 0 by the scalar case.) We will 
actually define this property as the bounded LIL. Indeed, we might as well 
say that X satisfies the LIL whenever the sequence (Sn / an) is almost surely 
relatively compact in B since this means the same in finite dimensional spaces. 
We will say then that X satisfies the compact LIL and it will turn out that 
in infinite dimension bounded and compact LIL are not equivalent. Actually, 
Strassen's formulation (8.10) and (8.11) even suggests a third definition: X 
satisfies the LIL if there is a compact convex symmetric set Kin B such that, 
almost surely, 

(8.13) lim d(Sn , K) = 0 
n-too an 

and 

(8.14) c(!:) = K 

where d(x, K) = inf{lIx - yll; y E K} and where C(Sn/an) denotes the set of 
the cluster points of the sequence (Sn/an). It is a non-trivial result that the 
compact LIL and this definition actually coincide. Before describing precisely 
this result, we would like to study what the limit set K should be. It will 
turn out to be the unit ball of the so-called reproducing kernel Hilbert space 
associated with the covariance structure of X. We sketch its construction and 
properties, some of which go back to the Gaussian setting as described in 
Chapter 3. 

X is therefore a fixed Borel random variable on some probability space 
(il, A, P) with values in the separable Banach space B. Recall that the sepa-
rability allows to assume A to be countably generated and thus L2 (il,A,P) 
to be separable. Suppose that for all f in B', IEf(X) = 0 and IEf2(X) < 00. 

Let us observe, as a remark, that these hypotheses are natural in the context 
of the LIL since if for example X satisfies the bounded LIL, then, for each 
f in B', U(Sn/an)) is almost surely bounded and therefore IEf(X) = 0 and 
IEf2(X) < 00 by the scalar case. Under these hypotheses, 

(8.15) a(X) = sup (IEf2(X))1/2 < 00. 

111119 
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Indeed, if we consider the operator A = Ax which is defined as A : B' - L2 
= L2(fl,A,P), AI = I(X), then IIAII = u(X) and A is bounded by an easy 
closed graph argument. Let A* = Ax denote the adjoint of A. First note that 
since X defines a Radon random variable, A * actually maps L2 into B C B" 
(cf. Section 2.1). Indeed, there exists a sequence (Kn) of compact sets in B 
such that P{X f/. Kn} - O. If { is in L2, A*(O{XEKn}) belongs to B since it 
can be identified with the expectation (in the strong sense) E({XI{XEKn})' 
Now E({XI{XEKn}) converges to E({X) (weak integral) in B" since 

sup S u(X)(E(e - O. 
11/11::;1 

Hence A*{ = E({X) belongs to B. 
On the image A * (L2) c B of L2 by A *, consider the scalar product (".) x 

transferred from L2: if {, ( E L2, 

Denote by H = Hx the (separable) Hilbert space A*(L2) equipped with 
(', .) x. H is called the reproducing kernel Hilbert space associated with the 
covariance structure of X. The word "reproducing" stems from the fact that 
H reproduces the covariance of X in the sense that for I, 9 in B', if x = 
A*(g(X» E H, I(x) = E/(X)g(X). In particular, if X and Y are random 
variables with the same covariance structure, i.e. E/(X)g(X) = E/(Y)g(Y) 
for all I,g in B', this reproducing property implies that Hx = Hy. Note 
that since A( B').l = Ker A *, we also have that H is the completion, with 
respect to the scalar product (', ·}x, of the image of B' by the composition 
S = A * A : B - B'. Observe further that for any x in H, 

(8.16) IIxll s u(X)(x,x}x. 

Denote by K = Kx the closed unit ball of H, i.e. K = {x E B; 
x = E({X) , 1I{1I2 S I}, which thus defines a bounded convex symmetric 
set in B. By the Hahn-Banach theorem, we also have that K = {x E B j 

I(x) S II/(X)1I2 for all I in B'}, and, by separability, this can be achieved by 
taking only a (well-chosen) sequence Uk) in B'. As the image of the unit ball 
of L2 by A *, K is weakly compact and therefore also closed for the topology 
of the norm on B. K is separable in B by (8.16). Moreover, it is easily verified 
that for any I in B', 

Ilf(X)1I2 = sup I(x), u(X) = sup IIxll. 
xEK xEK 

Although K is weakly compact, it is not always compact. The next easy 
lemma describes for further references equivalent instances for K to be com-
pact. 
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Lemma 8.4. The following are equivalent: 

(i) K is compact; 

(ii) A (resp. A*) is compact; 

(iii) S = A * A is compact; 

(iv) the covariance function T(I,g) = 1Ef(X)g(X) is weakly sequentially con-
tinuous; 

(v) the family of real valued random variables {J2(X); fEB', IIfll :S I} is 
uniformly integrable. 

Proof. (i) and (ii) are clearly equivalent and imply (iii). To see that (iv) holds 
under (iii), it suffices to show that IIfn(X)1I2 -+ 0 when fn -+ 0 weakly in 
B'. By the uniform boundedness principle, we may assume that IIfnll :S 1 for 
every n. The compactness of S ensures that we can extract from the sequence 
(xn) defined by Xn = 1E(Xfn(X)) a subsequence, still indexed by n, which 
converges to some x. Then, 

Assume (v) is not satisfied. Then, there exist c > 0 and a sequence (cn ) of 
positive numbers increasing to infinity such that for every n 

sup [ f2(X) dJP::::: sup [ f2(X) d1P > C. 

Ilfll5: 1 J{llxlI>cn} IIfll9 J{If(X)I>cn} 

Hence, for every n, one can find fn, Ilfnll :S 1, such that 

1 > c. 
{IIXII>cn } 

Extract then from the sequence (In) in the unit ball of B' a weakly conver-
gent subsequence, still denoted as (In), and convergent to some f. By (iv), 
fn(X) -+ f(X) in L2 and this clearly yields a contradiction since 

lim [ f2(X)d1P = O. 
n->CXl J{IIXII>cn} 

Finally, (v) easily implies (ii); indeed, if (In) is a sequence in the unit ball of 
B', for some subsequence and some f, f n -+ f weakly, so f n (X) -+ f (X) al-
most surely and hence in L2 by uniform integrability; A is therefore compact. 
The proof of Lemma 8.4 is complete. 

Note that when 1EIIX112 < 00 (in the case of Gaussian random vectors for 
instance), K is compact. 
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As simple examples, consider the case where B = R N and the covariance 
matrix of X is the identity matrix; K is then simply the Euclidean unit ball of 
RN. When X follows the Wiener distribution on 0[0,1], H can be identified 
with the so-called Cameron-Martin Hilbert space of the absolutely continuous 
elements x in 0[0,1] such that x(O) = 0 and J01 x'(t)2dt < 00, and K is known 
in this case as Strassen's limit set ([C-M], [Stl]). 

Having described the natural limit set in (8.13) and (8.14), we now present 
the theorem, due to J. Kuelbs, connecting the definition of the compact LIL 
with (8.13) and (8.14). 

Theorem 8.5. Let X be a Borel random variable with values in a separable 
Banach space B. If the sequence (Sn/ an) is almost surely relatively compact 
in B, then, with probability one, 

. (Sn) (Sn) hm d -, K = 0 and 0 - = K 
n-+oo an an 

where K = Kx is the unit ball of the reproducing kernel Hilbert space asso-
ciated with the covariance structure of X and K is compact. Conversely, if 
the preceding holds for some compact set K, then X satisfies the compact LIL 
and K = Kx. 

According to this theorem, when we speak of the compact LIL we mean 
one of the equivalent properties of this statement. 

Proof. As we have seen, when X satisfies the bounded LIL, which is always the 
case under one of the properties of Theorem 8.5, K = Kx is well defined. Let 
us first show that, with probability one, O(Sn/an) c K. As was observed in 
the definition of K, there is a sequence Uk) in B' such that a point x belongs 
to K as soon as 

(8.17) 

for every k. Denote by Do the set offull probability (by the scalar LIL) of the 
w's such that for every k 

So if x E O(Sn(w)/an ) and w E Do, x clearly satisfies (8.17) and therefore 
belongs to K. This first property easily implies 

(8.18) lim d(Sn , K) = 0 
n-+oo an 

with probability one. Indeed, if this is not the case, one can find, by the relative 
compactness of the sequence (Sn/an), a subsequence of (Sn/an) converging 
to some point in the complement of K and this is impossible as we have just 
seen. 
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We are thus left with the proof that C(Sn/an) = K. To this aim, it suffices, 
by density, to show that any x in K belongs almost surely to C(Sn/an). 

First, let us assume that B is finite dimensional. Since the covariance 
matrix of X is symmetric positive definite, it may be diagonalized in some 
orthonormal basis. We are therefore reduced to the case where B is Hilbertian 
and K is its unit ball. Let then x be in B with Ixl = 1 and let � > O. By (8.18), 
for n large enough, ISn/anI2::; 1 +€. By Hartman-Wintner's LIL (8.8), along 
a subsequence, 

Hence, along this subsequence and for n large, 

ISn 12 ISn l2 I 12 (Sn ) an - x = an + x - 2 an' x 

::; 1 + I:: + 1 - 2 + 2€ = 31:: 

and therefore x E C(Sn/an) almost surely. To reach the interior points of K, 
we increase the dimension and consider the random variable in B x IR given 
by Y = (X, €) where I:: is a Rademacher variable independent of X. Let x be 
in K with Ixl = 8 < 1; then y = (x, (1 - 82)1/2) belongs to the unit sphere of 
B x IR and thus, by the preceding step, to the cluster set associated to Y. By 
projection, x E C(Sn/an). 

Now, we complete the proof of Theorem 8.5 and use this finite dimensional 
result to get the full conclusion concerning the cluster set C(Sn/an). When X 
satisfies the LIL, it also satisfies the strong law of large numbers and therefore 
JEIIXII < 00. There exists an increasing sequence (AN) of finite u-algebras 
of A such that XN = JEAN X converges almost surely and in L1(B) to X. 
Note that if (Sn/ an) is almost surely relatively compact, the property (iv) of 
Lemma 8.4 is fulfilled; indeed, if !k --+ 0 weakly, by compactness, 

lim supl!k(Sn)I = 0 
k-->oo n an 

with probability one. By (8.8), it follows that 1I!k(X)112 --+ 0 which gives 
(iv). By Lemma 8.4, K is therefore compact, or equivalently, the family 
{f2(X); I E B', IIIII ::; I} is uniformly integrable. Therefore, there exists 
(Lemma of La Valle-Poussin, cf. e.g. [Me]) a positive convex function 1jJ on IR+ 
with limt-->oo 1jJ(t)/t = 00 such that sUPllfIl9JE1jJ(f2(X)) < 00. By Jensen's 
inequality, it follows that the family {f2(X - XN); 11/11 ::; 1, N E 1N} is 
also uniformly integrable. This can be used to show that u(X - XN) --+ 0 
when N --+ 00 (where 17(') is defined in (8.15)). Let now x in K : x = 

::; 1. If xN = IIx - xN11 ::; u(X - XN) --+ O. Furthermore, by 
(8.18), A(X) ::; sUPxEK Ilxll = u(X), and since the XN,s are finite dimensional 
they also satisfy the compact 1IL and therefore A(X - XN) ::; u(X - XN) 
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for every N. Now, we simply write, by the triangle inequality, that for every 
N, 

liminf!! Sn _ x!! $;liminf!! S;: _ xN!! + A(X _ XN) + IIx _ xNII 
n->oo an n->oo an 

$; liminf!1 S;: _ xNI! + 2u(X _ XN) 
n->oo an 

where S;: are the partial sums associated to X N. By the previous step in 
finite dimension, for each N, 

liminf!! S;: _ xN !! = 0 
n->oo an 

almost surely. Letting N tend to infinity then shows that x E C(Sn/an) which 
completes the proof of Theorem 8.5. 

The preceding discussion and Theorem 8.5 present the definitions of 
Hartman-Wintner-Strassen's 1IL for Banach space valued random variables. 
We now would like to turn to the crucial question of knowing when a random 
variable X with values in a Banach space B satisfies the bounded or compact 
1IL in terms of minimal conditions, depending if possible on the distribution 
of X only. 

If B is the line or, more generally, a finite dimensional space, X satisfies the 
bounded or compact 1IL if and only if EX = 0 and EIIXII 2 < 00. However, 
already in Hilbert space, while these conditions are sufficient, the integrability 
condition lEIIXI1 2 < 00 is no longer necessary. It happens conversely that in 
some spaces, bounded mean zero random variables do not satisfy the LIL. 
Moreover, examples disprove the equivalence between bounded and compact 
1IL in the infinite dimensional setting. All these examples will actually become 
clear with the final characterization. They however pointed out historically 
the difficulty in finding what this characterization should be. In particular, 
the issue is based on a careful examination of the necessary conditions for a 
Banach space valued random variable to satisfy the LIL which we now would 
like to describe. 

Assume first that X satisfies the bounded LIL in B. Then clearly, for each 
fin B', f(X) satisfies the scalar 1IL and thus lEf(X) = 0 and lEf2(X) < 00. 

These weak integrability conditions are complemented by a necessary integra-
bility property on the norm; indeed, it is necessary that the sequence (Xn/an) 
is bounded almost surely and thus, by independence, the Borel-Cantelli lemma 
and identical distribution, for some finite M, 

n 

As is easily seen, this turns out to be equivalent to the integrability condition 

E(IIXII2 / LLIIXII) < 00. 
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These are the best moment conditions which can be deduced from the bounded 
LIL. However, as we mentioned it, there are almost surely bounded (mean 
zero) random variables which do not satisfy the LIL. This unfortunate fact 
forces, in order to expect some characterization, to complete the preceding 
integrability conditions, which depend only on the distribution of X, by some 
condition involving the laws of the partial sums Sn instead of X only. As we 
will see, this can be avoided in some spaces, but it is necessary to proceed along 
these lines in general as actually could have been expected from the previous 
chapters. The third necessary condition is then simply (and trivially) that the 
sequence (Sn/an) should be bounded in probability. 

In finite dimension, the weak L2 integrability of course implies the strong 
L2 integrability, and therefore E(IIXII2 / LLIIXII) < 00, as well as the stochas-
tic boundedness of (Sn/an) (as is easily seen, for example, from the central 
limit theorem). It is remarkable that this easily obtained set of necessary con-
ditions is also sufficient for X to satisfy the bounded LIL. Before stating this 
characterization, let us complete the discussion on necessary conditions by the 
case of the compact LIL. We keep that E(IIXII2 / LLIIXII) < 00. By Theorem 
8.5, K = Kx should be compact, or equivalently {P(X) j IE B', 11/11 1} 
should be uniformly integrable (this can also be proved directly as is clear from 
the last part of the proof of Theorem 8.5). Finally, under the compact LIL, it 
is necessary that the sequence (Sn/an) is not only bounded in probability, but 
converges to OJ indeed, the sequence of the laws of Sn/ an is necessarily tight 
with 0 as only possible limit point since E/(X) = 0, E/2(X) < 00 for all I in 
B'. Let us note that the stochastic boundedness (and a fortiori convergence 
to 0) of the sequence (Sn/an) also contains the fact that X is centered. (To 
see this, use the analog of Lemma 10.1 for the normalization an.) 

Now, we can present the characterization of random variables satisfying 
the bounded or compact LIL. As is typical in Probability in Banach spaces, 
it reduces in a sense, under necessary and natural moment conditions, the 
almost sure behavior of the sequence (Sn/an) to its behavior in probability. 

Theorem 8.6. Let X be a Borel random variable with values in a separable 
Banach space B. In order that X satisfy the bounded LIL, it is necessary and 
sufficient that the lollowing conditions are fulfilled: 

(i) E(IIXII2 / LLIIXII) < 00; 

(ii) lor each I in B', E/(X) = 0 and E/2(X) < 00; 

(iii) the sequence (Sn/an) is bounded in probability. 

In order that X satisfy the compact LIL, it is necessary and sufficient that (i) 
holds and that (ii) and (iii) are replaced by 

(ii') EX = 0 and {/2(X) j IE B', 11/11 1} is unilormly integrable; 

(iii') Sn/ an 0 in probability. 
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Proof. Necessity has been discussed above. The proof of the sufficiency for the 
bounded LIL is the main point of the whole theorem. We will show indeed 
that for some numerical constant M, for all symmetric random variables X 
satisfying (i), we have 

(8.19) A(X) = lim sup II Snll M(u(X) + L(X)) 
n ..... oo an 

Since u(X) < 00 under (ii) ((8.15)) and since (iii) implies that L(X) < 00 

by Lemma 7.2, this inequality (8.19) contains the bounded LIL, at least for 
symmetric random variables but actually also in general by symmetrization 
and Lemma 7.1. From (8.19) also follows the compact version. Indeed, by 
Lemma 7.2, L(X) can be chosen to be 0 by (iii') and, by symmetrization 
and Lemma 7.1, the inequality also holds in this form (with L(X) = 0) for 
non-necessarily symmetric random variables satisfying (i) and (iii'). This es-
timate applied to quotient norms by finite dimensional subspaces then yields 
the conclusion. More precisely, if F denotes a finite dimensional subspace 
of B and T = TF the quotient map B -t B/F, we get from (8.19) that 
A(T(X)) Mu(T(X)). Under (ii'), u(T(X)) can be made arbitrarily small 
with large enough F (show for example, as in the proof of Theorem 8.5, that 
u(X _XN) -t 0 where XN = EAN X). The sequence (Sn/an) then appears as 
being arbitrarily close to some bounded set in the finite dimensional subspace 
F, and is therefore relatively compact (Lemma 2.2). Hence X satisfies the 
compact LIL under (i), (ii') and (iii'). 

Thus, we are left with the proof of (8.19). To this aim, we use the isoperi-
metric approach as developed for example in the preceding chapter on the 
SLLN. We intend more precisely to apply Theorem 7.5. In order to verify the 
first set of conditions there, we employ Lemmas 7.6 and 7.8. The integrability 
condition E(IIXI12 / LLIIXID < 00 is equivalent to saying that for every e > 0 

n 

Let e > 0 be fixed. Setting together the conclusions of Lemmas 7.6 and 7.8 we 
see that (taking q = 2Ko) there exists a sequence of integers (kn ) such that 
Ln 2-k" < 00 for which 

where is the r-th largest element of the sample L in 
Theorem 7.5 is less than L(X) (contraction principle) and, for each n, 
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2n a(X)2 so that (7.4) is satisfied with, for example, C = a(X). The conclusion 
of Theorem 7.5, with q = 2Ko, is then 

n 

Since E: > 0 is arbitrary and a2n rv y2a2n-1, inequality (8.19) follows from the 
Borel-Cantelli lemma and the maximal inequality of Levy (2.6). Theorem 8.6 
is thus established. 

While Theorem 8.6 provides a rather complete characterization of random 
variables satisfying the LIL, hypotheses on the distribution ofthe partial sums 
rather than only on the variable have to be used. It is worthwhile to point out 
at this stage that in a special class of Banach spaces, it is possible to get rid of 
these assumptions and to state the characterization in terms of the moment 
conditions (i) and (ii) (or (ii')) only. Anticipating on the next chapter as we 
did with the law of large numbers, say that a Banach space B is of type 2 if 
there is a constant C such that for any finite sequence (Yi) of independent 
mean zero random variables with values in B, we have 

JEIIL: Yil1 2 
C L: JEllYil1 2 • 

i i 

Hilbert spaces are clearly of type 2; further examples are discussed in Chapter 
9. In type 2 spaces the integrability condition JE(IIXII2 / LLIIXID < 00 implies, 
with JEX = 0, that Sn/ an - 0 in probability, hence the nicer form of Theorem 
8.6 in this case. Let us prove this implication. 

Lemma 8.7. Let X be a mean zero random variable with values in a type 
2 Banach space B such that JE(IIXI1 2 / LLIIXII) < 00 Then Sn/an _ 0 in 
probability. 

Proof. We show that if X is symmetric and JE(IIXII 2 / LLIIXII) < 00, then 
JEIISnli/an - 0 which, by Lemma 6.3, implies the lemma. For each n, 

n 

JEIISnll JEIIL: + nJE(IIXIII{IIXII>an}) . 
i=l 

A simple integration by parts shows that, under JE(IIXII2 / LLIIXID < 00, 

lim }) = o. 
n-+CX) an n 

By the type 2 inequality (and symmetry), 



216 8. The Law of the Iterated Logarithm 

For each t > 0, the square of the right hand side of this inequality is seen to 
be smaller than 

Ct2 C 2 Ct2 ( IIXII2 ) 
2LLn + 2LLn E(IIXII 2LLn + CE LLIIXII I{lIXII>t} . 

Letting n, and then t, go to infinity concludes the proof. 

As announced, Lemma 8.7 implies the next corollary. 

Corollary 8.8. Let X be a Borel random variable with values in a separable 
type 2 Banach space B. Then X satisfies the bounded (resp. compact) LIL if 
and only if E(IIXII2 / LLIIXII) < 00 and Ef(X) = 0, E/2(X) < 00 for all / 
in B' (resp. {j2(X) ; / E B', II/II 1} is uniformly integrable). 

Remark 8.9. Theorem 8.6 has been presented in the context of Radon ran-
dom variables. However, its proof clearly indicates some possible extensions 
to some more general settings. This is in particular completely obvious for 
the bounded version which, as in the case of Kolmogorov's LIL, does not re-
quire any approximation argument. With some precautions, extensions of the 
compact LIL can also be imagined. We leave this to the interested reader. 

8.3 On the Identification of the Limits 

In this last paragraph, we would like to describe various results and examples 
concerning the limits of the sequence (Sn/an) in the bounded form of the LIL 
for Banach space valued random variables. We learned from Theorem 8.5 that 
when the sequence (Sn/an) is almost surely relatively compact in B, then, 
with probability one, 

(8.20) lim d (Sn , K) = 0 
n-HXl an 

and 

(8.21) C(!:) = K 
where K = Kx is the unit ball of the reproducing kernel Hilbert space asso-
ciated with the covariance structure of X and K is compact in this case. In 
particular also, 

(8.22) A(X) = lim sup IISnll = a(X) = sup (E/2(X»)1/2 
n-+oo an 11/119 

(recall a(X) = sUPxEK IIxll). One might now be interested in knowning if these 
properties still hold, or what they become, when for example X only satisfies 
the bounded LIL and not the compact one, or even, for (8.21), when X simply 
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satisfies JEf(X) = 0 and JEP(X) < 00 for all f in B' (in order for K to be 
well defined). To put the question in a clearer perspective, let us mention the 
example (cf. [Kue6]) of a bounded random variable satisfying the bounded 
LIL but for which the cluster set C(Sn/an) is empty. Further examples of 
pathological situations have been observed in the literature. Here, we would 
like to briefly describe some positive results as well as some open problems. 

We start with the remarkable results of K. Alexander [Ale3] on the cluster 
set. Let X be a Borel random variable with values in a separable Banach space 
B such that JEf(X) = 0 and JEf2(X) < 00 for every f in B'. As we have seen 
in the first part of the proof of Theorem 8.5, almost surely C(Sn/an) C K 
where K = Kx. From an easy zero-one law, it can be shown that the cluster 
set C(Sn/an) is almost surely non-random. It can be K, and can also be the 
empty set as alluded to above. As a main result, it is shown in [Ale3] that 
C(Sn/an) can actually only be empty or oK for some 0 in [0,1], and examples 
are given in [Ale4] showing that every value of 0 can indeed occur. Moreover, a 
series condition involving the laws of the partial sums Sn determines the value 
of o. More precisely, we have the following theorem which we state without 
proofrefering to [Ale3]. 

Theorem 8.10. Let X be a Borel random variable with values in a separable 
Banach space B such that JEf(X) = 0 and JEf2(X) < 00 for every f in B'. 
Let 

0 2 = sup{.e OJ Ln-.BlP{IISm/amll < c for some 2n - 1 < m:::; 2n} 
n 

= 00 for all c > 0 } 

whenever this set is not empty. Then C(Sn/an) = oK, or 0 when this set is 
empty. In particular, 0 = 1 when Sn/ an - 0 in probability. 

These results settle the nature of the cluster set C(Sn/an). Similar ques-
tions can of course be asked concerning (8.20) and (8.22). Although the results 
are less complete here, one positive fact is available. We have of course to as-
sume here that X satisfies the bounded LIL, that is, by Theorem 8.6, that 
JE(IIXII 2 / LLIIXII) < 00, a(X) < 00 and (Sn/an) is bounded in probability. 
It turns out that when this last condition is strengthened into Sn/an - 0 
in probability, one can prove (8.20) and (8.22) with K = Kx, whether K 
is compact or not. This is the object of the following theorem, the proof of 
which amplifies some of the techniques of the proof of Theorem 8.2 and which 
provides rather a complete description of the limits in this case. As we will 
see, the general situation may be quite different. 

Theorem 8.11. Let X be a Borel random variable with values in a separable 
Banach space B. Assume that JEX = 0, JE(IIXII2 / LLIIXII) < 00, a(X) 
sUPllfIl9(JEf2(X))1/2 < 00 and that Sn/an - 0 in probability. Then 
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(8.23) A(X) = liinsup /lSn/l = u(X) almost surely. 
n-+oo an 

Moreover, 

(8.24) d(!: ,K) = 0 and C(!:) = K 

with probability one where K = Kx is the unit ball of the reproducing kernel 
Hilbert space associated with the covariance structure of X. 

Proof. It is enough to prove (8.23); indeed, replacing the norm of B by the 
gauge of K + eB1 where Bl is the unit ball of B, it is easily seen that 
d(Sn/an, K) -+ O. Identification of the cluster set follows from Theorem 8.10 
since Sn/an -+ 0 in probability. To establish (8.23), by homogeneity and the 
scalar LIL, we need only show that A(X) 1 when u(X) = 1. As in the 
proof of Theorem 8.2 (see (8.6)), by the Borel-Cantelli lemma and Ottaviani's 
inequality (Lemma 6.2), it suffices to prove that for all e > 0 and p > 1 

where mn = [pn], n 1 (integer part). 
Let 0 < e 1 and p > 1 be fixed. For every integer n and every f, h in 

the unit ball U of B', set 

Let further N(U,d2;c) be the minimal number of elements h in U such that 
for every f in U there exists such an h with d2 (f, h) < c. As in the proof 
of Theorem 8.2, we first need an estimate of the size of these entropy num-
bers when n varies. However, with respect to Lemma 8.3, it does not seem 
possible to use the Sudakov minoration for Rademacher processes since the 
truncations do not appear to fit the right levels. Instead, we will rather use 
the Gaussian minoration via an improved randomization property which is 
made possible since we are working with identically distributed random vari-
ables. Let respectively (cd and (gi) be Rademacher and standard Gaussian 
sequences independent of (Xd. Under the assumptions of the theorem, we 
have 

(8.25) 

If X is symmetric, the limit on the left of (8.25) is seen to be 0 using 
Lemma 7.2 (since Sn/an -+ 0 in probability) and the elementary fact that 

= 0 under 1E(IIX/l2/LLIIXID < 00. By sym-
metrization, the left of (8.25) also holds in general since X is centered (Lemma 
6.3). One can also use for this result Corollary 10.2 for an. Concerning Gaus-
sian randomization, we refer to Proposition lOA below and the comments 
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thereafter. Using the latter property and the Gaussian Sudakov minoration, 
the proof of Lemma 8.3 is trivially modified to this setting to yield the ex-
istence of a sequence (an) of positive numbers tending to 0 such that for all 
large enough n's 

(8.26) 

According to this result, we denote, for each nand f in U, by hn(f) an 
element of U such that d2 (f, hn (f)) < c in such a way that the set Un of all 
hn(f)'s has a cardinality less than exp(anLLmn). We can write 

where Vn = {J - hn(f); fEU} C 2U. The main observation concerning Vn is 
that E(h2 (X)I{II X II:<:=:a"'n}) :S: c2 for all h in Vn and all n. Although the proof 
of Theorem 8.6 and (8.19) through Theorem 7.5 is described in the setting of 
a single true norm of a Banach space, it is clear that it also applies to more 
general norms which might depend on n on the block of size m n . In this way, 
it is just a mere exercise to verify that for some numerical constant C, 

We are thus left to show that, for some C > 0, 

(8.27) 

Let fj = fj(c) > 0 to be specified in a moment and set, for each n, Cn = 
fjmn/a mn · Define, for every n, i :S: m n, and f in U, 

Yi(f, n) = max ( -Cn , min(J(Xi ) , cn)) - E(max( -Cn , min(f(Xi ) , cn ))) . 

Note that IYi(f,n)1 ::; 2cn and E(Yi(f,n)2) ::; 1. By Lemma 1.6 applied to 
the sum of the independent mean zero random variables Yi (f, n), i :S: m n, it 
follows that 

> (1 +c)amn}:s: 2CardUn exp(-(1 +c)LLmn) 

provided fj = fj(c) > 0 is small enough so that 2 - exp(2(1 + c)fj) 2: (1 + c)-I. 
By (8.26), it already follows that 

(8.28) 

Now consider Zi(f,n) = f(X i ) - Yi(f,n), i :S: m n, fEU, n 2: 1. Note that, 
by the centering of the f(Xd's, 
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1EIZi(J,n)1 :::; 21E(IIXIII{lIxlI>cn })· 

The integrability condition 1E(lIXII2 / LLIIXII) < 00 is equivalent to saying that 
En f3n < 00 where 

f3n = (L;:;n)2 1P{IIXII > en} 

(elementary verification). There exists a sequence (Tn) such that In 2 f3n, 
En In < 00, which satisfies the regularity property In+l :::; p1/ 3,n for every 
n (recall that p > 1). It is then easily seen that for every n, 

for some constants C1(p,8), C2(p,6) > o. Consider the set of integers L = 
{n; 2C2(p,6hnLLmn :::; E}. The preceding estimate indicates that for all 
n E L, fEU and i :::; m n , 

We use this property to show that if n E L is large enough, 

(8.29) 

Indeed, from Theorem 4.12, (8.25) implies 

hence, by Lemma 6.3, 

from which the announced property (8.29) follows. 
The main interest in the introduction of the absolute values in (8.29) is that 

it allows to use the isoperimetric inequality (6.16) in a very simple manner. It 
provides us indeed with the crucial monotonicity property (cf. Remark 6.18 
about positive random variables). More precisely, let n ELand set 
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A = {w E ilj sup IZi(J,n)(w)l::; 4Wmn}. 
!EU i=1 

Then P(A) 2: 1/2 by (8.29) (at least for n large). Now, if, for w E il, there 
exist wI, ... , wq in A such that Xi(W) E {Xi(W 1 ), • .. , Xi(wq )} except perhaps 
for at most k values of i ::; m n , then 

mn k q mn 

sup L IZi(J,n)(w)1 ::; L IIZi(W)II* + L sup L IZi(J, n)(wl)1 
!EUi=1 i=l l=I!EUi=1 

k 

::; L IIZi(W)II* + 4qwmn 
i=l 

where (liZill*) denotes the non-increasing rearrangement of the family 
(liXili + Hence, the isoperimetric inequality (6.16) ensures that 
for k 2: q 

p{sup IZi(J, n)1 > (1 + 4Q)Wmn} ::; (Ko)k + p{t IIZill* > w mn } . 
!EU i=1 Q i=1 

If we now choose q = 2Ko and k = kn as in the proof of Theorem 8.6 using 
the integrability condition 1E(IIXII2 / LLIIXII) < 00, we get 

(8.30) 

Combining (8.28) and (8.30), we see that in order to establish (8.27) and 
to conclude the proof of the theorem, we have to show that for some numerical 
constant C > 0, 

(8.31 ) 

We follow very much the pattern of the case n E L. Let now = m n /4wmn , 
and define Y!(J,n), Z:(J,n) as Yi(J,n), Zi(J,n) before but with instead of 
Cn. Now, we observe, since O"(X) ::; 1, that 

Exactly as what we did with Zi(J,n), we can get from the isoperimetric ap-
proach that 

(8.32) 

Concerning Y/(J, n), the exponential inequality of Lemma 1.6 shows that 
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1P{ sup It Yi'(J, n)1 > Wmn} :$ 2Card Un exp( _£2(2 - ve)LLmn) 
!EUn i=l 

:$ 2exp ( -( £: - an )LLmn) 

where we have used (8.26). Now, if n f/. L, LLmn > c(2G2(p,6)-Yn)-1 where 
Ln "In < 00. Since an -. 0, we clearly get that 

from which, together with (8.32), (8.31) follows. This completes the proof of 
Theorem 8.11. 

Theorem 8.11 settles the question of the identification of the limits when 
Sn/an -. 0 in probability. However, very little is known at the present time 
about the limit (8.20), or just only (8.22), in the case of the bounded LIL, that 
is, in the setting of Theorem 8.11, when (Sn/an) is only bounded in probabil-
ity (cf. Theorem 8.6). The limsup A(X) need not be equal to a(X) and has to 
take into account the stochastic boundedness of (Sn/an), for example through 
r(X) = limsuPn_HXl EIiSn/anll (cf. [A-K-LJ). One might wonder which func-
tion of a(X) and r(X) (or some other quantity equivalent to r(X)) A(X) 
could be. We believe that this study could lead to some rather intricate situa-
tions as suggested by the following example with which we close this chapter. 
Here, we construct an example showing that the condition Sn/ an -. 0 in prob-
ability in Theorem 8.11 is not necessary for the limit limn--+oo d(Sn/an,K) to 
be almost surely O. Let us note that K. Alexander [Ale4] showed that when 
limn--+oo d(Sn/an, K) = 0, then necessarily G(Sn/an) = K. 

Example 8.12. There exists a random variable X satisfying the bounded LIL 
in the Banach space Co such that 

lim d(Sn ,K) = 0 
n--+oo an 

with probability one, with K = Kx the unit ball of the reproducing kernel 
Hilbert space associated with the covariance structure of X, but for which the 
sequence (Sn/an) does not converge in probability to O. 

The construction of this example is based on the following preliminary 
study which appears to be almost canonical and could possibly be useful for 
related constructions. It will be convenient for this study, as well as for the 
example itself, to use the language and notation of empirical processes (cf. 
Chapter 14). 

Let I be a subinterval of [0, 1] of length b divided into p equal subintervals. 
Consider the class 9 of functions on [0,1] defined by 9 = {fA; A is the union 
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of h subintervals (of In. It is implicit that p and h are large enough for all the 
computations that we will develop. With some abuse of notation, we denote 
by (Xi) a sequence of independent variables which are uniformly distributed 
on [0,1]. We study here, for every n, the quantity 

where II cd(Xi)IIQ = sUP!EQ I cd(Xi)1 and, as usual, (cd is a 
Rademacher sequence which is independent of (Xi). First, note that, obvi-
ously, Card{i:S n; Xi E I} so that 

(8.33) 

Now, let us try to improve this general estimate for relative values of n. To 
this aim, we use Bennett's inequality (6.10) from which we easily deduce that, 
for all f in 9 and all t > 0, 

where a 2 = hb/p, O(u) = u when 0 < u :S e, O(u) = elogu when u e 
and where C1 is some (large) numerical constant. Consider now to such that 
toO(to/na2 )/C1 hlogp Since Cardg :S ph = exp(hlogp) and 0 is 
increasing, for all t to, 

Now, by an integration by parts and the definition of to, it follows that 
Ell cd(Xi)IIQ :S 3to. It is easily verified that when n C1plogp/e2b, 
one may take to to be VC1 y'rih(blogp/p)1/2 whereas when n :S C1plogp/e2b 
we can take 

C1ehlogp 
to = 

log ( . 

Thus, we have obtained, combining with (8.33), that: 

(8.34) 

(8.35) if n < C 1 . P log p 
- e2 b' 
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1 II In (bIOgp ) 1/2 (8.36) vinE t;t£i!(Xi ) g:::; 3V C1h -p- if n> C1 • plogp 
- e2 b 

Since the right hand side of (8.35) is decreasing in n (for the values of n that 
we consider), we obtain a first consequence of this investigation. Below, C 
denotes some numerical constant possibly varying from line to line. 

Corollary 8.13. If m 2: h/b, 

h (blogp ) 1/2) . 

p 

Corollary 8.14. If m 2: h/b and, in addition, C1p 2: m2 , 

1 n (h h (blogp ) 1/2) 
sup -EIIL£i!(Xi)11 :::; Cmax fii1 'fii1 - . 

an i=l g p 

To obtain a control which is uniform in n, consider the bound (8.34) for 
r = h/b and the previous corollary. 

Corollary 8.15. If C1p 2: h2 , then 

With this preliminary study and the preceding statements, we now start 
the construction of Example 8.12. Consider increasing sequences of integers 
(n(q», (P(q», (s(q» to be specified later on. Let Iq, Jq, q E N, be disjoint 
intervals in [0,1] where, for each q, Iq has length b(q) = LLn(q)/n(q) and Jq, 
b(q)/s(q). We divide Iq in p(q) equal subintervals and denote by Iq the family 
of these subintervals. We set 

) 1/2 1 a(q) 
a(q) = an(q) = (2n(q)LLn(q) and c(q) = 10 . LLn(q) . 

We set further, always for every q, 

Qq = {c( q)IA; A is union of [n( q)b( q)] intervals of Iq} 

where [.] is the integer part function. We note that for every f in Qq, IIfll2 = 
d(q) where 
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d(q)2 = C(q)2 [n(q)b(q)] 

which is equivalent, for q large, to 2LLn(q)/102p(q). Let Tq be the affine map 
from Jq into Iq. For a function 1 with support in Iq and constant on the 
intervals of J q, set 

( l_d(q)2)1/2 r7:\ 
Uq(j) = 1 + d(q)2 V s(q)1 0 Tq 

so that IIUq(j)1I2 = 111112/d(q). We further set Fq = {Uq(j); 1 E Qq}, = 
{Uq(j) - 1; 1 E Qq}. In particular 111112 = 1 if 1 E Fq. Let F = U Fq. We 
will show that one can choose appropriately the sequences (n(q)), (p(q)), (s(q)) 
such that 

(8.37) 
1 n(q) --II I: c:d(Xi ) II -1+ 0 in probability 

an(q) i=l F 

and, for every u > 0, 

(8.38) 

where Fu = {j E uConv F; 111112:S I}. (The notation II·IIF has the same 
meaning as in the preliminary study.) 

Before we turn to the somewhat technical details of the construction, let 
us show why (8.37) and (8.38) give rise to Example 8.12. Observe that F 
is countable. Let X be the map from [0, 1) x {-I, + I} in co( F) defined by 
X(x,c:) = (c:1(x))fEF. Since the intervals Iq , Jq are disjoint, X actually takes 
its values in the space of finite sequences. That Sn/an -1+ 0 in probability 
follows from (8.37). To establish that limn __ oo d(Sn/an, K) = 0 almost surely 
where K = Kx, it suffices to show (as in Theorem 8.11) that, for every c: > 0, 
limsuPn __ oo IIISn/anlll :s 1 with probability one where III ·111 is the gauge of 
K + c:B1 and B1 is the unit ball of co(F). But the unit ball of the dual norm 
is V = {g E £l(F); IIgll :s l/c:, JEg(X)2 :s I} so that it suffices to have 

1 n 

lim sup sup -I I: c: ig( Xi) I :s 1 almost surely. 
n--oo gEV an i=1 

Let Vo be the elements of V with finite support. Then (8.38) exactly means 
that 

1 n 

lim sup sup -II: c:;g(X;) I :s 1 almost surely. 
n--oo gEVo an ;=1 

Since Vo is easily seen to be dense in norm in V, the conclusion follows. 
Now, let us turn to the construction and the proof of (8.37) and (8.38). 

We will actually construct (by induction) the sequences (p(q)) and (s(q)) from 
sequences (r(q)) and (m(q)) such that r(q - 1) < n(q) < m(q) < r(q) (where 
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each strict inequality actually means much larger). The case q = 1, which is 
similar to the general case, is left to the reader. Therefore, let us assume that 
r(q - 1) has been constructed. We take n(q) large enough such that 

(8.39) LLn(q) 24q , LLc(q) 2q , b(q) 2qp(q - 1) 

(this is possible since c(q) = a(q)/10LLn(q) and b(q) = LLn(q)/n(q)) and 
such that 

(8.40) r( q - 1) . a( q) < 2-q • 

ar(q-l} n(q)-

Then we take p( q) sufficiently large such that 

(8.41) p(q) n(q)4. 

Set m(q) = [(2-qp(q))I/2] and choose then s(q) large enough so that 

(8.42) s(q) 2qm(q)b(q) , s(q)d(ql 1 

and (what is actually a stronger condition) 

(8.43) LLy's(q) p(q). 

We are left with the choice of r(q). To this aim, set l£q = {g E 
2q Conv (Ut::;q Ft) ; IIgll2 I}. 1I.q is a convex set of finite dimension. There 
exists a finite set such that 1I.q C Conv and IIgl12 (1- 2-q- 1 )-1/2 for 
9 E The exponential inequality of Kolmogorov (Lemma 1.6), applied to 
each 9 in easily implies that one can find r( q) such that, for every n r( q) 
and every t with an /2 t 2an , 

and 

(8.45) 

where C is a numerical constant. This completes the construction (by induc-
tion) of the various sequences of integers we will work with. Now, we can turn 
to the proofs of (8.37) and (8.38). 

Let Ti be the event 

Ti = {Vi m(q) , each interval of Iq contains at most one Xi}. 

Clearly, if Ti'c is the complement of Ti, 
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and thus, by definition of m(q) and the fact that b(q) :::; 1, p(Ti'C) :::; Tq. 
Similarly, let 

= {Vi:::; m(q) , Xi ¢ Jq }. 

Then :::; m(q)b(q)/s(q) :::; Tq by (8.42). We can then already show 
(8.37). From these estimates indeed, for every q large enough, on a set of 
probability bigger than i/3 (for example), there are at least [n(q)b(q)] points 
Xi, i :::; n(q), in Iq which are in different intervals of Iq and not in Jq. 
Therefore, there exists a union A of [n(q)b(q)] intervals of Iq such that 

edA(Xi ) I Since c(q)n(q)b(q) = a(q)/lO, it follows that, 
for all large enough q's, 

from which (8.37) clearly follows. 
We tum to (8.38) which is of course the most difficult part. Let us fix 

u > 0 and recall that :F 'U = {f E uConv:F j II I 112 :::; I}. As in the proof of 
Theorem 8.11, it suffices to show that for all > 1, p > 1, 

1 p(n) 

lim sup --ilL ed(Xi ) II :::; almost surely 
n-+oo ap(n) i=l :Fu 

(8.46) 

where p(n) = [pn]. We set 1Nl = Uq[r(q -1),m(q)] and 1N2 = Uq[m(q),r(q)] 
(as subsets of integers) and to study separately limsupp(n)EJN1 and 
limsupp(n)EJN2 ' Let us first consider the limsup when p(n) E 1N2 • We shall 
use the proof of Theorem 8.11 from which we know that we will get a lim-
sup less than or equal to 1 under the conditions E(g2 / LLg) < 00 where 
9 = II/II:F = sUP/E:F III and 

(8.47) 

To check the integrability condition, let gq = III. The gq'S have dis-
joint supports. Moreover, q 

( 1 - d(q)2)1/2 
gq = c(q)iJq + c(q) d(q)2 Js(q)IJq 

c(q) r:t:\ 
:::; c(q)iJq + d(q) V s(q)IJq • 

It follows that, for all large q's, 

E(l/LLg2) < c(q)2b(q) + c(q)2b(q) 
q q - LLc(q) d(q)2LLJs(q) 

< 1 + p(q) 
- LLc(q) LLn(q)LLJs(q) 
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which gives rise to a summable series by (8.39) and (8.43). Turning to (8.47), 
let n E [m(q), r(q)]. Note that :F C 'H.q U:Fq U so that 

1 n 1 n 1 n 

an JElltred(Xi)ll:F an JElltred(Xi)ll1iq + an JElltred(Xi)ll:Fq 
1 n 

+ an JElltrei!(Xi)IIUt>q:Ft 
= (I) + (II) + (III) . 

By (8.45), the limit of (I) is zero. Concerning (III), for i > q we have (cf. 
(8.33)) 

so that, since n r(q), 

by (8.40). On the other hand, by (8.42), 

JEllted(Xi)II, n nc(i)b(i) n , 
i=l (it V s(i) n 

and thus, as before, we get JEll an 2-1.. It follows that 
JEll ed(Xi)lI:Ft an 2-H1 and therefore that (III) 2-q+2. Hence, 
the limit of (III) is also zero. We are left with (II). As for (III), we write that 

We evaluate (IV) and (V) by the preliminary study. For (IV), we let there 
b = b(q), h = [n(q)b(q)], p = p(q) and m = m(q). For q large enough, the 
definition of m(q) (m(q) = [(2- qp(q))1/2]) shows that we are in a position to 
apply Corollary 8.14. Since b(q) 1 and c(q)n(q)b(q) = a(q)/lO, it follows 
that, for some numerical constant C and all large enough q's, 

(( n(q) )1/2 (n(q) )1/2) 
(IV) Cmax m(q) 'p(q) logp(q) . 

By the choice of p(q) n(q)4, we have m(q) 2-q- 1n(q)2, from which, 
together with (8.39), we deduce that (IV) tends to o. Using Corollary 8.15 
with b = b( q)/ s( q), h = [n( q)b( q)] and p = p( q), the control of (V) is similar 
by (8.43). We have therefore established in this way that (8.47) holds and thus 
(8.46) holds along p(n) E 1N2. 
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In the last part of this proof, we establish (8.46) when p(n) E ]Nl. For 
5 . 

each q, consider Tq = ni=l where 

Ti = {Vi m(q) , each interval of Iq contains at most one Xi}, 

T: = {Vi m(q) , Xi Jq u Ul>q(Il U Jd, 

T; = {for 2-2qn(q) n m(q) , Card{i nj Xi E Iq} S 2e2nb(q)} , 

T:'= {for Tqn(q)/LLn(q) S n S T 2qn(q) , 
Card{i S n j Xi E Iq} e22-q+1an /c(q)} , 

T: = {Vi S Tqn(q)/LLn(q) , Xi Iq}. 

We would like to show that Eq 1P(T:) < 00. It suffices to prove that 
Eq < 00, i = 1, ... ,5, where is the complement of We have 
already seen that 1P(T,J'C) S 2-q • For i = 2, note that, when i 2:: q, 

b(i) b(i) l 
JP{3i S m(q) , Xi E Je} S m(q) s(i) m(i) s(i) S 2-

by (8.42). When i > q, by (8.39), 

JP{3i S m(q) , Xi Ell} S m(q)b(i) S p(q)b(i) S p(i -1)b(i) Tl. 

Hence 1P(T;'C) 3· 2-q • Concerning T:, one need simply note that \Iq \ = 
b(q) = LLn(q)/n(q). For i = 3,4, we use the binomial bound (1.16) which 
implies in particular 

(8.48) JP{ B(n, r) 2:: tn} exp - 1 exp( -tn) 

when t 2:: e2r (for example), where B (n, r) is the number of successes in a run 
of n Bernoulli trials with probability of success r and 0 < t < 1. We have 

T: c n {Card {i S T 2qHn( q) j Xi E Iq} S e22-2qHb( q)} . 

Then, taking in (8.48) r = b(q) and t = e2r (q large), we have 

JP(T;'C) L exp( _e22-2qHn(q)b(q») . 

Since n( q)b( q) = LLn( q) 2: 24q by (8.39), it follows that Eq JP(T:) < 00. 

Concerning Ti, set v(i) = [2-qHn(q)/LLn(q)]. Then 

T: c n{Card{i v(i) j Xi E Iq} S e2T qav (l)/c(q)} 

where the intersection is over every i 2:: 0 such that v(i) S 2-2qn(q), i.e. 
2l S 2-QLLn(q). Take then in (8.48), t = e22-qav (l)/v(i)c(q), r = b(q) and 
n = v(i). Since 2l S 2-QLLn(q), one verifies that, at least for q large enough 
(by (8.39», t 2: e2r. Hence 
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P(T:'C) :::; L exp( -e22-qav(i)/c(q)) . 

Since aVJ.i)/c(q) 2-q/2H/2(LLn(q))1/2, one concludes as for i = 3 that 
Lq P(Tq ,C) < 00. Thus, we have established that Lq < 00. 

For every q (large enough), set now 

p(n) 

Pq = L p{IILci/(Xi)11 >eap(n)j Tq}. 
i=l :Fu 

The proof will be completed once we will have shown that Lq Pq < 00. Take q 
large enough so that 2q > u. On Tq , none ofthe Xi'S, i :::; p(n) :::; m(q), is in Jt 
for l q or It for l > q (definition of Ti). On the other hand, the restriction 
of a function of ru to Iq n Jq belongs to rq,u = {J E uConvrq j IIfll2 :::; I} 
and its restriction to Ui<q It. U Jt. is in 'Hq-l. Thus, we have 

(8.49) 

Lemma 8.16. For every c > 0, there exists qo = qo(c) such that for all q qo 
and r(q - 1) :::; p(n) :::; m(q), one can find numbers e(n,q) with the following 
properties: 

(8.50) on Tq , 

(8.51) there exists M = M(c,qo) 
such that Card{nj e(n,q) > cap(n)}:::; Mj 

(8.52) e( n, q) :::; . 

Before we prove this lemma, let us show how to conclude with it. By (8.49) 
and (8.50) 

Using p(n) r(q - 1), we may now use (8.44) and estimate the latter proba-
bility by 
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2exp [- - Tq+1)] . 

In (8.51), take c: > 0 to be such that - c: > 1. If Wp(n)' 
- c:)ap(n) and the preceding gives rise to a summable 

series. For each q qo), the number of (n, q) > Wp( n) is controlled by M 
and thus, using (8.52), there is a contribution of at most 

M exp ( -118LLn(q -1)) 

which defines the current term of a summable series by (8.39). 

Proof of Lemma 8.16. The crucial point is the following. If 9 E :Fq,u, let f be 
the restriction of 9 to Iq. Then 9 = Uqf. Therefore, 1 IIUqfl12 = IIfIl2/d(q) 
so that IIfll2 d(q). (The first reader who has comprehensively reached this 
point of the construction is invited, first to bravely pursue his effort until 
the end, and then to contact the authors (the second one!) for a reward as 
a token of his perseverance.) Let n be fixed, n m(q), and assume that we 
are on Tq. Let N = Card {i n; Xi E Iq} so that, by Cauchy-Schwarz, 

f(Xi )2)1/2. Since on Tq (TJ) the Xi'S are in distinct 
intervals of I q , we have 

t f(Xi)2 L (value of f on 1)2 = 
i=1 IEIq q 

< d( )2P(q) < 2- . LLn(q) 
- q b(q) - 100 b(q)' 

When n 2-2qn(q), N 2e2nb(q) 20nb(q) (by TJ) so that 

n (2 )1/2 L If(Xi)1 -nLLn(q) 
i=1 5 

and therefore in this case 

Therefore, when n > 2-2qn(q) and n(q) is so large that LL(2-2qn(q)) > 
!LLn(q), we have 

(8.53) 

On the other hand, obviously (cf. (8.33)), 
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and thus, when n 2: n(q), 

(8.54) 
1 n ( ( )) 1/2 -11'Lc:d(Xi)11 ::; '!!....!L 

an i=l Fu,q 10 n 

Finally, we can write again 

n n 

11'Lc:d(Xi)11 ::; ull'Lc:d(Xi)11 ::; uc(q)Card{i::; nj Xi E Iq}. 
i=l Fu,q i=l F 

When n 2: T2qn(q) (by Ti)' 

lit c:d(Xi)IIFu,q ::; 20unc(q)b(q) = 2un 

and therefore 

(8.55) 2-lltC:d (Xi)11 ::; 
an i=l Fu,q n( q) 

(where it is assumed as before that q is large enough so that LL(2-qn(q)) 2 
When n ::; 2-2qn(q), by Ti, Ti, Card{i ::; Nj Xi E Iq} ::; 

20· 2-qan/c(q) and thus 

(8.56) 

Recall that u is fixed. Then, we can simply take 

{ 

20u2-qap(n) if p( n) ::; 2-2qn( q) , 

= if2-2qn(q)::; p(n)::; n(q) , 

min (iap(n) ' 1/2 ap(n)) if p( n) 2 n( q) . 

By (8.53) - (8.56), the numbers q) satisfy all the required properties. This 
completes the proof of Lemma 8.16 and therefore of Example 8.12. 
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Notes and References 

Before reaching the rather complete description that we give in this chapter, 
the study of the law of the iterated logarithm (LIL) for Banach space valued 
random variables went through several stages of partial results and under-
standing. We do not try here to give a detailed account of the contributions 
of all the authors but rather concentrate only on the main steps of the history 
of these results. The exposition of this chapter is basically taken from the pa-
pers [L-T2] and [L-T5]. Let us mention that the LIL is an important topic in 
Probability Theory and one particular aspect only is developed in this work. 
For a survey of various LIL topics, we refer to [Bin]. 

Kolmogorov's LIL appeared in 1929 [Ko] and is of extraordinary accuracy 
for the time. A. N. Kolmogorov used sharp both upper and lower exponential 
inequalities (carefully described in [Sto]) presented here as Lemma 1.6 and 
Lemma 8.1. The extension to the vector valued setting in the form of Theorem 
8.2 first appeared in [L-T4] with a limsup only finite. The best result presented 
here is new. A first form of the vector valued extension is due to J. Kuelbs 
[Kue4]. 

The independent and identically distributed scalar LIL is due to P. Hart-
man and A. Wintner [H-W] (with the proof sketched in the text) who ex-
tended previous early results in particular by Hardy and Littlewood and by 
Khintchine. In particular, A. Khintchine showed (8.8) for a Rademacher se-
quence and was the first to use blocks of exponential sizes. The necessity of 
the moment conditions was established by V. Strassen [St2]i the simple ar-
gument presented here is taken from [Fe2]. The simple qualitative proof by 
randomization seems to be part of the folklore. For the converse using Gaus-
sian randomization, we refer to [L-T2]. Strassen's paper [Stl] is a milestone 
in the study of the LIL and strongly influenced the infinite dimensional devel-
opments. Various simple proofs of the Hartman-Wintner-Strassen scalar LIL 
are now available, cf. e.g. [Ac7] and the references therein. 

The setting up of the framework of the study of the LIL for Banach space 
valued random variables was undertaken in the early seventies by J. Kuelbs 
(cf. e.g. [Kue2]). Theorem 8.5 belongs to him [Kue3] (however assuming a 
finite strong second moment, a hypothesis removed in [Pi3]). The definition 
of the reproducing kernel Hilbert space of a weak-L2 random variable and 
the Lemma 8.4 on the compactness of its unit ball combine observations of 
[Kue3], [Pi3] and [G-K-Z]. The progresses leading to the final characteriza-
tion of Theorem 8.6 were numerous. To mention some of them, R. LePage 
[LP1] first showed the result for Gaussian random variables and G. Pisier 
[Pi3] established the LIL for square integrable random variables satisfying the 
central limit theorem, a condition weakened later into the boundedness or 
convergence to 0 in probability of the sequence (Sn/an) by J. Kuelbs [Kue4]. 
The first true characterization of the LIL in some infinite dimensional space 
is due to V. Goodman, J. Kuelbs and J. Zinn [G-K-Z] in Hilbert space after 
a preliminary investigation by G. Pisier and J. Zinn [P-Z]. Then, succesively, 
several authors extended the conclusion to various classes of smooth normed 



234 8. The Law of the Iterated Logarithm 

spaces [A-K], [Led2], [Led5]. The final characterization was obtained in [L-T2] 
using a Gaussian randomization technique already suggested in [Pi2] and put 
forward in the unpublished manuscript [Led6] where the case of type 2 spaces 
(Corollary 8.8) was settled. Lemma 8.7 is taken from [G-K-Z]. The short proof 
given here based on the isoperimetric approach of Section 6.3 is taken from 
[L-T5]. Its consequence to the relation between the LIL and the CLT is dis-
cussed in Chapter 10, with results of [Pi3], [G-K-Z], [He2] in particular. 

The remarkable results on the cluster set C(Sn/an) presented here as 
Theorem 8.10 are due to K. Alexander [Ale3], [Ale4]. Among other results, he 
further showed that, when EIIXII2 < 00, C(Sn/an) is almost surely empty if it 
does not contain 0 or, equivalently, if (and only if) liminfn-+oo JEIISnll/an > O. 
Prior observations appeared in [Kue6], [G-K-Z] and in [A-K] where it was first 
shown that C(Sn/an) = K when Sn/an -+ 0 in probability (a result to which 
the first author of this monograph contributed). Theorem 8.11 is taken from 
[L-T5]. Some observations on possible values of A(X) in case of the bounded 
LIL may be found in [A-K-L]. Example 8.12, in the spirit of [Ale4], is new and 
due to the second author. 



Part II 

Tightness of Vector Valued 
Random Variables and Regularity 

of Random Processes 



9. Type and Cotype of Banach Spaces 

The notion of type of a Banach space already appeared in the last chapters on 
the law of large numbers and the law of the iterated logarithm. We observed 
there that, in quite general situations, almost sure properties can be reduced 
to properties in probability or in L p , 0 :S p < 00. Starting with this chapter, 
we will now study the possibility of a control in probability, or in the weak 
topology, of probability distributions of sums of independent random variables. 
On the line or in finite dimensional spaces, such a control is usually easily 
verified through moment conditions by the orthogonality property 

1EIExi12 = E1EIXd2 
i i 

where (Xi) is a finite sequence of independent mean zero real valued random 
variables (in L2). This property extends to Hilbert space with norm instead 
of absolute values but does not extend to general Banach spaces. 

This observation already indicates the difficulties in showing tightness or 
boundedness in probability of sums of independent vector valued random vari-
ables. This will be in particular illustrated in the next chapter on the central 
limit theorem, which is indeed one typical example of this tightness question. 

However, in some classes of Banach spaces, this general question has rea-
sonable answers. This classification of Banach spaces is based on the concept 
of type and cotype. These notions have their origin in the preceding orthogo-
nality property which they extend in various ways. They are closely related to 
the geometric property of knowing whether a given Banach space contains or 
not subspaces isomorphic to i;. Starting with Dvoretzky's theorem on spheri-
cal sections of convex bodies, we describe these relations in the first paragraph 
of this chapter as a geometric background. A short exposition of some general 
properties of type and cotype is given in Section 9.2. In the last section, we 
come back to our starting question and investigate some results on sums of 
independent random variables in spaces with some type or cotype. In par-
ticular, we complete the results on the law of large numbers as announced 
in Chapter 7. Pregaussian random variables and stable random variables in 
spaces of stable type are also discussed. We also briefly discuss spaces which 
do not contain co. 
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9.1 of Banach Spaces 

Given 1 p 00, recall that denotes R n equipped with the norm 

ifp = 00), a = (al, ... ,an) ERn. When 
1 P 00, n is an integer and c > 0, a Banach space B is said to con-
tain a subspace which is (1 + c) -isomorphic to £; if there exist Xl. • •• , Xn in 
B such that for all a = (ab ... , an) in R n 

lail if p = 00). B contains £;'s uniformly if it contains subspaces 
(1 + c)-isomorphic to £; for all nand c > o. 

The purpose of this paragraph is to present some results which relate 
the set of p's for which a Banach space contains £;'s to some probabilistic 
inequalities satisfied by the norm of B. The fundamental result at the basis 
of this theory is the following theorem of A. Dvoretzky [Dv]. 

Theorem 9.1. Any infinite dimensional Banach space B contains £2 's uni-
formly. 

It should be mentioned that the various subspaces isomorphic to £2 do not 
form a net and therefore cannot in general be patched together to form an in-
finite dimensional Hilbertian subspace of B. We shall give two different proofs 
of Theorem 9.1, both of them based on Gaussian variables and their properties 
described in Chapter 3. The first one uses isoperimetric and concentration in-
equalities (Section 3.1), the second comparison theorems (Section 3.3). They 
actually yield a stronger finite dimensional version of Theorem 9.1 which may 
be interpreted geometrically as a result on almost spherical sections of convex 
bodies (cf. [F-L-M], [Mi-S], [PiI8]). This finite dimensional statement is the 
following. 

Theorem 9.2. For each c > 0, there exists 71(c) > 0 such that every Banach 
space B of dimension N contains a subspace (1 + c)-isomorphic to £2 where 
n = [71( c ) log N]. 

Theorem 9.1 clearly follows from this result. In the two proofs of Theorem 
9.2 we will give, we use a crucial intermediate result known as the Dvoretzky-
Rogers lemma. It will be convenient to immediately interpret this result in 
terms of Gaussian variables. Recall from Chapter 3 that if X is a Gaussian 
Radon random variable with values in a Banach space B, we set u(X) = 
sUPllfIl9(JEf2(X))1/2, and X has strong moments of all orders (Corollary 
3.2). We may then consider the "dimension" (or "concentration dimension") 
of a Gaussian variable X as the ratio 

d(X) = JEIIXII 2 

u(X)2 
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Note that d(X) depends on both X and the norm of B. Since all moments of 
X are equivalent and equivalent to the median M(X) of X, the replacement 
ofEIIXII2 by (EIIXII)2 or M(X)2 in d(X) gives rise to a dimension equivalent, 
up to numerical constants, to d(X). We freely use this observation below. We 
already mentioned in Chapter 3 that the strong moment of a Gaussian vector 
valued variable is usually much bigger than the weak moments u(X). Recall 
for example that if X follows the canonical distribution in RN and if B = lr, 
then u(X) = 1 and lEIIXII2 = N so that d(X) = N. Note that if B = 
then u(X) is still 1 but EIIXII2 is of the order oflog N (cf. (3.14)). One of the 
conclusions of Dvoretzky-Rogers' lemma is that the case of is extremal. 
Let us state without proof the result (cf. [D-Rj, [F-L-Mj, [Mi-Sj, [Pi16j, [TJ]). 

Lemma 9.3. Let B be a Banach space of dimension N and let N = [N /2j 
(integer part). There exist points in B such that IIXili 1/2 for all 
i N and satisfying 

(9.1) 

for all a = (al' ... , in R N . In particular, there exists a Gaussian random 
vector X with values in B whose dimension d(X) is larger than clog N where 
c > 0 is some numerical constant. 

It is easily seen how the second assertion of the lemma follows from the 

first one. Let indeed X = 9iXi where (9i) is orthogaussian. By (9.1), 

On the other hand, since IIxill 1/2 for all i N, by Levy's inequality (2.7) 
and (3.14), 

With this tool, we can now attack the proofs of Theorem 9.2. 

First proof of Theorem 9.2. It is based on the concentration properties of the 
norm of a Gaussian random vector around its median or mean and stability 
properties of Gaussian distributions. We use Lemma 3.1 but the simpler in-
equality (3.2) can be used completely similarly. As a first step, we need two 
technical lemmas to discretize the problem of finding We state 
them in a somewhat more general setting for further purposes. A c-net (c > 0) 
of a set A in (B, 11·11) is a set S such that for every x in A one can find y in 
S with IIx - YII c. 
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Lemma 9.4. For each € > 0 there is 15 = c5( €) > 0 with the following property. 
Let n be an integer and let 111·11 be a norm on Rn. Let further S be a 15-net of 
the unit sphere of (Rn, m· I). Then, if for some Xl, ... ,xn in a Banach space 
B, we have 1 - 15::; II aixill ::; 1 + 15 for all a in S, then 

n 

(1 + �)-1/211Iam ::; IlL aixill ::; (1 + �)1/211Ialll 
i=l 

for all a in Rn. 

Proof. By homogeneity, we can and do assume that IlaW = 1. By definition 
of S, there exists aO in S such that Wa - a011 ::; 15, hence a = aO + Alf3 with 
Wf3m = 1 and IAII ::; 15. Iterating the procedure, we get that a = Ajaj 

with aj E S, I Aj I ::; c5j for all j 2:: O. Hence 

(15 < 1). In the same way, II aixill2:: (1-315)/(1-15). It therefore suffices 
to choose appropriately 15 in function of € > 0 only to get the conclusion. 

The size of a 15-net of spheres in finite dimension is easily estimated in 
terms of 15 > 0 and the dimension, as is shown in the next lemma which 
follows from a simple volume argument. 

Lemma 9.5. Let III . III be any norm on Rn. There is a c5-net S of the unit 
sphere of (Rn, ru ,111) of cardinality less than (1 + 2/c5)n ::; exp(2n/15). 

Proof. Let U denote the unit ball of (Rn, III· liD and let (xik:;m be maximal in 
the unit sphere of U under the relations Illxi -Xjlll > I) for if. j. Then the balls 
Xi + (15/2)U are disjoint and are all contained in (1 + 2/15)U. By comparing 
the volumes, we get m(c5/2t ::; (1 + 2/c5)n from which the lemma follows. 

We are in a position to perform the first proof of Theorem 9.2. The main 
argument is the concentration property of Gausian vectors. Let B be of di-
mension N. By Lemma 9.3 there exists a Gaussian variable X with values in 
B whose dimension is larger than clog N. Let M = M (X) denote the me-
dian of X. Since (Corollary 3.2) M is equivalent to IIXII2, we also have that 
M 2:: c(log N)1/2a(X) where c > 0 is numerical (possibly different from the 
preceding). Let n to be specified and consider independent copies Xl, ... ,Xn 

of X. With positive probability, the sample (Xl"'" Xn) will be shown to span 
a subspace which is almost isometric to More precisely, the basic rotational 
invariance property of Gaussian distributions indicates that if = 1, 
then aiXi has the same distribution as X. In particular, by Lemma 3.1, 
for all t > 0 and al, ... , an with = 1, 
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Now, let c: > 0 be fixed and choose 6 = 6(c:) > 0 according to Lemma 9.4. 
Let furthermore S be a 6-net of the unit sphere of which can be chosen 
of cardinality less than exp(2n/6) (Lemma 9.5). Let t = 6Mj the preceding 
inequality implies 

p{ 3a E S: 11-11> 6} (CardS)exp( 

( 2n 62C2 ) 
exp 6 - -2- 10gN 

since M c(10gN)1/2C7(X). If we assume N large enough (otherwise there 
is nothing to prove), we can choose n = [7] log N] for 7] = 7](6) = 7]( c:) small 
enough such that the preceding probability is strictly less than 1. It follows 
that there exists an w such that for all a in S 

Hence, for Xi = Xi(w)/M, i n, we are in the hypotheses of Lemma 9.4 so 
that the conclusion readily follows. 

The second proof is shorter and neater but relies on the somewhat more 
involved tools of Theorem 3.16 and Corollary 3.21. Indeed, while isoperimetric 
arguments were used in the first proof, this was only through concentration 
inequalities which we know, following e.g. (3.2), can actually be established 
rather easily. The discretization lemmas are not necessary in this second ap-
proach. 

Second proof of Theorem 9.2. If X is a Gaussian random variable with values 
in B, denote by X}, ... , Xn independent copies of X. We apply Corollary 3.21. 
Set ep = inflal=lll aiXi II , iP = sUPlal=l II aiXill· Clearly, 0 ep iP 
and, by Corollary 3.21, 

JEIIXII- VnC7(X) JEep JEiP JEIIXII + VnC7(X). 

It follows that for some w, if JEll X II > VnC7(X), 

iP(w) JEIIXII + VnC7(X) --< . 
ep(w) - JEIIXII- VnC7(X) 

Choose now X in B according to Lemma 9.3 so that JEIIXII > c(log N)1/2C7(X) 
for some numerical c > o. Then, if e > 0 and n = [7]( e) log N] where 7]( c:) > 0 
can be chosen depending on e > 0 only, 
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IEIIXII + y'nu(X) < c(log N)1/2 + y'n < 1 + c 
IEIIXII - y'nu(X) - c(log N)1/2 - y'n - , 

so that 4>( w) (1 + c )<p( w). But now, by definition of <p and 4>, for every 0: in 
R n with 10:1 = 1, 

n 

<p(w) IlL O:iXi(W) II 4>(w). 
i=l 

Hence, setting Xi = Xi(W)j<p(W), i n, for every 10:1 = 1, 

n 

1 IILO:iXil1 1 +c 
i=l 

which means, by homogeneity, that B contains a subspace (1 + c)-isomorphic 
to The proof is complete. 

Let us note that this second proof provides a dependence of TJ( c) in function 
of c in Theorem 9.2 of the order of cc2 where c is numerical. This is best 
possible. Recently, G. Schechtman [Sch5] has shown how the more classical 
isoperimetric approach of the first proof can be modified so as to also yield 
this best possible dependence. 

According thus to Theorem 9.1, every infinite dimensional Banach space 
contains uniformly. Clearly, this does not extend to £;'s for p "# 2 as 
can be seen from the example of Hilbert space. Related to this question, note 
that if, for 0 < p 2, (Oi) denotes a sequence of independent standard p-
stable random variables defined on some probability space (il, A, IP), then, 
when p = 2, (Oi) (which is then simply an orthogaussian sequence) spans £2 
in Lq = Lq(il,A, IP) for every q, whereas for p < 2, (Oi) spans tp in Lq only 
for q < p. 

It is remarkable that, at least in the case 1 p < 2, the set of p's for 
which a Banach space B contains £;'s uniformly can be characterized by a 
probabilistic inequality satisfied by the norm of B. This is what we would like 
to describe in the rest of this section. The case p > 2 will be shortly presented 
once the notion of cotype will be introduced in the next paragraph. 

Let ((}i) denote as usual a sequence of independent standard p-stable ran-
dom variables. For 1 p 2, a Banach space B is said to be of stable type p 
ifthere is a constant C such that for every finite sequence (Xi) in B 

(9.2) 

The integrability properties and moment equivalences of stable random vectors 
(Chapter 5) tell us that an equivalent definition of the stable type property 
is obtained when II . IIp,oo is replaced by any II . lin r < p. Further, in terms 
of infinite sequences and using a closed graph argument, B is of stable type 
p if and only if Ei OiXi converges almost surely whenever Ei IIxiliP < 00. 

In other words, the existence of the spectral measure of the stable variable 
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L:i OiXi determines its convergence. (As we know, cf. (5.13), this is automatic 
when 0 < p < 1 and this is why the range of the stable type is 1 p 2.) 
A Banach space B of stable type p is also of stable type p' for every p' < p. 
This is contained in Proposition 9.12 below but we may briefly anticipate 
one argument in this regard here. We may assume that p > 1. Then, as a 
consequence of the contraction principle (Lemma 4.5), for some C, r > 0 and 
all finite sequences (Xi) in B, 

(9.3) 

In particular, since p' < p, 

IEllLciXilr C'II(xi)II;"oo 
i 

where C ' = C'(r,p,p'). Let now (OD be a standard p'-stable sequence. Since 
(Oi) has the same distribution as (ciOD, this inequality applied conditionally 
yields 

IEIIL O:xilI T 

i 

(choose r < p'). Using now Lemma 5.8 and the basic fact that < 00, 

B is seen to be of stable type p'. 
As a consequence of the preceding, there is some interest to consider the 

number 

(9.4) pCB) = sup{p; B is of stable type p}. 

Examples of spaces of stable type p will be given in the next section once 
the general theory of type and cotype has been developed. Let us however 
mention an important example at this stage. Let 1 q < 2 and let Lq = 
Lq(S, E,J-L) on some measure space (S, E, J-L). Then Lq is of stable type p for 
all p < q. This can be seen for example from the preceding; indeed, a simple 
use of Fubini's theorem together with Khintchine's inequalities shows that 
(9.3) holds with r = p = q. It then follows that Lq is of stable type p. Unless 
finite dimensional, Lq is however not of stable type q. Indeed, according to 
(5.19), the canoniCal basis of fq cannot satisfy the q-stable type inequality 
(9.2). Since the stable type property clearly only depends on the collection of 
the finite dimensional subspaces of a given Banach space, we have similarly 
that a Banach space containing f;'s uniformly (1 p < 2) is not of stable 
type p. The following theorem expresses the striking fact that the converse 
also holds. 

Theorem 9.6. Let 1 P < 2. A Banach space B contains f; 's uniformly if 
and only if B is not of stable type p. 
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Before we turn to the proof, let us first state some important and useful 
consequences of Theorem 9.6. The first one expresses that the set of p's for 
which a Banach space is of stable type p is open. The second answers the 
question addressed in connection with Dvoretzky's theorem for the p's such 
that 1 p 2. Recall p(B) of (9.4). 

Corollary 9.7. Let 1 p < 2. If a Banach space is of stable type p, then it 
is also of stable type P1 for some P1 > p. 

Proo/. It is rather elementary to check that the set of p's in [1,2] for which a 
Banach space contains £;'s uniformly is a closed subset of [1,2]. Therefore its 
complement is open and Theorem 9.6 allows to conclude. 

Corollary 9.S. The set of p's of [1,2] for which an infinite dimensional Ba-
nach space B contains £;'s uniformly is equal to [P(B),2]. 

Proof. If p(B) = 2, B contains £2's uniformly by Theorem 9.1 and if p < 2, B 
is of stable type p and Theorem 9.6 can be applied. By definition of p(B) and 
Corollary 9.7, if p( B) p < 2, B is not of stable type p and therefore contains 
£;'s uniformly whereas for p < p(B), B is of stable type p and Theorem 9.6 
applies again. 

We next turn the proof of Theorem 9.6 and, as for Theorem 9.1, we will 
deduce this result from some stronger finite dimensional version. If B is a 
Banach space and 1 < p < 2, denote by STp(B) the smallest constant C for 
which (9.2) with the L1 -norm on the left (yielding, as we know, an equivalent 
condition) holds. 

Theorem 9.9. Let 1 < p < 2 and q = pip - 1 be the conjugate of p. 
For each c > 0 there exists 'T}p( c) > 0 such that every Banach space B of 
stable type p contains a subspace which is (1 + c)-isomorphic to £; where 
n = ['T}p(c)STp(B)q]. 

This statement clearly contains Theorem 9.6. Indeed, if 1 < p < 2 and B 
is not of stable type p, then STp(B) = 00 and one can find finite dimensional 
subspaces of B with corresponding stable type constants which are arbitrarily 
large and hence, by Theorem 9.9, B contains £;'s uniformly. Since the set of 
p's of [1,2] for which B contains £;'s uniformly is closed, we reach the case 
p = 1 as well. That Banach spaces containing £;'s uniformly are not of stable 
type p has been discussed prior to Theorem 9.6. 

Proof of Theorem 9.9. It will follow the pattern of the first proof of Theorem 
9.2 and will rely, by the series representation of stable random vectors, on the 
concentration inequality (6.14) for sums of independent random variables. Let 
S = by definition of STp(B), there exist some non-zero Xl, ••. , XN 

in B such that 
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N N 

L II xillP = 1 and JE11LOixi11 > S 
i=1 i=1 

(recall that (Oi) is a standard p-stable sequence). (In a sense, this is the step 
corresponding to Lemma 9.3 in Theorem 9.2 but, whereas Lemma 9.3 holds 
true in any Banach space, the stable type constant enters the question here.) 
Let Y with values on the unit sphere of B be defined as Y= ±xdllxill with 
probability IIxillP /2, i N. Let (Y;) be independent copies of Y. Then, as a 
consequence of Corollary 5.5, X = c;1 OiXi has the same distribution as 
,",00 r-1/ P y N ·d L.Jj=1 j j. ow, conSl er 

00 

Z = Lrl/py; 
j=1 

and let (Xi) {resp. (Zi)) denote independent copies of X (resp. Z). Let fur-
thermore a = (al, ... , an) in R n be such that = 1. We first claim 
that inequality (6.14) implies that for every t > 0, 

Indeed, if we have independent copies (Y;,i)i of the sequence (Y;), 

noon 

L aiZi = L L ad-1/ PY;,i 
i=1 j=1 i=1 

which, since the Y;,i are iid and symmetric, has the same distribution as 

where {f3k }k?1 is the non-increasing rearrangement of the doubly-indexed col-
lection {lailr1/p; j ;:::: 1, 1 i n}. It is easily seen, since = 1, 
that f3k k- 1/v , so that {6.14} applied to the preceding sum of independent 
random variables indeed yields (9.5). 

From (9.5), the idea of the proof is exactly the same as that of the proof 
of Theorem 9.2 and the subspace isomorphic to will be found at random. 
However, while the Xi'S are stable random variables and therefore, by the 
fundamental stability property, for = 1, 

n 

(9.6) JE11LaiXi11 = JEIIXII > c;IS, 
i=l 

this is no longer exactly the case for the Z/s. This would however be needed 
in view of {9.5}. But Z is actually close enough to X so that this stability 
property can almost be saved for the Zi'S. Indeed, we know from {5.8} that 
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00 00 

1E11L: Yj (ri l/p - r l/p ) II L: 1Ejrj-l/p - rl/PI = Dp j=l j=l 
where Dp is a finite constant depending on p only. Hence, by the triangle 
inequality and Holder's inequality, for = 1, 

11Ellt aiXill-1Ellt aiZill1 Dp t lail Dpnl/q . i=l i=l i=l 
Let now 6 > 0 and impose, as a first condition on n, that 

(9.7) 

By (9.6), setting M = 1EIIXII, we see that 

n 6M 11E1IL: aiZill- MI 2· i=l 
Hence (9.5) for t = 6M/2 yields 

MI > 6M} 2exp(-6QMQ/2qCq) 

2exp( -6QSQ 

The proof is almost complete. Let R be a 6-net of the unit sphere of which 
can be chosen, according to Lemma 9.5, with a cardinality less than exp(2n/6). 
Then 

Given E: > 0, choose 6 = 6(E:} > 0 small enough according to Lemma 9.4. 
Take then "1 = "1(6) = "7(E:) > 0 such that if n = ["7STp(B}Q] (STp(B) being 
assumed large enough otherwise there is nothing to prove), (9.7) holds and 
the preceding probability is strictly positive. Then, it follows that one can find 
an w such that for every a in JRn 

which gives the conclusion. Theorem 9.9 is thus established. 

9.2 Type and Cotype 

In the preceding section, we discovered how the probabilistic conditions of 
stable type are related to some geometric properties of Banach spaces. We 



246 9. Type and Cotype of Banach Spaces 

start in this paragraph a systematic study of related probabilistic conditions 
named type and cotype (or Rademacher type and cotype). 

As usual, (ci) denotes a Rademacher sequence. Let 1 ::; p < 00. A Banach 
space B is said to be of type p (or Rademacher type p) if there is a constant 
C such that for all finite sequences (Xi) in B, 

(9.8) 

By the triangle inequality, every Banach space is of type 1. On the other 
hand, Khintchine's inequalities indicate that the definition makes sense for 
p ::; 2 only. Note moreover that the Khintchine-Kahane inequalities in the 
form of the equivalence of moments of Rademacher series (Theorem 4.7) show 
that, replacing the p-th moment of Li CiXi by any other moment, leads to an 
equivalent definition. Furthermore, by a closed graph argument, B is of type 
p if and only if Li CiXi converges almost surely when Li IlxillP < 00. 

Let 1 ::; q ::; 00. A Banach space B is said to be of (Rademacher) co type 
q if there is a constant C such that for all finite sequences (Xi) in B 

(9.9) 

By Levy's inequalities (Proposition 2.7, (2.7)), or actually by some easy direct 
argument based on the triangle inequality, every Banach space is of infinite 
cotype whereas, by Khintchine's inequalities, the definition of cotype q actually 
reduces to q :::: 2. The same comments as for the type apply: any moment of 
the Rademacher average in (9.9) leads to an equivalent definition and B is 
of cotype q if and only if the almost sure convergence of the series Li CiXi 

implies Li IIxillq < 00. 

It is clear from the preceding comments that a Banach space of type p 
(resp. cotype q) is also of type p' for every p' ::; p (resp. of cotype q' for every 
q' :::: q). Thus, the "best" possible spaces in terms of the type and cotype 
conditions are the spaces of type 2 and cotype 2. Hilbert spaces have this 
property since there, by orthogonality, 

JEIILciXil12 = L IIXiIl2. 
i i 

It is a basic result of the theory due to S. Kwapien [Kwl) that the converse 
(up to isomorphism) also holds. 

Theorem 9.10. A Banach space is of type 2 and cotype 2 if only if it is 
isomorphic to a Hilbert space. 
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If a Banach space is of type p and cotype q so are all its subspaces. Actually, 
the type and cotype properties are seen to depend only on the collection of 
the finite dimensional subspaces. It is not difficult to verify that quotients of 
a Banach space of type p are also of type p, with the same constant. This is 
no longer the case however for the cotype as is clear for example from the fact 
that every Banach space can be identified to a quotient of L1 and that (see 
below) L1 is of best possible cotype, that is cotype 2. 

To mention some examples, let (S, E, J-t) be a measure space and let Lp = 
Lp(S, E, J-t), 1 p 00. Fubini's theorem and Khintchine's inequalities can 
easily be used to determine the type and cotype of the Lp-spaces. Assume 
that 1 P < 00. Then, Lp is of type p when p 2 and of type 2 for p 2. 
Let us briefly check these assertions. Let (Xi) be a finite sequence in Lp. Using 
Lemma 4.1, we can write 

If p 2, 

whereas, when p 2, by the triangle inequality, 

By considering the canonical basis of £p one can easily show that the preceding 
result cannot be improved, i.e., if Lp is infinite dimensional, it is of no type 
p' > p. It can be shown similary that Lp is of cotype p for p 2 and cotype 2 
for p ::; 2 (and nothing better). Note that L1 is of cotype 2 as we mentioned 
it previously. We are left with the case p = 00. It is obvious on the canoncial 
basis that £1 is of no type p > 1 and Co (or £00) of no cotype q < 00. Since Loo 
isometrically contains any separable Banach space, in particular £1 and Co, 
Loo is of type 1 and cotype 00 and nothing more, and so is Co. Similarly, C(S) 
the space of all continuous functions on a compact metric space S equipped 
with the sup-norm has no non-trivial type or cotype. 

Using the equivalence of moments of vector valued Rademacher averages 
(Theorem 4.7) instead of Khintchine's inequalities, the preceding examples can 
easily be generalized. Let B be a Banach space of type p and cotype q. Then, 
for 1 r 00, Lr(S, E, J-tj B) is of type min(r,p) and of cotype max(r, q). 

Let us mention further that the type and cotype properties appear as dual 
notions. Indeed, if a Banach space B is of type p, its dual space B' is of cotype 
q = p/p - 1. To check this, let (xD be a finite sequence in B'. For each E > 0 
and each i, let Xi in B, IIXil1 = 1, such that = (1 -
where (.,.) is duality. We then have: 
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(1- c) L: ::; 
i i 

= 
1.3 

= 1E ( Cjxj) ) . 
t 3 

Hence, by Holder's inequality (assuming p > 1) and the type p property of B, 

It follows that B' is of cotype q (with constant C). The converse assertion 
is not true in general since 11 is of cotype 2 but loo is of no type p > 1. A 
deep result of G. Pisier [Pill] implies that the cotype is dual to the type if 
the Banach space does not contain l'i's uniformly (i.e., by Theorem 9.6, if it 
is of some non-trivial type). 

After these preliminaries and examples on the notions of type and cotype, 
we now examine several questions concerning the replacement in the defini-
tions (9.8) and (9.9) of the Rademacher sequence by some other sequences 
of random variables. We start with an elementary general result. For reasons 
that will become clearer in the next section, we only deal with Radon random 
variables. 

Proposition 9.11. Let B be a Banach space of type p and co type q with type 
constant C 1 and co type constant C2 • Then, for every finite sequence (Xi) of 
independent mean zero Radon random variables in Lp(B) (resp. Lq(B)), 

1E11L: XillP ::; (2C1)P L: 1E II Xi liP 
i i 

and 

1EIILXillq (2C2)-qL1Ellxillq 
i i 

Proof. We show the assertion relative to the type. By Lemma 6.3, 

1E1IL:Xilr::; 2P1EIIL:CiXiIiP 
i i 

where (ci) is a Rademacher sequence which is independent of (Xd. Applying 
(9.8) conditionally on the Xi'S then immediately yields the result. 
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Now, we investigate the case where the Rademacher sequence (ci) is re-
placed by a p-stable standard sequence (Oi) (1 p 2). This will in particular 
clarify the close relationship between the Rademacher type (9.8) and the sta-
ble type discussed in the preceding section. Let 1 P 2. Recall that a 
Banach space B is said to be of stable type p if there is a constant C such 
that for all finite sequences (Xi) in B, 

where (Oi) is a sequence of independent standard p-stable variables. 

Proposition 9.12. Let 1 p < 2 and let B be a Banach space. Then, we 
have: 

(i) If B is of stable type p, it is of type p. 

(ii) If B is of type p, it is of stable type p' for every p' < p. 

(iii) B is of stable type p if and only if there is a constant C such that for all 
finite sequences (Xi) in B, 

1EIILCiXill CII(xi)llp,oo' 
i 

Proof. Both (i) and (ii) follow from the more difficult claim (iii) but can 
however be given simple proofs. Indeed, concerning (i), we may assume that 
p> 1 so that 1EIOil < 00 and (i) follows from Lemma 4.5. For (ii), let 1 < p' < p 
and let (OD denote a standard p' -stable sequence. Recall that since p > p', 

Applying conditionally the type p inequality and the preceding, for (xd a 
finite sequence in B and for some constant C not necessarily the same at each 
line, 

We can conclude by Lemma 5.8 since p' > 1 and since II p' ,co < 00. 

The "if' part of (iii) reproduces the proof of (ii) that we just gave (with 
p' = p). Conversely, if B is of stable type p, by Corollary 9.7, then B is also 
of stable type PI for some PI > p, hence of type PI by (i). By the comparison 
between the i PI and ip,co-norms, the proof is complete. 
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Note, as a consequence of this proposition, that the number p(B) intro-
duced in (9.4) is also given by 

p(B) = sup{Pj B is of type p}. 

Moreover, we know that il is of no type p > Ij by Proposition 9.12 and 
Theorem 9.6, we actually have that a Banach space B is of some type p > 1, 
or equivalently of stable type 1 or of stable type p for some p > 1, if and only 
if B does not contain l'i's uniformly. 

As a consequence of Proposition 9.12, note the following version of Propo-
sition 9.11 for the stable type. 

Proposition 9.13. Let 1 p < 2. A Banach space B is of stable type p if 
and only if there is a constant C such that for every finite sequence (Xi) of 
independent symmetric Radon random variable in Lp,oo(B), 

or, equivalently, if and only if, 

Proof. The "if' part follows by simply letting Xi = (JiXi in the second in-
equality. We establish the first inequality (which clearly implies the sec-
ond) in spaces of stable type p. Assume by homogeneity that we have 
SUPt>o tP Ei P{IIXili > t} :5 1. Let t > O. Since tPP{maxi IIXili > t} :5 1, 

tPF{ Xiii> t} :5 1 + tPF{ II > t} . 
t t 

Since B is of stable type p, it is also of type p' for some p' > p. Hence by 
Proposition 9.11, for some C, 

> t} 1 + 
, I 

:5 1 + Ctp_p' L E(IIXiIlP' I{IIXiIl9}) . 
i 

Now 

> s}dspl 
, . 

< -=--tP - P i t dSpl p' I 

- 0 sP p'_p 

and the conclusion follows. 
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Next, we turn to the case of a 2-stable standard sequence, that is an or-
thogaussian sequence (9i), which will lead, by the same way, to some questions 
analogous to the preceding ones in the context of the cotype. We first com-
plete the simple case of the type for orthogaussian sequences. Indeed, if B is 
of type p, by Proposition 9.11, 

IEIIL9iXiliP :s; CL IIXiliP 
i i 

for some constant C. Conversely, since Gaussian averages always dominate 
Rademacher averages ((4.8)), such an inequality implies that B must be of 
type p. In particular, stable type 2 and Rademacher type 2 are equivalent 
notions. 

We have seen in a discussion after Lemma 4.5 that, conversely, Rademacher 
averages do not always dominate the corresponding Gaussian averages, in 
particular in loo. That is, if in a Banach space B, for some constant C and all 
finite sequences (Xi), 

(9.10) L IIxillq :s; CIEIIL9ixillq, 
. i 

then B is not obviously of cotype q. This is however true and we now would like 
to describe some of the deep steps leading to this conclusion, mainly without 
proofs. The next proposition already covers various applications. Recall that 
for a (real valued) random variable we set 

= 100 (1P > t} ) l/q dt . 

Note that if s > q, :s; q/(s -

Proposition 9.14. Let 1 :s; T < 00 and let be a sequence of independent 
symmetric real valued random variables distributed as If B is a Banach 
space of finite co type qo and if q = max( r, qo), then, there is a constant C 
such that for all finite sequences (xd in B, 

• i 

Proof. On some (rich enough) probability space, let A be measurable and such 
that P(A) > o. Set <P = [Ai consider independent copies (<Pi) of <P and assume 
first that = Ci<Pi where (ci) is an independent Rademacher sequence. We 
show that in this case, for some constant C, 

(9.11 ) C(1P(A))l/qIILciXillr· 
• i 

By an easy approximation and the contraction principle, we may and do as-
sume that 1P{A) = l/N for some integer N. Let then {A1, ... ,AN } be a 
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partition of the probability space into sets of probability liN with Al = A. 
Let further (cpf)i be independent copies of I Ai for all j ::; N. Using that Lr ( B) 
is of cotype q, with constant C say, we see that 

where (c:j) is another Rademacher sequence which is independent of (cpf) 
and (c:d. The left hand side of this inequality is just N1/qll Li {ixillr' Since 
I Lf=l c:jcpil = 1 for every i, by symmetry the right hand side is Gil Li C:iXillr. 
Thus inequality (9.11) holds. 

We can conclude the proof of the proposition. Note that 

I{il = 100 
I{I{il>t}dt. 

For every t > 0, by (9.11), 

G(1P{I{1 > 
l t 

Therefore, by the triangle inequality, 

c(l°O (1P{I{1 > 
l l 

from which the conclusion follows since (C:il{il) has the same distribution as 
({i). 

Before we turn back to the discussion leading to Proposition 9.14, let us 
note that this result has a dual version for the type. Namely 

Proposition 9.15. Let 1 ::; r < 00 and let ({i) be a sequence of independent 
symmetric real valued random variables distributed as {. If B is a Banach 
space of type Po and if p = min(r,po), there is a constant C such that for all 
finite sequences (Xi) in B, 

1I{lIp,ooIIL>iXill r ::; 
l • 

This result thus appears as an improvement, in spaces of some type, of 
the usual contraction principle in which we get 1I{lit on the left (see Lemma 
4.5). The proof is entirely similar to the proof of Proposition 9.14; in the last 
step, simply use the contraction principle to see that, for every t > 0, 

c:iI{I{il>t}Xillr ::; C:il{ilxi L . 
• • 
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It should be noticed that Propositions 9.14 and 9.15 are optimal in the 
sense that they characterize cotype qo and type Po whenever r = qo, resp. 
r = Po. Indeed, if Xl. ••• , XN are points in a Banach space and if A is such 
that P(A) = liN, let (<Pi) be independent copies of fA and = Ci<Pi. Then 
clearly 

which is of the order of -Ii Z=!lllxillr. This easily shows the above claim. 
Turning back to the question behind Proposition 9.14, we therefore know 

that if B has some finite cotype, inequality (9.10) will imply that B is of 
cotype q. Inequality (9.10) actually easily implies that B cannot contain 's 
uniformly (simply because it cannot hold for the canonical basis of loo). A 
deep result of B. Maurey and G. Pisier [Mau-Pi] shows that this last property 
characterizes spaces having a non-trivial cotype. The theorem, which is the 
counterpart for the cotype of the results detailed previously for the type, can 
be stated as follows. It completes the l;-subspaces question for p > 2 although 
the set of p > 2 for which a given Banach space contains l;'s uniformly seems 
to be rather arbitrary. A more probabilistic proof of this theorem is still to be 
found. We refer to [Mau-Pi], [Mi-Sh], [Mi-S]. 

Theorem 9.16. A Banach space B is of co type q for some q < 00 if and only 
if B does not contain 's uniformly. More precisely, if 

q(B) = inf{qjB is of co type q} 

and if B is infinite dimensional, then B contains l; 's uniformly for q = q(B). 

Summarizing in particular some of the (dual) conclusions of Corollary 9.8 
and Theorem 9.16, we retain that an (infinite dimensional) Banach space has 
some non-trivial type (resp. cotype) if and only if it does not contain (resp. 

uniformly. Furthermore, combining Theorem 9.16 with Proposition 9.14, 
if a Banach space B does not contain 's uniformly, there is a constant C 
such that for all finite sequences (Xi) in B, 

(9.12) EIIL9iXili CEIILCiXill· 
i i 

This is, in those spaces, an improvement over the, in general, best possible 
inequality (4.9). Conversely thus, if (9.12) holds in a Banach space B, B does 
not contain uniformly. By Proposition 9.14, this characterization easily 
extends to some more general sequences of independent random variables. 
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To conclude this section, we would like to briefly indicate the (easy) ex-
tension of the notions of type and cotype to operators between Banach spaces. 
A bounded linear operator u : E --. F between two Banach spaces E and F 
is said to be of (Rademacher) type p, 1 :5 p :5 2, if there is a constant C such 
that for all finite sequences (Xi) in E, 

Similarly, u is said to be of cotype q if 

Some of the easy properties of type and cotype clearly extend without mod-
ifications to operators. In particular, this is trivially the case for Proposition 
9.11, a fact that we freely use below. One can also consider operators of sta-
ble type but, on the basis for example of Proposition 9.12, one may consider 
(possibly) different definitions. We can say that u : E --. F is of stable type 
p, 1 :5 p < 2; if for some constant C and all finite sequences (Xi) in E, 

(9.13) 

where (Oi) is a standard p-stable sequence. We can also say that it is p-stable 
if 

(9.14) 

(9.13) and (9.14) are thus equivalent for the identity operator of a given Ba-
nach space but, from the lack of a geometric characterization analogous to 
Theorem 9.6, these two definitions are actually different in general. We refer 
to [P-Rl] for a discussion of this difference as well as of related definitions. 

9.3 Some Probabilistic Statements 
in Presence of Type and Cotype 

In this last section, we try to answer some of the questions we started with. 
Namely, we will establish tightness and convergence in probability of var-
ious sums of independent random variables taking their values in Banach 
spaces having some type or cotype. As we know, this question is motivated 
by the strong limit theorems which were reduced in the preceding chapters 
to weak statements as well as by the central limit theorem investigated in 
the next chapter. We thus revisit now the strong laws of Kolmogorov and 
of Marcinkiewicz-Zygmund. Type 2 and cotype 2 will also be examined in 
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their relations to pregaussian random variables, as well as spectral measures 
of stable distributions in spaces of stable type. Finally, but however not di-
rectly in relation with type and cotype, we present some results on the almost 
sure boundedness and convergence of sums of independent random variables 
in spaces which do not contain isomorphic copies of co. 

As announced, since we will be dealing with tightness and weak conver-
gence properties, we only consider in this chapter Radon random variables. 
Equivalently, we may assume that we are working with a separable Banach 
space. 

We start with Kolmogorov's SLLN for independent random variables. We 
saw in Corollary 7.14 that if (Xi) is a sequence of independent random vari-
ables with values in a Banach space B such that for some 1 :S p :S 2, 

(9.15) 

then the SLLN holds (i.e. Sn/n ---> 0 almost surely) if and only if the weak 
law of large numbers holds (i.e. Sn/n ---> 0 in probability). In type p spaces, 
and actually only in those spaces, the series condition (9.15) implies the weak 
law Sn/n ---> 0 in probability (provided the variables are centered). This is the 
conclusion of the next theorem. 

Theorem 9.17. Let 1 :S p :S 2. A Banach space B is of type p if and only if 
for every sequence (Xi) of independent mean zero (or only symmetric) Radon 
random variables with values in B, the condition l:i EIiXiliP /iP < 00 implies 
the SLLN. 

Proof. Assume first that B is of type p. As we have seen, by Corollary 7.14 
we need only show that Sn/n ---> 0 in probability when l:i EIiXillP /iP < 00 

and when the Xi'S have mean zero. But this is rather trivial under the type p 
condition. Indeed, by Proposition 9.11, for some constant C and every n, 

Ell liP :s C t EllXillP . 
i=l 

The result follows from the classical Kronecker lemma (cf. [Sto]). To prove 
the converse, we assume the SLLN property for random variables of the form 
Xi = t:iXi where Xi E Band (t:i) is a Rademacher sequence. Then, if 
l:i IlxiliP /iP < 00, we know that t:ixdn ---> 0 almost surely, and also 
in L1(B) (or Lr(B) for any r < 00) by Theorem 4.7 together with Lemma 
4.2. Hence, by the closed graph theorem, for some constant C, 

for every sequence (Xi) in B. Given Y!' ... ,Ym in B, apply this inequality to 
the sequence (Xi) defined by Xi = 0 if i :S m or i > 2m, Xm+l = Yl, Xm+2 = 
Y2,· .. ,X2m = Ym. We get 
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and B is therefore of type p. Theorem 9.17 is established. 

As a consequence of the preceding and of Corollary 9.8 we can state 

Corollary 9.18. A Banach space B is of type p for some p > 1 if and only 
if every sequence (Xi) of independent symmetric uniformly bounded Radon 
random variables with values in B satisfies the SLLN. 

Proof. The necessity follows from Theorem 9.17. Conversely, it suffices to 
prove that if B is of no type p > 1 there exists a bounded sequence (Xi) in 
B such that eixi/n) does not converge almost surely or in L1{B). By 
Corollary 9.8, together with Proposition 9.12, if B has no non-trivial type, 
then B contains 11's uniformly. Hence, for every n, there exist y1, ... ,y-q" in 
B such that lIyfli 1, i = 1, ... , 2n , and 

2" 

JEllLeiYrl1 2n - 1. 
i=l 

Then define (Xi) by letting Xi = Yj, j = i + 1 - 2n , 2n i < 2n+1. It follows 
from Jensen's inequality that if 2n m < 2n +1, then 

This proves Corollary 9.18. 

Further results in Chapter 7 can be interpreted similarly under type con-
ditions. We do not detail everything but we would like to describe the inde-
pendent and identically distributed (iid) case following the discussion next to 
Theorem 7.9. To this aim, it is convenient to record that Proposition 9.11 
is still an equivalent description of the type and cotype properties when the 
random variables Xi have the same distribution. This is, for the type, the 
content of the following statement. 

Proposition 9.19. Let 1 p 2 and let B be a Banach space. Assume that 
there is a constant C such that for every finite sequence (Xl, ... , X N) of iid 
symmetric Radon random variables in Lp{B), 

N 

JEIILXil1 CN1/P(JEIIX1IIP)1/P. 
i=l 

Then B is of type p. 
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Proof. Let (cpj )j5,N be real valued symmetric random variables with disjoint 
supports such that for every j = 1, ... , N, 

1 1 
IP{cpj = I} = IP{cpj = -I} = -(1- IP{cpj = O}) = -. 

2 2N 

Let (Xj)j5,N be points in B. Then X = 2:f=l CpjXj is such that 1EIIXIIP = 
2:f=l IIx j liP / N so that it is enough to show that if XI, ... ,X N are independent 
copies of X, 

N N 

1E!!2:Xi!! c1E!!2: cjxj!! 
i=1 j=1 

for some c > O. To this aim, denote by (cp;), i ::; N, independent copies of (cpj), 
assumed to be independent from a Rademacher sequence (ci). By symmetry 

and therefore, by Lemma 4.5 for symmetric sequences, 

Now, by symmetry and Khintchine's inequalities ((4.3)), 

Since 

{
N .} 1 N 1 

lP 2: I = 0 = (1 - -) ::; - , 
i=1 N e 

we get 

hence the announced claim with c = 1/3. The proof of Proposition 9.19 is 
complete. 

There is an analogous statement for the cotype but the proof involves the 
deeper Theorem 9.16. The main idea of the proof is the so-called "Poissoniza-
tion" technique. 
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Proposition 9.20. Let 2 q < 00 and let B be a Banach space. Assume that 
there is a constant C such that for every finite sequence (Xl, ... ,X N) of iid 
symmetric Radon random variables in Lq(B), 

N 

NJEllXlllq CJEIILXill
q

· 
i=l 

Then B is of co type q. 

Proof. Let Xl, ... ,XN be points III B and let X with the distribution 
(2N)-l 'L!l(6x ; + 6-x ;). Then 

N 

NJEIIXll q = L Ilxill q · 
i=l 

Take (Xl, ... , XN) to be independent copies of X and let us consider 'L!l Xi. 
Let (Ni)i5,N be independent Poisson random variables with parameter 1, inde-
pendent of the Xi'S. Let further (Xi,jh5,i,j5,N be independent copies of X and 
set Xi,o = 0 for each i. Then, as is easy to check on characteristic functionals, 

N N 

L L Xi,j has the same distribution as L NiXi 
i=lj=O i=l 

where Ni = Ni(1/2) - NI(1/2) and N i (1/2), NI(1/2), i N, are independent 
Poisson random variables with parameter 1/2. Now, by Jensen's inequality 
conditionally on (Ni) (cf. (2.5)), 

N N· N N·Al 

JEIILtXi,jllq JEIIL t Xi.ill
q

· 
i=l j=O i=l j=O 

Furthermore, IP{Ni A1 = O} = 1-1P{NiA1 = I} = e- l . Hence, since Xi,o = 0, 

N N;Al N 

JEIIL L Xi.ill
q 

= JEIIL6iXillq 
i=l j=O i=l 

where 6i , i N, are independent random variables with IP{6i = O} = 
1 - 1P{6i = I} = e- l and are independent of the sequence (Xi). Again by 
Jensen's inequality (conditionally on the Xi'S), 

N q N q 

JEIIL6iXili e-qJEIILXill . 
i=l i=l 

Summarizing, we have obtained 

N N N 
L IIxill q CJEllLXill

q 
CeqJEIILNiXill· 
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Now, this inequality clearly cannot hold for all finite sequences (Xi) in a Banach 
space B which contains 's uniformly since it does not hold for the canonical 
basis of ioo. Therefore, by Theorem 9.16, B is of finite cotype and we are in 
a position to apply Proposition 9.14 since 1ERr < 00 for all p's. The proof is 
complete. 

After this digression, we now come back to the main application of Propo-
sition 9.19. Namely, we investigate the relationship between the type condition 
and the iid SLLN of Marcinkiewicz-Zygmund. If X is a Radon random variable 
with values in a Banach space B, (Xd denotes below a sequence of indepen-
dent copies of X and, as usual, Sn = Xl + ... + X n, n 2: 1. Let 1 p < 2. 
In Theorem 7.9, we have seen that Sn/n1/p 0 almost surely if and only if 
1EIIXIIP < 00 and Sn/n1/p 0 in probability. Moreover, as already discussed 
thereafter, in type p spaces, Sn/n1/p 0 in probability when 1EIIXIIP < 00 

and 1EX = O. Now, we show that this result is characteristic of the type p 
property. 

Theorem 9.21. Let 1 p < 2 and let B be a Banach space. The following 
are equivalent: 

(i) B is of type p; 

(ii) for every Radon random variable X with values in B, Sn/n1/p 0 almost 
surely if and only if 1EIIXIIP < 00 and 1EX = O. 

Note of course that since every Banach space is of type 1 we recover 
Corollary 7.10. 

Proof. Let us briefly recall the argument leading to (i) => (ii) already dis-
cussed after Theorem 7.9. Under the type assumption and the moment con-
ditions 1EIIXIIP < 00 and 1EX = 0, the sequence (Sn/n1/p ) was shown to be 
arbitrarily close to a finite dimensional sequence, and thus to be tight. Since 
for every linear functional /, f(Sn/n 1/P ) 0 in probability, it follows that 
Sn/n1/ p 0 in probability and we can conclude the proof of (i) => (ii) by 
Theorem 7.9. Conversely, let us first show that when 1EIIXIIP < 00, 1EX = 0 
and Sn/n1/p 0 almost surely (or only in probability), then the sequence 
(Sn/n1/P ) is bounded in L1(B). Since X is centered, by a symmetrization 
argument it is enough to treat the case of a symmetric variable X. Then, by 
Lemma 7.2, we already know that 

Moreover, it is easily seen by an integration by parts that, under 1EIIXIIP < 00, 

;/P 1Ellt XiI{llxill>nl/p}" s: n1-1/P1E(IIXIII{IIXII>nl/p}) 
n i=l 



260 9. Type and Cotype of Banach Spaces 

is uniformly bounded in n. The claim follows. (One can also invoke for this 
result the version of Corollary 10.2 below for n 1/ P .) Therefore, by the closed 
graph theorem, there exists a constant C such that for all centered random 
variables X with values in B 

We conclude that B is of type p by Proposition 9.19. 

The preceding theorem has an analog for the stable type. Let us briefly 
state this result and sketch its proof. 

Theorem 9.22. Let 1 :$; p < 2 and let B be a Banach space. The following 
are equivalent: 

(i) B is of stable type p; 

(ii) for every symmetric Radon random variable X with values m B, 
Sn/n1/p -+ 0 in probability if and only if lim tPP{IIXIl > t} = O. 

t-+oo 

Proof. We have noticed next to Theorem 7.9 that (ii) holds true in finite 
dimensional spaces. The implication (i) =} (ii) is then simply based on Propo-
sition 9.13 and a finite dimensional argument as in Theorem 9.21. That 
limt-+oo tPP{IIXII > t} = 0 when Sn/n1/ p -+ 0 in probability is a simple 
consequence of Levy's inequality (2.7) and Lemma 2.6; indeed, for each c > 0 
and all large enough n's, 

The implication (ii) =} (i) is obtained as in the last theorem via (iii) of Propo-
sition 9.12 and some care in the closed graph argument. 

Some more applications of the type condition in the case of the law of the 
iterated logarithm were described in Chapter 8 (Corollary 8.8) and we need 
not recall them here. Now we would like to investigate some consequences in 
relation with the next chapter on the central limit theorem. They deal with 
pregaussian variables. 

A Radon random variable X with values in a Banach space B such that 
for every f in B', IEf(X) = 0 and IEj2(X) < 00, is said to be pregaussian 
if there exists a Gaussian Radon variable G in B with the same covariance 
structure as X, i.e. for all f,g in B', IEf(X)g(X) = IEf(G)g(G) (or just 
IEj2(X) = IEf2(G)). Since the distribution of a Gaussian variable is entirely 
determined by the covariance structure, we denote with some abuse in nota-
tion by G(X) a Gaussian random variable with the same covariance structure 
as the pregaussian variable X. The concept of pregaussian variables and their 
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integrability properties are closely related to type 2 and cotype 2. The follow-
ing easy lemma is useful in this study. 

Lemma 9.23. Let X be a pregaussian random variable with values in a Ba-
nach space B and with associated Gaussian variable G(X). Let Y be a Radon 
random variable in B such that for every f in B', Ef2(y) JEf2(X) (and 
Ef(Y) = 0). Then Y is pregaussian and, for every p > 0, EIIG(Y)IIP 
2EIIG(X)IIP. 

Proof. Since Y is Radon, we may assume that it is constructed on some prob-
ability space (il, A, P) with A countably generated. In particular, L2(il, A, P) 
is separable and we can find a countable orthonormal basis (hik:::l of 
L 2(il,A,P). Since Y is Radon (cf. Section 2.1), E(hiY) defines an element 
of B for every i. For every N, let now GN = giE(hiY) where (gd is an 
orthogaussian sequence. By Bessel's inequality, for every Nand f in B', 

Using (3.11), the Gaussian sequence (GN) is seen to be tight in B. Since 
Ef2 (G N) --+ JEf2 (Y), the limit is unique and (G N) converges almost surely 
(lto-Nisio) and in L 2 (B) to a Gaussian Radon random variable G(Y) in 
B with the same covariance as Y. Since the inequality P{IIG(Y)II > t} 
2P{IIG(X)11 > t}, t > 0, also follows from (3.11), the proof is complete. 

Note that the constant 2 in Lemma 9.23 (and its proof) is actually not 
needed as follows from the deeper result described after (3.11). As a conse-
quence of Lemma 9.23, note also that the sum of two pregaussian variables is 
also pregaussian. Furthermore, if X is pregaussian and if A is a Borel set such 
that X I{xEA} has still mean zero, then X I{xEA} is also pregaussian. 

To introduce to the following, let us briefly characterize pregaussian vari-
ables in the sequence spaces fp, 1 p < 00. Let X = (Xkk::l be weakly 
centered and square integrable with values in f p • Let G = (Gk)k;:::l be a Gaus-
sian sequence of real valued variables with covariance structure determined 
by EGkGI' = EXkXI' for all k,£. G is the natural candidate for G(X). Note 
that EIGklP = Cp(JEIGkI2)P/2 = cp (EIXkI2)P/2, where cp = ElglP and 9 is 
standard normal. It follows that if 

00 

(9.16) I)EIXkI2)P/2 < 00, 

k=l 

then, by a simple approximation, G is seen to define a Gaussian random 
variable with values in fp with the same covariance structure as X and such 
that 

00 00 

JEIIGIIP = L EIGklP = cp L (EIXkI2)P/2 < 00. 

k=l k=l 

Therefore, X = (Xk)k;:::l in fp, 1 P < 00, is pregaussian if and only if 
(9.16) holds. More generally, it can be shown that X with values in Lp = 
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Lp(S,E,Jl), 1 :S p < 00, where Jl is a-finite, is pregaussian if and only if (it 
has weak mean zero and) 

The next two propositions are the main observations on pregaussian ran-
dom variables and their relations to type 2 and cotype 2. 

Proposition 9.24. Let B be a Banach space. Then B is of type 2 if and 
only if every mean zero Radon random variable X with values in B such that 
JEIIXII2 < 00 is pregaussian and we have the inequality 

for some constant C depending only on the type 2 constant of B. The equiva-
lence is still true when JEIIXI12 < 00 is replaced by X bounded. 

Proposition 9.25. Let B be a Banach space. Then B is of co type 2 if and 
only if each pregaussian (Radon) random variable X with values in B satisfies 
JEIIXII2 < 00 and we have the inequality 

for some constant C depending only on the cotype 2 constant of B. The equiv-
alence is still true when JEIIXII2 < 00 is replaced by JEIIXIIP < 00 for some 
0< p:S 2. 

Proof of Proposition 9.24. We know from Proposition 9.11 that if B is of type 
2, for some C > 0 and all finite sequences (Xi) in B, 

JEIILgiXil12 :S CL IIXi112. 
i i 

Now, let X with JEX = 0 and JEIIXII2 < 00. There exists an increasing 
sequence (AN) of finite a-algebras such that if XN = JEAN X, XN -+ X 
almost surely and in L2(B). Since AN is finite, XN can be written as a finite 
sum Ei xiIAi with the Ai's disjoint. Then 

G(XN) = L9i(1P(Ai))1/2Xi and JEIIXNII2 = L II x iIl 21P(Ad 
i i 

so that JEIIG(XN)1I2 :S CJEIIXNII 2 :S CJEIIXII2 which thus holds for every 
N. Since the type 2 inequality also holds for quotient norms (with the same 
constant), the sequence (G(XN)) of Gaussian random variables is seen to be 
tight. Since further JEj2(G(XN)) = JEj2(XN) -+ JEj2(X) for every f in B', 
(G(XN)) necessarily converges weakly to some Gaussian variable G(X) with 
the same covariance structure as X. By Skorokhod's theorem, cf. Section 2.1, 



9.3 Some Probabilistic Statements in Presence of Type and Cotype 263 

one obtains that lEIIG(X)1I2 S ClE11X112. This establishes the first part of 
Proposition 9.24. 

Conversely, it is sufficient to show that if every centered random variable 
X such that IIXlloo S 1 is pregaussian, then B is type 2. Let (Xi) be a sequence 
in B such that IIXill2 = 1. Consider X with distribution X = ±xdllxill 
with probability IIXiIl2/2. By the hypothesis, X is pregaussian and G(X) must 
be giXi which therefore defines a convergent series. Then, so is eiXi and 
the proof is complete. 

Proof of Proposition 9.25. Assume first that B is of cotype 2. Then for some 
constant C and all finite sequences (Xi) in B 

(9.17) L II xil12 S ClEIILgiXil12 
. i 

(This is a priori weaker than the cotype 2 inequality with Rademacher random 
variables - see (9.10) and Remark 9.26 below). Given X pregaussian with 
values in B, let Y = eX where t > 0 and e is a Rademacher random 
variable which is independent of X. By Lemma 9.23, Y is again pregaussian 
and lEIIG(Y)112 S 2lEIIG(X)1I2. Arguing then exactly as in the first part of the 
proof of Proposition 9.24 by finite dimensional approximations, one obtains 

Since t > 0 is arbitrary, it follows that lEIIXI12 < 00 and the inequality of the 
proposition holds. 

Turning to the converse, let us first show that, given 0 < p S 2, if every 
pregaussian variable X in B satisfies lEllXIiP < 00, then (9.17) holds. We 
actually show that if giXi converges almost surely, then Ei IIxill2 < 00. 

We assume that p < 2, which is the most difficult case, and set r = 2/2 - p. 
Let ai be positive numbers such that ar = 1 and define X by: 

X = Xi with probability ai/2. 

It is easily seen that G(X) is precisely Ei giXi and therefore, by the hypothesis, 

lEllXIiP = L ailixiliP < 00. 

i 

Since this holds of each such sequence (ai), by duality it must be that 
Ei IIx ill 2 < 00. This is the announced claim. 

To conclude the proof, let us show how (9.17) implies that B is of cotype 
2. First recall that we proved above that (9.17) implies 

(9.18) 

for every pregaussian variable X in B. Let (xd be a finite sequence in B. For 
every t > 0, 
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IILgi Xill 2 IILgiI{'9i,9}XiIl2 + IILgd{'9i,>t} Xi Il 2 
iii 

t €iXi112 + III: gd{19i l>t}Xi I1 2 
• • 

where we have used the contraction principle. If we now apply (9.18) to X = 
Li gi I {19;I>t}Xi, we see that 

lEllI: gi I {19;I>t} Xi Il
2 2ClE(lgl2 I{191>t} )lEllI: giXil12 . 

i i 

Now choose t > 0 small enough in order that lE(lgl2 I{191>t}) is less than 
(8C)-1. Together with (9.17), we then obtain 

I: IIXill2 ClEllI:giXil12 4eClEllI:€iXiI12. 
iii 

Proposition 9.25 is established. 

Remark 9.26. The preceding proof indicates in particular that a Banach space 
B is of cotype 2 if and only if for all finite sequences (xd in B 

I: IIXil12 ClEllI:giXiI12. 
i i 

This can also be obtained by the conjunction of Proposition 9.14 and Theorem 
9.16. The preceding direct proof in this case is however simpler since it does 
not use Theorem 9.16. 

After pregaussian random variables, we discuss some results on spectral 
measures of stable distributions in spaces of stable type. If B is a Banach 
space of stable type p, 1 p < 2, and if (xd is a sequence in B such that 
Li IIXi liP < 00, then the series Li (}iXi converges almost surely and defines a 
p-stable Radon random variable in B. In other words, if m is the finite discrete 
measure 

m is the spectral measure of a p-stable random vector X in B. Moreover 

for some constant C depending only on the stable type p property of B. Recall 
from Chapter 5 that m symmetrically distributed on the unit sphere of B is 
unique. Recall further (cf. Corollary 5.5) that if X is a p-stable Radon random 
variable with values in a Banach space B, there exists a spectral measure m 
of X such that J IIxIIPdm(x) < 00. The parameter O"p(X) of X is defined 
as O"p(X) = (J IIxIIPdm(x))l/P (which is unique among all possible spectral 
measures) and we always have (cf. (5.13)) 
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K;lap (X) ::; IIXllp,oo . 
This inequality is two-sided when 0 < p < 1 and we have just seen that 
when 1 ::; p < 2 and Li IlxillP < 00 in a Banach space of stable type p, 
X = Li OiXi converges almost surely and IIXllp,oo ::; Cap(X). This property 
actually extends to general measures on stable type p Banach spaces. 

Theorem 9.27. Let 1 ::; p < 2. A Banach space B is of stable type 
p if and only if every positive finite Radon measure m on B such that 
J IlxIIPdm(x) < 00 is the spectral measure of a p-stable Radon random vector 
X in B. Furthermore, if this is the case, there exists a constant C such that 

Proof. The choice of a discrete measure m as above proves the "if' part of 
the statement. Suppose now that B is of stable type p. Let ml denote the 
image of the measure IlxIIPdm(x) by the map x ----; x/llxll. Let further Yj be 
independent random variables distributed as ml/lmll. The natural candidate 
for X is given by the series representation 

00 

cplmll l / P L rj-I/PEjYj 

j=1 

(cf. Corollary 5.5). In order to show that this series converges, note the fol-
lowing: since B is of stable type p, by Corollary 9.7 together with Proposition 
9.12 (i), B is of Rademacher type PI for some PI > p. Therefore 

from which the required convergence easily follows. Thus X defines a p-stable 
random variable with spectral measure ml and therefore also m. The inequal-
ity of the theorem follows from the same argument (and from some of the 
elementary material in Chapter 5). 

As yet another application, let us briefly mention an alternate approach 
to p-stable random variables in Banach spaces of stable type p. This approach 
goes through Wiener integrals and follows a classical construction of S. Kaku-
tani. Let (5, E, m) be a measure space. Define a p-stable random measure M 
based on (5, E, m) in the following way: (M(A))AEE is a collection ofreal val-
ued random variables such that for every A, M(A) is p-stable with parameter 
m(A?/p and whenever (Ai) are disjoint, the sequence (M(Ad) is independent. 
For a step function <p of the form <p = Li aJ Ai' ai E JR, Ai E E disjoint, the 
stochastic integral J <pdM is well-defined as 
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J cpdM = L (}:iM(Ai) . 
• 

It is a p-stable random variable with parameter IIcplip = (J IcpIPdm)l/p. There-
fore, by a density argument, it is easy to define the stochastic integral J cpdM 
for any cp in Lp(S, E, m). 

The question now raises of the possibility of this construction for functions 
cp taking their values in a Banach space B. As suspected, the class of Banach 
spaces B of stable type p is the class in which the preceding stochastic integral 
J cpdM can be defined when J IIcpllPdm < 00. In the case cp is the identity map 
on B, J cpdM is a p-stable random variable in B with spectral measure m so 
that we recover the conclusion of Theorem 9.27. 

Proposition 9.28. Let 1 ::; p < 2. A Banach space B is of stable type p if and 
only if for any measure space (S, E, m) and any p-stable random measure M 
based on (S, 17, m) the stochastic integral J cpdM with J IIcpllPdm < 00 defines 
a p-stable Radon random variable with values in Band 

Proof. Sufficiency is embedded in Theorem 9.27 with the choice for cp of the 
identity on (B, m). Conversely, if cp is a step function Li xiIAi with Xi in B 
and Ai mutually disjoint, 

J cpdM = L XiM(Ai) 
• 

which is equal in distribution to Li m(Ai)l/POiXi. Now, if B is of stable type 
p, 

Hence the map cp --+ J cpdM can be extended to a bounded operator from 
Lp{mj B) into Lp,oo{B), and a fortiori into Lo{B). This concludes the proof 
of Proposition 9.28. 

We conclude this chapter with a result on the almost sure boundedness and 
convergence of sums of independent random variables in spaces which do not 
contain subspaces isomorphic to the space Co of all scalar sequences convergent 
to O. This result is not directly related to type and cotype since these are 
local properties in the sense that they only depend on the collection of finite 
dimensional subspaces of the given space whereas the property discussed here 
involves infinite dimensional subspaces. It is however natural and convenient 
for further purposes to record this result at this stage. 
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Let (Xi) be a sequence of independent real valued symmetric random vari-
ables such that the sequence (Sn) of the partial sums is almost surely bounded, 
i.e. P{suPn ISnl < oo} = 1. Then, it is well-known that (Sn) converges almost 
surely. This is actually contained in one of the steps of the proof of Theo-
rem 2.4 but let us emphasize the argument here. Let (ci) be a Rademacher 
sequence which is independent of (Xi) and recall the partial integration no-
tation Pe,Px,JEe,JEx. By symmetry and the assumption, for every 6 > 0, 
there exists a finite number M such that for every n 

Let n be fixed for a moment. By Fubini's theorem, if 

then Px(A) 2:: 1- 6. Now, if 6:::; 1/8, by Lemma 4.2 and (4.3), for every win 
A, 

n n 2 

L:Xi (w)2 = JEelL:CiXi(W)1 :::; 2V2M. 
i=l i=l 

Hence, for all n, Xi(w)2 :::; 2V2M} 2:: 1 - 6. It follows that Li xl < 
00 almost surely. Thus, by Fubini's theorem, Li ciXi converges almost surely 
and the claim follows. 

It can easily be shown that this argument extends, for example, to Hilbert 
space valued random variables. Actually, this property is satisfied for random 
variables taking their values in, and only in, Banach spaces which do not 
contain subspaces isomorphic to co. This is the content of the next theorem. 
Recall that a sequence (Yn ) of random variables is almost surely bounded if 
P{suPn IlYnll < oo} = 1. 

Theorem 9.29. Let B be a Banach space. The following are equivalent: 

(i) B does not contain subspaces isomorphic to co; 

(ii) for every sequence (Xi) of independent symmetric Radon random vari-
ables in B, the almost sure boundedness of the sequence (Sn) of the partial 
sums implies its convergence; 

(iii) for every sequence (Xi) in B, if ciXi) zs almost surely bounded, 
Li CiXi converges almost surely; 

(iv) for every sequence (Xi) in B, if ciXi) zs almost surely bounded, 
Xi -+ O. 

Proof. The implications (ii) ::} (iii) ::} (iv) are obvious. Let us show that 
(iv) ::} (ii). Let (Xi) in B with SUPn IISnll < 00 with probability one and 
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let (ci) be a Rademacher sequence independent of (Xi). By symmetry and 
Fubini's theorem, for almost every w on the probability space supporting the 
Xi'S, sUPn II ciXi(W)11 < 00 almost surely. Hence, by (iv), Xi(W) -7 O. 
Similarly, if we take blocks for any strictly increasing sequence (nk) of integers, 
Lnk<i:::;nk+l Xi -7 0 almost surely when k -7 00. Hence Snk+l - Snk -7 0 
in probability and by Levy's inequality (2.6), (Sn) is a Cauchy sequence in 
probability, and thus converges. Therefore (ii) holds by Theorem 2.4. 

The main point in this proof is the equivalence between (i) and (iv). That 
(iv) :::;. (i) is clear by the choice of Xi = ei, the canonical basis of co. Let us then 
show the converse implication and let us proceed by contradiction. Let (Xi) be 
a sequence in B such that infi Ilxili > 0 and 1P{suPn II cixill < oo} = l. 
We may assume that the probability space (il, A, 1P) is the canonical product 
space {-I, +1}1N equipped with its natural O"-algebra and product measure. 
It is easy to see that for every C E A, 

lim 1P(C n {ci = -I}) = lim 1P(C n {ci = +1}) = 

Let us pick M < 00 so that 1P(A) > 1/2 where 

By the previous observation, we can define inductively an increasing sequence 
of integers (ni) such that for every sequence of signs (ai) and every k, 

(9.19) 

Put = Ci if i is One of the nj's, = -Ci if not. The sequences (ci) and 
are equidistributed. Therefore, if 

(9.19) also holds for A' with respect to (cD. Since Cni = and 
1P{ Cni = ai, i :::; k} = 2-k , it follows by intersection that there is an W in 
A n A' such that Cni = ai for all i = 1, ... , k. Thus 

Since the integer k and the signs aI, a2, ... ,ak have been fixed arbitrarily, this 
inequality implies that the series Li xni is weakly unconditionally convergent, 
that is Li If(xnJI < 00 for every f in B', while infi IIxn,ll > o. The conclu-
sion is then obtained from the following classical result on basic sequences in 
Banach spaces. 

Lemma 9.30. Let (Yi) be a sequence in a Banach space B such that for every 
f in B', Li If(Yi)1 < 00, and such that infi IIYil1 > o. Then, there exists a 
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subsequence (Yik) of (Yi) which is equivalent to the canonical basis of Co in 
the sense that, for some constant C > 0 and all finite sequences (Qk) of real 
numbers, 

Proof. As a consequence of the hypotheses, we know in particular that 
infi IIYil1 > 0 while Yi --+ 0 weakly. It is a well-known and important result 
(cf. e.g. [Li-TI], p.5) that one can then extract a subsequence (YnJ which 
is basic in the sense that every element in the span of (Yn,) can be written 
uniquely as Y = Ei QiYn, for some sequence of scalars (Qi). Then, necessarily 
Qi --+ 0 since infi llYn, II > 0, and, by the closed graph theorem we already have 
the lower inequality in the statement of the lemma. Since Ei If(Yi)1 < 00 for 
all f in B', by another application of the closed graph theorem, for some C 
and all f in B', Ei If(Yi)1 Gllfll. The conclusion is then obvious: for all 
finite sequences (Qk) of scalars, 

IILQkYikl1 = sup ILQkf(Yik)1 
k 11/11::;1 k 

max IQkl sup L If(Yik)1 Cmax IQkl· 
k 11/11::;1 k k 

This proves the lemma which thus concludes the proof of Theorem 9.29. 

Remark 9.31. As a consequence of Theorem 9.29, and more precisely of its 
proof, if (Xi) is a sequence of independent symmetric Radon random variables 
with values in a Banach space B such that SUPn IISnl1 < 00 almost surely but 
such that (Sn) does not converge, there exist an wand a subsequence (ik) = 
(ik(W)) such that (Xik(W)) is equivalent to the canonical basis of co. Indeed, 
the various assertions of the theorem are obviously equivalent to saying that if 
SUPn IISnl1 < 00, then Xi --+ 0 almost surely. By Fubini's theorem, there exists 
an W of the space supporting the Xi's such that sUPn II EiXi(W)11 < 00 but 
infi IIXi(w)1I > o. The remark then follows from the proof of the implication 
(i) =} (iv). 

Notes and References 

This chapter reproduces, although not up to the original, parts of the ex-
cellent notes [PiI6] by G. Pisier where the interested reader can find more 
Banach space theory oriented results and in particular quantitative finite di-
mensional results. A complete exposition of type and cotype and their rela-
tions to the local theory of Banach spaces is the book [Mi-S] by V. D. Milman 
and G. Schechtman. A more recent "volumic" description of the local theory 
is the book [PiI8] by G. Pisier. We refer to these works for accurate refer-
ences. For a more operator theoretical point of view, see [Pie], [Pi15]' [TJ2]. 
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The Lecture Notes [Schw3] by L. Schwartz surveys much of the connections 
between Probability and Geometry in Banach spaces until 1980. See also the 
exposition [W02] by W. A. WoyczyIiski. 

Dvoretzky's theorem was established in 1961 [Dv]. The new proof by 
v. D. Milman [Mil] using isoperimetric methods and amplified later on in the 
paper [F-L-M] considerably influenced the developments of the local theory 
of Banach spaces. A detailed account of applications of isoperimetric inequal-
ities and concentration of measure phenomena to Geometry of Banach spaces 
may be found in [Mi-S]. The "concentration dimension" of a Gaussian variable 
was introduced by G. Pisier [Pil6] (see also [Pil8]) in a Gaussian version of 
Dvoretzky's theorem and the first proof of Theorem 9.2 is taken from [Pil6]. 
The second proof is due to Y. Gordon [Gorl], [Gor2]. The Dvoretzky-Rogers 
lemma appeared in [D-R]; various simple proofs are given in the modern lit-
erature, e.g. [F-L-M], [Mi-S], [Pil6]' [TJ2]. The fundamental Theorems 9.6 
and 9.16 are due to B. Maurey and G. Pisier [Mau-Pi], with an important 
contribution by J.-L. Krivine [Kr]. The proof of Theorem 9.6 through stable 
distributions and their representation is due to G. Pisier [Pil2] and was mo-
tivated by the results of W. B. Johnson and G. Schechtman on embedding 

into ir [J-S1]. Embeddings via stable variables had already been used in 
[B-DC-K]. 

The notions of type and cotype of Banach spaces were explicitely in-
troduced by B. Maurey in the Maurey-Schwartz Seminar 1972/73 (see also 
[Maul]) and independently by J. Hoffmann-J(6rgensen [HJ1] (cf. [Pi15]). The 
basic Theorem 9.10 is due to S. Kwapien [Kw1]. Proposition 9.12 (iii) was 
known since the paper [M-P2] in which Lemma 5.8 is established. Proposition 
9.13 comes from [Ro1] (improved in this form in [Led4] and [Pi16]). Compari-
son of averages of symmetric random variables in Banach spaces not containing 

is described in [Mau-Pi]. The proof of Proposition 9.14 is however due 
to S. Kwapien [Pil6]. We learned about its optimality as well as of its dual 
version (Proposition 9.15) from G. Schechtman and J. Zinn (personal commu-
nication). Operators of stable type and their possible different definitions (in 
the context of Probability in Banach spaces) are examined in [P-R1]. 

The relation of the strong law of large numbers (SLLN) with geomet-
ric convexity conditions goes back to the origin of Probability in Banach 
spaces. In 1962, A. Beck [Be] showed that the SLLN of Corollary 9.18 holds 
if and only if B is B-convex; a Banach space B is called B-convex if for some 
e > 0 and some integer n, for all sequences in the unit ball of B, one 
can find a choice of signs ei = ±1, with II eiXili (1 - e)n. 
This property was identified to B not containing ir's in [Gi] and then com-
pletely elucitated with the concept of type by G. Pisier [Pill. Theorem 9.17 
is due to J. Hoffmann-J(6rgensen and G. Pisier [HJ1], [Pill, [HJ-P]. Note the 
prior contribution [Wo1] in smooth normed spaces. Proposition 9.19 was ob-
served in [Pi3] while Proposition 9.20 is taken from the paper [A-G-M-Z]. 
More on "Poissonization" may be found there as well as in, e.g., [A-A-G] and 
[Ar-G2]. A. de Acosta established Theorem 9.21 in [Ac6], partly motivated by 
the results of M. B. Marcus and W. A. Woyczynski [M-W] on weak laws of 
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large numbers and stable type (Theorem 9.22, but [M-W] goes beyond this 
statement). More SLLN's are discussed in [Wo2]. See also [Wo3]. 

Lemma 9.23 is part of the folklore on pregaussian covariances. (9.16) goes 
back to [Val]. Propositions 9.24 and 9.25 have been noticed by many authors, 
e.g. [Pi3], [Ja2] , [C-T2], [A-G] (attributed to X. Fernique), [Ar-G2] (via the 
central limit theorem), etc. Theorem 9.27 has been deduced by several authors 
from various more general statements on Levy measures and their integrability 
properties (cf. [Ar-G2], [Li]). The proof with the representation is borrowed 
from [Pi16] as also the approach through stochastic integrals (see also [M-P3J, 
[Ro2]). Note that while Lp-spaces, 1 p < 2, are not of stable type p, one 
can still describe spectral measures of p-stable random variables in Lp- The 
proof again goes through the representation together with arguments similar 
to those used in (5.19) (that this study actually extends). One can show for 
example in this way that if m is a (say) probability measure on the unit sphere 
of fp and if Y = (Yk) has law m, then m is the spectral measure of a p-stable 
random variable in fp, 1 S P < 2, if and only if 

This has been known for some time by S. Kwapien and G. Pisier and is 
presented in [C-R-W] and [G-Z1]. 

That Bn converges almost surely when supn IBnl < 00 for real valued 
random variables is classically deduced from Kolmogorov's converse inequality 
(and the three series theorem). Theorem 9.29 on Banach spaces not containing 
Co is due to J. Hoffmann-Jl/lrgensen [H-J2] and S. Kwapien [Kw2] (for the main 
implication (i) =} (iv)). Lemma 9.30 goes back to [B-P] (cf. [Li-T1]). 



10. The Central Limit Theorem 

The study of strong limit theorems for sums of independent random variables 
such as the strong law of large numbers or the law of the iterated logarithm 
in the preceding chapters showed that in Banach spaces these can only be 
reasonably understood when the corresponding weak property, that is tight-
ness or convergence in probability, is satisfied. It was shown indeed that under 
some natural moment conditions, the strong statements actually reduce to the 
corresponding weak ones. On the line, or in finite dimensional spaces, the mo-
ment conditions usually automatically ensure the weak limiting property. As 
we pointed out, this is no longer the case in general Banach spaces. 

There is some point, therefore, to attempt to investigate one typical tight-
ness question in Banach space. One such example is provided by the central 
limit theorem (in short CLT). The CLT is of course one of the main topics in 
Probability Theory. Here also, its study will indicate the typical problems and 
difficulties to achieve tightness in Banach spaces. We only investigate here the 
very classical CLT for sums of independent and identically distributed ran-
dom variables with normalization yin. This framework is actually rich enough 
already to analyze the main questions. In the first section of this chapter, we 
present some general facts on the CLT. In the second one, we make use of 
the type and cotype conditions to extend to certain classes of Banach spaces 
the classical characterization of the CLT. In the last paragraph, we describe 
a small ball criterion, which might be of independent interest, as well as an 
almost sure randomized CLT of some possible interest in Statistics. Let us 
mention that this study of the classical CLT will be further developed in the 
empirical process framework in Chapter 14. 

In the whole chapter, we deal with Radon random variables, and actually 
for more convenience, with Borel random variables with values in a separable 
Banach space. Some results actually extend, with only minor modifications, 
to our usual more general setting, such as the results of Section 10.3. We leave 
this to the interested reader. Thus, let B denote a separable Banach space. If 
X is a Borel random variable with values in B, we denote by (Xd a sequence 
of independent copies of X, and set, as usual, Sn = Xl + ... + X n, n 1. 
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10.1 Some General Facts 
About the Central Limit Theorem 

We start with the fundamental definition of the central limit property. Let X 
be a (Borel) random variable with values in a separable Banach space B. X is 
said to satisfy the central limit theorem (CLT) in B if the sequence (Sn/ Vii) 
converges weakly in B. 

Once this definition has been given, one of the main questions is of course 
to decide when a random variable X satisfies the CLT, and if possible in terms 
only of the distribution of X. It is well-known that on the line a random 
variable X satisfies the CLT if and only if JEX = 0 and JEX2 < 00, and 
if X satisfies the CLT, the sequence (Sn / Vii) converges weakly to a normal 
distribution with mean zero and variance JEX2. The sufficient part can be 
established by various methods, for example Levy's method of characteristic 
functions or Lindeberg's truncation approach. 

We would like to outline here the necessity of JEX 2 < 00 which is partic-
ularly clear using the methods developed so far in this book (and somewhat 
less clear by the usual methods). Let us show more precisely that if the se-
quence (Sn / Vii) is stochastically bounded (this is of course necessary for X 
to satisfy the CLT), then JEX = 0 and JEX2 < 00. Once JEX 2 < 00 has been 
shown, the centering will be obvious from the strong law of large numbers. 
Furthermore, replacing X by X - X' where X' is an independent copy of X, 
we can assume without loss of generality that X is symmetric. For every n ;::: 1 
and i = 1, ... , n, let 

Xi 
Ui = Ui(n) = Vii I{IXil:Svn} . 

By the contraction principle (Lemma 6.5), for any t > 0, 

By the hypothesis, choose t = to independent of n such that the right hand 
side of this inequality is less than 1/72. By Proposition 6.8, we get 

n 2 JElL uil ::; 18(1 + 
i=l 

uniformly in n. Hence, by orthogonality and identical distribution, 

(10.1) 

and the result follows letting n tend to infinity. 
The sufficiency of the conditions JEX = 0 and JE\\XII 2 < 00 for a random 

variable X to satisfy the CLT clearly extends to the case where X takes values 
in a finite dimensional space. It is not too difficult to see that this extends also 
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to Hilbert space. Concerning necessity, we note that the preceding argument 
allows to conclude that JEX = 0 and JEIIXII2 < 00 for any random variable X 
satisfying the CLT in a Banach space of cotype 2. Indeed, the orthogonality 
property leading to (10.1) is just the cotype 2 inequality. There are however 
spaces in which the CLT does not necessarily imply that JEIIXII2 < 00. Rather 
than to give an example at this stage, we refer to the forthcoming Proposition 
10.8 in which we will actually realize that JEIIXII2 < 00 is necessary for X to 
satisfy the CLT (in and) only in cotype 2 spaces. 

However, if X satisfies the CLT in B, for any linear functional f in B', 
the scalar random variable f(X) satisfies the CLT with limiting Gaussian law 
with variance JEj2(X) < 00. Hence, the sequence (Sn/ y'n) actually converges 
weakly to a Gaussian random variable G = G(X) with the same covariance 
structure as X. In other words and in the terminology of Chapter 9, a random 
variable X satisfying the CLT is necessarily pregaussian. By Proposition 9.25, 
we can then recover in particular that a random variable X with values in a 
Banach space B of cotype 2 satisfying the CLT is such that JEIIXII2 < 00. 

We mentioned above that in general a random variable satisfying the CLT 
does not necessarily have a strong second moment. What can then be said 
on the integrability properties of the norm of X when X satisfy the CLT 
in an arbitrary Banach space? The next lemma describes the best possible 
result in this direction. It shows that if the strong second moment is not 
always available, nevertheless a close property holds. The gap however induces 
conceptually a rather deep difference. 

Lemma 10.1. Let X be a random variable in B satisfying the CLT. Then X 
has mean zero and 

lim t2p{IIXIl > t} = O. t-+oo 
In particular, JEIIXIIP < 00 for every 0 < p < 2. 

Proof. The mean zero property follows from the second result together with 
the law of large numbers. Replacing X by X -X' where X' is an independent 
copy of X and with some trivial desymmetrization argument, we need only 
consider the case of a symmetric random variable X. Let 0 < e $ 1. For any 
t > 0, if G = G(X) denotes the limiting Gaussian distribution of the sequence 
(Sn/y'n) , 

lim sup p{ > t} $ P{IIGII t}. 
n-+oo yn 

Since G is Gaussian, EIIGII2 < 00 and we can therefore find to = to(e) 3) 
large enough so that P{IIGII to} $ et02. (We are thus actually only using 
that limt-+oo t2p{IIGIl > t} = 0, the property which we would like to establish 
for X.) Hence, there exists no = no(e) such that for all n no 

p{ > to} $ 2et02. 

By Levy's inequality (2.7) for symmetric random variables, 
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By Lemma 2.6, 
nlP { IIX II > tovln} :::; 8eto2 

which therefore holds for all n 2: no. Let now t be such that toy'n :::; t 
< to Vn+1 for some n 2: no. Then 

that is, 
limsupt2lP{IIXII > t} :::; 16e. 

t--.oo 

Since e > 0 is arbitrarily small, this proves the lemma. 

It is useful to observe that the preceding argument can also be applied 
to Sk/Vk instead of X for each fixed k with bounds uniform in k. Indeed, if 
Yl, ... , Ym denote independent copies of Sk/Vk, then L:::l Yi/rm has the 
same distribution as Smk/ v;;k and the argument remains the same. In this 
way, we can state the following corollary to the proof of Lemma 10.1. 

Corollary 10.2. If X satisfies the CLT, then 

lim t 2 sup lP{ II Snl1 > t} = O. 
t--.oo n y'n 

In particular, for any 0 < p < 2, 

It will be convenient for the sequel to retain a simple quantitative version 
of this result that immediately follows from the proof of Lemma 10.1 and the 
preceding observation; namely, for e > 0, 

(10.2) if SUPlP{ IISnll > e} < 
n y'n -8' 

then 

Let us mention further that the preceding argument leading to Corollary 
10.2 extends to more general normalizing sequences (an) like e.g. an = nl/p, 
o < p < 2, or an = (2nLLn)l/2 since the only property really used is that 
amk :::; Camak for some constant C. Finally, as an alternate approach to 
the proof of Corollary 10.2, one can use inequalities. 
Combine to this aim Proposition 6.8, Lemma 7.2 and Lemma 10.1. 

In the following, we adopt the notation 
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By Corollary 10.2, CLT(X) < 00 when X satisfies the CLT. It will be seen 
below that CLT(·) defines a norm on the linear space of all random variables 
satisfying the CLT. 

At this point, we would like to open a parenthesis and mention a few words 
about what can be called the bounded form of the CLT. We can say indeed 
that a random variable X with values in B satisfies the bounded CLT if the 
sequence (Sn/..;n) is bounded in probability, that is, iffor each E: > 0 there is 
a positive finite number M such that 

supp{ \lSn\l > M} < E:. 
n ..;n 

The proofs of Lemma 10.1 and Corollary 10.2 of course carryover to conclude 
that if X satisfies the bounded CLT, then JEX = 0 and 

sup sup t2p{ IISnll > t} < 00. 
t>O n ..;n 

In particular, we also have that CLT(X) < 00 as already indicated by (10.2). 
As we have seen to start with, on the line, the bounded CLT also implies that 
JEX2 < 00, and similarly JE\lX\l2 < 00 in cotype 2 spaces. In the scalar case 
therefore, the bounded and true CLT are equivalent, and, as will follow from' 
subsequent results, this equivalence actually extends to Hilbert spaces and 
even cotype 2 spaces. However, it is not difficult to see that this equivalence 
already fails in Lp-spaces when p > 2. Rather than to detail an example 
at this stage, we refer to Theorem 10.10 below where a of 
the CLT and bounded CLT in Lp-spaces will clearly indicate the difference 
between these two properties. It is an open problem to characterize those 
Banach spaces in which the bounded and the true CLT are equivalent. 

The bounded CLT does not in general imply that X is pregaussian. Since 
however JEf(X) = 0 and JEf2(X) < 00 for every f in B', there exists by the 
finite dimensional CLT a Gaussian random process G = indexed 
by the unit ball of B' with the same covariance structure as X. More-
over, G is almost surely bounded since by the finite dimensional CLT and the 
convergence of the moments (using Skorokhod's theorem), 

JE sup IGJI CLT(X) < 00. 

In particular, by Sudakov's minoration (Theorem 3.18), the family {f(X)j 
f E BD is relatively compact in L2. However, this Gaussian process G need 
not define in general a Radon probability distribution on B. Let us consider 
indeed the following easy but meaningful example. Denote by (ek)k2:1 the 
canonical basis of Co and consider the random variable X with values in Co 
defined by 

(10.3) 
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where (E:k) is a Rademacher sequence. Let us show that X satisfies the bounded 
CLT. By independence and identical distribution, for every M > 0, 

IP{ > M} = 1- 1](1- > M(2Iog(k + 1))1/2}). 

From the subgaussian inequality (4.1), 

> M(2Iog(k + 1))1/2} :S 2exp(-M2 Iog(k + 1)). 

Therefore, if M is large enough independently of n, 

IP{ > M} :S 4 exp( -M2 Iog(k + 1)) 

from which it clearly follows that X satisfies the bounded CLT. However, X 
does not satisfy the CLT in Co since X is not pregaussian. Indeed, the natural 
Gaussian structure with the same covariance as X should be given by 

where (gk) is an orthogaussian sequence. But we know that 

. Igkl 
hm sup 1/2 = 1 almost surely. 

k ..... oo (210g(k+1)) 

Therefore G is a bounded Gaussian random process but does not define a 
Gaussian random variable with values in Co. 

The choice of Co in this example is not casual as is shown by the next 
result. 

Proposition 10.3. Let B be a separable Banach space. In order that every 
random variable X with values in B that satisfies the bounded CLT is pre-
gaussian, it is necessary and sufficient that B does not contain an isomorphic 
copy of co. 

Proof. Example (10.3) provides necessity. Assume B does not contain Co and 
let X be defined on (Q, A, IP) satisfying the bounded CLT in B. Since JEIIXII < 
00, there exists a sequence (AN) of finite sub-a-algebras of A such that if 
XN = JEAN X, the sequence (XN) converges almost surely and in Ll(B) to 
X. By Jensen's inequality, CLT(XN) :S CLT(X) for every N. Set yN = 
XN - X N- 1 , N 1 (X O = 0). Since for each N, yN only takes finitely many 
values, Y N is pregaussian. Denote by (G N) independent Gaussian random 
variables in B such that G N has the same covariance structure as Y N. As is 
easily seen, for every f in B' and every N, 
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Hence, by the finite dimensional CLT (and convergence of moments), for every 
N, 

N 

lEllt; Gill CLT(xN) CLT(X). 

Thus the sequence G i ) is almost surely bounded. Since B does not 
contain co, it converges almost surely (Theorem 9.29) to a Gaussian random 
variable G which satisfies lEf2(G) = lEf2(X) for every f in B'. Hence X is 
pregaussian. 

After this short digression on the bounded CLT we come back to the 
general study of the CLT. We first recall from Chapter 2 some of the criteria 
which might be used in order to establish weak convergence of the sequence 
(SnlyTi). From the finite dimensional CLT and Theorem 2.1, a Borel random 
variable X with values in a separable Banach space B satisfies the CLT if and 
only if for each c > 0 one can find a compact set K in B such that 

IP { E K } 2: 1 - c for every n 

(or only every n large enough). Alternatively, and in terms of finite dimensional 
approximation, a random variable X with values in B such that lEf(X) = 0 
and lEj2(X) < 00 for every f in B' (i.e. f(X) satisfies the scalar CLT for every 
f) satisfies the CLT if and only if for every c > 0 there is a finite dimensional 
subspace F of B such that 

(or only n large enough) where T = TF denotes the quotient map B -+ BIF 
(cf. (204)). By (10.2), equivalently, 

(lOA) CLT(T(X)) < c. 

Note that such a property is satisfied as soon as there exists, for every c > 0, a 
step mean zero random variable Y such that CLT(X - Y) < c. (The converse 
actually also holds cf. [Pi3].) Note further from these considerations that X 
satisfies the CLT as soon as for each c > 0 there is a random variable Y 
satisfying the CLT such that CLT(X - Y) < C; in particular, the linear space 
of all random variables satisfying the CLT equipped with the norm CLT(·) 
defines a Banach space. 

Before we tum to the next section, let us continue with these easy ob-
servations and mention some comments about symmetrization. By centering 
and Jensen's inequality on (lOA) for example, clearly, X satisfies the CLT if 
and only if X - X' does where X' is an independent copy of X. When trying 
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to establish that a random variable X satisfies the CLT, it will thus basically 
be enough to deal with a symmetric X. In the same spirit, we also see from 
Lemma 6.3 that X satisfies the CLT if and only if �X does where € denotes a 
Rademacher random variable independent of X. This property is actually one 
example of a general randomization argument which might be worthwhile to 
detail at this point. If 0 < p, q < 00, denote by Lp ,q the Lorentz space of all 
real valued random variables such that 

Lp,p is just Lp by the usual integration by parts formula and L p,ql C Lp,q2 if 
q1 S; Q2· 

Proposition 10.4. Let X be a Borel random variable with values in B such 
that CLT(X) < 00 (in particular EX = 0). Let further be a non-zero real 
valued random variable in L2,1 independent of X. Then 

CLT(X) S; S; 

In particular, satisfies the CLT (and EX = 0) if and only if X does. 

Proof. The second assertion follows from (lOA) and the inequalities applied 
to T(X) for quotient maps T. We first prove the right hand side inequality. 
Assume to begin with that is the indicator function IA of some set A. Then 
clearly, by independence and identical distribution, for every n, 

n 

= Ell LXiii S; CLT(X) 
i=l i=l 

s; FnJIP(A) CLT(X) 

where are independent copies of and Sn(O = 6 + ... + Hence, in this 
case, 

S; JIP(A) CLT(X). 

Now, some classical extremal properties of indicators in the spaces Lp,l yield 
the conclusion. Supposing first 0, let, for each € > 0, 

00 00 

= L = L 
k=l k=l 

By the triangle inequality and the preceding, 

00 

S; > �(k -1)})1/2CLT(X) 
k=l 
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Letting e tend to 0 yields the result in this case. The general case follows by 
writing = - . 

To establish the reverse inequality, note first that by centering and Lemma 
6.3, 

CLT(eeX) 2CLT(eX) , 

where e is a Rademacher variable which is independent of X and e. Use then 
the contraction principle conditionally on X and in the form of Lemma 4.5. 
The conclusion follows. 

Proposition lOA in particular applies when e is a standard normal vari-
able. Therefore, the normalized sums Sn/,;n can be regarded as conditionally 
Gaussian and several Gaussian tools and techniques can be used. This will be 
one of the arguments in the empirical process approach to the CLT developed 
in Chapter 14. Note further that this Gaussian randomization is similar to 
the one put forward in the series representation of stable random variables. 
This relation to stable random variables is not fortuitous and the difficulty in 
proving tightness in the CLT resembles in some sense the difficulty in show-
ing the existence of a p-stable random vector with a given spectral measure. 
Let us mention also that while for general sums of independent random vari-
ables, Gaussian randomization is heavier than Rademacher randomization (cf. 
(4.9)), the crucial point in Proposition lOA is that we are dealing with inde-
pendent identically distributed random variables. The condition in L2,l has 
been shown to be best possible in general [L-Tl], although L2 is (necessary 
and) sufficient in various classes of spaces; this L2-multiplication property is 
perhaps related to some geometric properties of the underlying Banach space. 
Note finally that the argument of the proof of Proposition lOA is not really 
limited to the normalization ,;n of the CLT and that similar statements can 
be obtained in case for example of the iid laws of large numbers with normal-
ization n l / P , 0 < p < 2, and in case of the law of the iterated logarithm (see 
[Led5]). 

10.2 Some Central Limit Theorems 
in Certain Banach Spaces 

In this paragraph, we try to find conditions on the distribution only of a Borel 
random variable X with values in a separable Banach space B in order that 
it satisfies the CLT. As we know, this is a difficult question in general spaces 
and at the present time it has a clear cut answer only for special classes of 
Banach spaces. In this section, we present a sample of these results. We start 
with some examples and negative facts in order to set up the framework of 
the study. 

Let us first mention that a Gaussian random variable clearly satisfies the 
CLT. A random variable X with values in a finite dimensional Banach space 
B satisfies the CLT if and only if JEX = 0 and JEIIXII2 < 00. As will be shown 
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below, this equivalence extends to infinite dimensional Hilbert spaces, but 
actually only to them! In general, very bad situations can occur and strong 
assumptions on the distribution of a random variable X have no reason to 
ensure that X satisfies the CLT. For example, the random variable in Co de-
fined by (1O.3) is symmetric and almost surely bounded but does not satisfy 
the CLT. It fails the CLT since it is not pregaussian, but if we go back to 
Example 7.11, we have a bounded symmetric pregaussian (elementary veri-
fication) variable in Co which does not satisfy the bounded CLT, hence the 
CLT. (In [Ma-Plj, there is even an example of a bounded symmetric pregaus-
sian random variable in Co satisfying the bounded CLT but failing the CLT.) 
Even the fact that these examples are constructed in Co, a space with "bad" 
geometric properties (of no non-trivial type or cotype) is not restrictive. There 
exist indeed spaces of type 2 - £ and cotype 2 + £ for every £ > 0 in which 
one can find bounded pregaussian random variables failing the CLT [Led3]. 

In spite of these negative examples, some positive results can be obtained. 
In particular, and as indicated by the last mentioned example, spaces of type 2 
and/or cotype 2 playa special role. This is also made clear by Propositions 9.24 
and 9.25 connecting type 2 and cotype 2 with pregaussian random variables 
and some inequalities involving those. The first theorem extends to type 2 
spaces the sufficient conditions on the line for the CLT. 

Theorem 10.5. Let X be a mean zero random variable such that JEIIXI1 2 < 00 

with values in a separable Banach space B of type 2. Then X satisfies the CLT. 
Conversely, if in a (separable) Banach space B, every random variable X such 
that JEX = 0 and JEIIXII 2 < 00 satisfies the CLT, then B must be of type 2. 

Proof. The definition of type 2 in the form of Proposition 9.11 immediately 
implies that for X such that JEX = 0 and JEIIXII 2 < 00, 

(10.5) 

If, given £ > 0, we choose a mean zero random variable Y with finite range 
such that EIIX - Yll2 < £2 /C2, the preceding inequality applied to X _ Y 
yields CLT{X - Y) < £ and thus X satisfies the CLT ({lOA)). Conversely, if, 
in B, each mean zero Borel random variable X with EIIXII2 < 00 satisfies the 
CLT, such a random variable is necessarily pregaussian. The second part of the 
theorem therefore simply follows from the corresponding one in Proposition 
9.24. Alternatively, one can invoke a closed graph argument to obtain (10.5) 
and apply then Proposition 9.19. 

We would like to mention at this stage that Theorem 10.5 easily extends 
to operators of type 2. We state, for later reference, the following corollary of 
the proof of Theorem 10.5. 

Corollary 10.6. Let u : E --+ F be an operator of type 2 between two separable 
Banach spaces E and F. Let X be a Borel random variable with values in E 
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such that JEX = 0 and JEIIXI1 2 < 00. Then the random variable u(X) satisfies 
the CLT in F. 

The next statement is the dual result of Theorem 10.5 for cotype 2 spaces. 

Theorem 10.7. Let X be a pregaussian random variable with values in a 
separable co type 2 Banach space B. Then X satisfies the CLT. Conversely, il 
in a (separable) Banach space B, any pregaussian random variable satisfies 
the CLT, then B must be 01 cotype 2. 

Proof. By Proposition 9.25, in a cotype 2 space, 

for any pregaussian random variable X with associated Gaussian variable 
G(X). Now, for each n, Snl Vii is pregaussian and associated to G(X) too. 
Hence, 

Let now X N = JEAN X where (AN) is a sequence of finite cr -algebras generat-
ing the cr-algebra of X. Then (XN) converges almost surely and in L2(B) to 
X. For each N, X - X N is still pregaussian and since 

for every 1 in B', it follows from (3.11) that the sequence (G(X _XN)) is tight 
(since G(X) is). It can only converge to 0 since, for every I, JE/2(X _XN) _ o. 
By the Gaussian integrability properties (Corollary 3.2), for each c > 0 one 
can find an N such that JE//G(X - XN)//2 < c21C. Thus CLT(X - XN) < c 
and X satisfies the CLT by the tightness criterion described in Section 10.1. 
Conversely, recall that a random variable X satisfying the CLT is such that 
JEI/X//P < 00, p < 2 (Lemma 10.1). We need then simply recall one assertion 
of Proposition 9.25. Theorem 10.7 is thus established. 

In cotype 2 spaces, random variables satisfying the CLT have a strong 
second moment (because they are pregaussian, or cf. Section 10.1). This actu-
ally only happens in cotype 2 spaces as is shown by the next statement. This 
result complements Theorem 10.7. 

Proposition 10.B. If in a (separable) Banach space B every Borel random 
variable X satisfying the CLT is in L2(B), then B is of co type 2. 

Proof. Assume that B is not of cotype 2. Since (cf. Remark 9.26) the cotype 2 
definitions with either Gaussian or Rademacher averages are equivalent, there 
exists a sequence (Xj) in B such that Lj gjXj converges almost surely but for 
which Lj //xj112 = 00. Consider, on some suitable probability space, 
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00 

X = 2: 2i / 2 IA j 9i Xi 
i=1 

where Ai are disjoints sets with P(Ai) = Ti and independent from the 
orthogaussian sequence (9i). Then JEIIXII2 = Ei IIxill2 = 00. However, let 
us show that X satisfies the CLT which therefore leads to a contradiction 
and proves the proposition. Let (9}) be independent copies of (9i) and (A;) 
independent copies of (Ai), all of them assumed to be independent. For every 
n, let N(n) be the smallest integer such that 2N(n) 2: 25n. Let 

00 n 

flo= U UA;. 
i=N(n)+1 i=1 

flo only depends on the A;'s and 1P(flo) 2-5 • Moreover, on the complement 
of flo, 

N(n) n 

Sn = 2i/2 (tt )Xi. 

We now use the law oflarge numbers to show that, conditionally on (A}), the 
Gaussian variables lAi.9} have a variance close to n2-i . For every t > 0, 

J 

Let us take t = 26 • Hence, for every n, there is a set of probability bigger than 
1 - 2-4 such that conditionally on the A; 's, Sn/ vn has the same distribution 

as "Ii x i where the "Ii's are independent normal random variables with 
variances less than 26 + 1 28 • We can then write, for every n and s > 0, 

where we have used the contraction principle in the last step. If we now choose 
s = 28JEII 9ixill (for example), we deduce from (10.2) that 

00 

CLT(X) 20· 28JEII2:9iXill. 
i=1 
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It is now easy to conclude that X satisfies the CLT. The same inequality 
when a finite number of x j are 0 indeed allows to build a finite dimensional 
approximation of X in the CLT(·)-norm. X therefore satisfies the CLT and 
the proof is thereby completed. 

In the spirit of the preceding proof and as a concrete example, let us 
note in passing that a convergent Rademacher series X = Li CiXi satisfies 
the CLT if and only if the corresponding Gaussian series Li giXi converges. 
The necessity is obvious since Li giXi is a Gaussian variable with the same 
covariance as X. Concerning the sufficiency, if (cij) and (gij) are respectively 
doubly-indexed Rademacher and orthogaussian sequences, and starting with 
a finite sequence (Xi), by (4.8), for every n, 

lEll = 

jk)Xili 

= 
2 . , 

where the last step follows from the Gaussian rotational invariance. By ap-
proximation, X is then easily seen to satisfy the CLT when Li giXi converges 
almost surely. 

IT we recall (Theorem 9.10) that a Banach space of type 2 and cotype 2 is 
isomorphic to a Hilbert space, the conjunction of Theorem 10.5 and Proposi-
tion 10.8 yields an isomorphic characterization of Hilbert space by the CLT. 

Corollary 10.9. A separable Banach space B is isomorphic to a Hilbert space 
if and only if for every Borel random variable X with values in B the condi-
tions lEX = 0 and lEIIXII2 < 00 are necessary and sufficient for X to satisfy 
the CLT. 

The preceding results are perhaps the most satisfactory ones on the CLT 
in Banach spaces although they actually concern rather small classes of spaces. 
While the case of cotype 2 spaces may be considered as completely understood, 
this is not exactly true for type 2 spaces. Indeed, while Theorem 10.4 indicates 
that the conditions lEX = 0 and lEIIXII2 < 00 are sufficient for X to satisfy 
the CLT in a type 2 space, the integrability condition lEIIXII2 < 00 need not 
conversely be necessary (it is only so in cotype 2 spaces). As we have seen, in 
general, when X satisfies the CLT, one only knows that (Lemma 10.1), 

lim t2p{IIXIl > t} = O. t--+oo 

It is therefore of some interest to try to understand the spaces in which the 
best possible necessary conditions, i.e. X is pregaussian and limt--+o t2p{IIXIl 
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> t} = 0, are also sufficient for a random variable X to satisfy the CLT. One 
convenient way to investigate this class of spaces is an inequality, similar in 
some sense to the type and cotype inequalities, but which combines moment 
assumptions with the pregaussian character. More precisely, let us say that 
a separable Banach space B satisfies the inequality Ros(p) , 1 ::; p < 00, if 
there is a constant C such that for any finite sequence (Xi) of independent 
pregausssian random variables with values in B with associated Gaussian 
variables (G(Xi)) (which may be assumed to be independent) 

(10.6) ::; + 
• • • 

This inequality is the vector valued version of an inequality discovered by 
H. P. Rosenthal (hence the appellation) on the line. That (10.6) holds on the 
line for any p is easily deduced from, for example, Proposition 6.8 and the 
observation that 

The same argument together with Proposition 9.25 shows that cotype 2 spaces 
also satisfy Ros(p) for every p, 1 ::; p < 00. It can be shown actually that the 
spaces of cotype 2 are the only ones with this property (cf. [Led4]). 

The main interest of the inequality Ros(p) in connection with the CLT 
lies in the following observation. 

Theorem 10.10. Let B be a separable Banach space satisfying Ros(p) for 
some p > 2. Then, a Borel random variable X with values in B satisfies the 
CLT if and only if it is pregaussian and limt-+oo t2p{IIXIl > t} = O. 

Proof. The necessity has been discussed in Section 10.1 and holds, as we know, 
in any space. Turning to sufficiency, our aim is to show that for any symmetric 
pregaussian variable X with values in B 

(10.7) CLT(X) ::; C(IIXII2,oo + EIIG(X)II) 

for some constant C. This property easily implies the conclusion. Indeed, given 
X symmetric, pregaussian and such that limt-+oo t2p{IIXIl > t} = 0 and given 
e > 0, let us first choose t large enough in order that, ifY = XI{IIXII9} (which 
is still pregaussian by Lemma 9.23), 

e 
IIX - Y1I2,oo + EIIG(X - Y)II < 2C . 

To this aim, use that limt-+oo t2p{IIXIl > t} = 0 and limt-+oo Ef2(X I{lIxlI>t}) 
= 0 for every f in B'. Consider then (AN) a sequence of finite u-algebras 
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generating the a-algebra of X and set yN = EANY. Then yN Y almost 
surely and in L2(B), and, as usual, G(Y - yN) 0 in L2(B). Applying (10.7) 
to X - Y and Y - yN for N large enough yields CLT(X - yN) < € and 
therefore X satisfies the CLT from this finite dimensional approximation. If 
X is not symmetric, replace it for example by �X where € is a Rademacher 
random variable which is independent of X. 

Therefore, it suffices to establish (10.7). Assume by homogeneity that 
IIXII2,<Xl S; 1. For each n, we have that, 

where Ui = ui(n) = n-1/ 2X iI{Uxi US:Vn}' i = 1, ... ,n. Since IIXII2,<Xl S; 1, by 
integration by parts, it is easily seen that 

Applying the inequality Ros(p), p > 2, to the u/s, we get 

Ellt uillP S; C{nEllulliP + 2EIIG(X)II P ) 

i=l 

since the Ui'S are pregaussian and EIIG(udIiP S; 2EIIG(X)II P (Lemma 9.23). 
Now, since p > 2 and IIXII2,<Xl S; 1, 

nEllulliP S; n 1- p/2 foVn 1P{IIXII > t} dtP 

< n 1- p / 2 [Vn dtP = _P_ . 
- 10 t2 P - 2 

(10.7) thus follows (recall Gaussian random vectors have all their moments 
equivalent). Theorem 10.10 is established. 

Type 2 spaces of course satisfy Ros(2) but the important property in 
Theorem 10.10 is Ros(p) for p > 2. We already noticed that cotype 2 spaces 
verify Ros(p) for all Pi in particular Lp-spaces with 1 S; p S; 2. When 2 < p < 
00, Lp satisfies Ros(p) for the corresponding p. This follows from the scalar 
inequality together with Fubini's theorem. Indeed, if (Xi) are independent 
pregaussian random variables in Lp = Lp( S, E, Jl) where (S, E, Jl) is a-finite, 

Xilr = Is EI2: Xi (s)IP dJl(s) 
t t 

S; Is c( EIXi(s)IP + ElL G(Xi)(s)I P
) dJl(s) 

• • 
= 

• • 
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When 2 < p < 00, Lp is of type 2 and enters the setting of Theorem 10.5 but 
since it satisfies Ros{p) and p > 2 we can also apply the more precise Theorem 
10.10. Together with the characterization (9.16) of pre gaussian structures, the 
CLT is therefore completely understood in the Lp-spaces, 1 ::; p < 00. 

One might wonder from the preceding about some more examples of spaces 
satisfying Ros{p) for some p > 2, especially among the class of type 2 spaces. 
It can be shown that Banach lattices which are r-convex and s-concave for 
some r > 2 and s < 00 (cf. [Li-T2]) belong to this class. However, already 
12{lr), r > 2, which is of type 2, verifies Ros{p) for no p > 2. Actually, this 
is true of 12(B) as soon as B is a Banach space which is not of cotype 2. To 
see this, note that if B is not of cotype 2, for every e > 0, one can find a 
pregaussian random variable Y in B such that 

IIYII = 1 almost surely and EIIG{Y)112 < e. 

Consider then independent copies Yi of Y and set Xi = Yiei in 12{ B) where (ei) 
is the canonical basis. Assume then that 12{B) satisfies Ros{p) for some p > 2 
and apply this inequality to the sample (Xik:SN. Since Gaussian moments are 
all equivalent, we should have, for some constant C and all N, 

That is, since G{Xi) = G{Yi)ei, 

NP/2 ::; C(N + (NEIIG{Y)1I2)P/2) 

::; C(N + (eN)P/2). 

Hence, if e is small enough and N tends to infinity, this leads to a contradiction. 
Thus finding spaces satisfying Ros(p) for p > 2 seems a difficult task, 

and so the CLT under the best possible necessary conditions. One interesting 
problem in this context would be to know whether Theorem 10.10 has some 
converse; that is, if in a Banach space B, the conditions X pregaussian and 
limt_oo t2p{IIXIl > t} = 0 are sufficient for X to satisfy the CLT, does B 
satisfy Ros{p) for some p > 2? This could be analogous to theorems on the 
laws of large numbers and the type of a Banach space (cf. Corollary 9.18). 

As a remark we would like to briefly come back at this stagE) to the bounded 
CLT and show that the bounded CLT and true CLT already differ in Lp for 
p> 2. It is clear from the proof of Theorem 10.10 {cf. (10.7» that a pregaus-
sian variable in a Ros{p)-space, p > 2, such that IIXII2,oo < 00 satisfies the 
bounded CLT. To prove our claim, it is therefore simply enough to construct 
a pregaussian random variable X in, for example, lp, 2 < p < 00, such that 

(10.8) 0< limsupt2P{IIXII > t} < 00. 
t-oo 

To this aim, let N be an integer valued random variable such that P{N = i} 
= ci-1- 2/ p , i 2: 1. Let (ei) be a Rademacher sequence which is independent 
of N and consider X in lp given by 
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00 

X = L c:d{N2$i<N2+N}ei 
i=l 

where (ei) is the canonical basis of lp. Then IIXII = N1/p and (10.8) clearly 
holds. We are left to show that X is pregaussian and we use (9.16). That is, 
it suffices to show that 

00 

L(F{N i < N 2 + N})P/2 < 00; 

i=l 

but this is clear since by definition of N, F {N i < N 2 + N} is of the order 
of i-1/ 2- 1/ p when i --t 00, and p > 2. 

In conclusion to this section, we present some remarks on the relation be-
tween the CLT and the LIL (for simplicity we understand here by LIL only the 
compact law of the iterated logarithm) in Banach spaces. On the line and in 
finite dimensional spaces, CLT and LIL are of course equivalent, that is, a ran-
dom variable X satisfies the CLT if and only if it satisfies the LIL, since they 
are both characterized by the moment conditions JEX = 0 and JEIIXII2 < 00. 

However, the conjunction of Corollary 10.9 and Corollary 8.8 indicates that 
this equivalence already fails in infinite dimensional Hilbert space where one 
can find a random variable satisfying the LIL but failing the CLT. This obser-
vation together with Dvoretzky's theorem (Theorem 9.1) actually shows that 
the implication LIL => CLT only holds in finite dimensional spaces. Indeed, 
if B is an infinite dimensional Banach space in which every Borel random 
variable satisfying the LIL also satisfies the CLT, by a closed graph argument, 
for some constant C and every X in B, 

CLT(X) CA(X) 

where we recall that A(X) = limsuPn-+oo IISnll/an (non-random). By Theo-
rem 9.1, the same inequality would hold for all step random variables with 
values in a Hilbert space, and hence, by approximation, for all random vari-
ables. But this is impossible as we have seen. Hence we can state 

Theorem 10.11. Let B be a separable Banach space in which every Borel 
random variable satisfying the LIL also satisfies the CLT. Then B is finite 
dimensional. 

Concerning the implication CLT => LIL, a general statement is available. 
Indeed, if X satisfies the CLT, then trivially Sn/an --t 0 in probability, and 
since X is pregaussian the unit ball of the reproducing kernel Hilbert space 
associated to X is compact. The characterization of the LIL in Banach spaces 
(Theorem 8.6) then yields the following theorem. 

Theorem 10.12. Let X be a Borel random variable with values in a separable 
Banach space B satisfying the CLT. Then X satisfies the LIL if and· only if 
JE(IIXII2 / LLIIXII) < 00. 



10.3 A Small Ball Criterion for the Central Limit Theorem 289 

The moment condition E(IIXII 2 / LLIIXII} < 00 -is of course necessary in 
this statement since it is not comparable to the tail behavior 
limt-+oo t2p{IIXIl > t} = 0 necessary for the CLT. Despite this general sat-
isfactory result, the question of the implication CLT =} LIL is not solved for 
all that. Theorem 10.12 indicates that the spaces in which random variables 
satisfying the CLT also satisfy the LIL are exactly those in which the CLT 
implies the integrability property E(IIXII 2 / LLIIXII} < 00. This is of course 
the case for cotype 2 spaces but the characterization of the CLT in Lp-spaces 
shows that Lp with p > 2 does not satisfy this property. An argument similar 
to the one used for Theorem 10.11, but this time with Theorem 9.16 instead 
of Dvoretzky's theorem, then shows that the spaces satisfying CLT =} LIL are 
necessarily of cotype 2 + £ for every £ > o. But a final characterization is still 
to be obtained. 

10.3 A Small Ball Criterion 
for the Central Limit Theorem 

In this last paragraph, we develop a criterion for the CLT which, while cer-
tainly somewhat difficult to verify in practice, involves in its elaboration sev-
eral interesting arguments and ideas developed throughout this book. The 
result therefore presents some interest from a theoretical point of view. The 
idea of its proof can be used further for an almost sure randomized version of 
the CLT. 

Recall that we deal in all this chapter with a separable Banach space B. 
We noticed, prior to Theorem 3.3, that for a Gaussian Radon random variable 
G, with values in B each ball centered at the origin has a positive mass for the 
distribution of G. Therefore, it follows that if X is a Borel random variable 
satisfying the CLT in B, for every £ > 0, 

(1O.9) liminf1P{ IISnll < £} > o. 
n-+oo Vn 

It turns out that, conversely, if a Gaussian cylindrical measure charges each 
ball centered at the origin, then it is Radon. Surprisingly, this converse extends 
to the CLT. Namely, if (1O.9) holds for every £ > 0, and if the necessary tail 
condition limt-+oo t 2p{IIXIl > t} = 0 holds, then X satisfies the CLT. This is 
theoretical small ball criterion for the CLT. It can thus be stated as follows. 

Theorem 10.13. Let X be a Borel random variable with values in a separable 
Banach space B. Then X satisfies the CLT if and only if the following two 
properties are satisfied: 

(i) limt21P{IIXII>t}=Oi t-+oo 

(ii) for each £ > 0, o:(£} = liminfP{IISn/VnIl < £} > o. 
n-+oo 
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Before we turn to the proof of this result, we would like to mention a few 
facts, one of which will be of help in the proof. As we have seen, (i) and (ii) are 
necessary for X to satisfy the CLT and are optimal. Indeed, the tail condition 
(i) cannot be suppressed in general, i.e. (ii) does not necessarily imply (i) (cf. 
[L-T3]). However, and we would like to detail this point, (ii), and for one e > 0 
only, already implies the bounded CLT, that is that the sequence (Bn/.;n) is 
bounded in probability (and therefore (ii) implies SUPt>o t 2p{IIXIl > t} < 00). 

This claim is based on the inequality of Proposition 6.4. Replacing X by 
X - X, where X' is an independent copy of X, it is enough to deal with 
the symmetrical case. Let Y1,'" , Y m be independent copies of Sn/.;n. Since 
E:'1 has the same distribution as Bmn/ y'mn, by Proposition 6.4, for 
every large enough n, 

( ) {m } 3 ( m ) -1/2 
a 2e S P < eVm s 2 1 + > eVm} 

and thus, for every large enough n and every m, 

{ IIBnll } 9 
mP .;n > eVm S a(e)2 . 

Therefore, as announced, (Bn/.;n) is bounded in probability. In particular, 
CLT(X) < 00 and while X is not necessarily pregaussian, at least there is a 
bounded Gaussian process with the same covariance structure as X and the 
family {f(X)if E B', IIfll s 1} is totally bounded in L2. All that was noticed 
in Section 10.1 when we discussed the bounded CLT. 

Let us note that the preceding argument based on Proposition 6.4 shows 
similarly that a random variable X satisfies the CLT if there is a compact set 
K in B such that 

liminfP{ B; E K} > O. 
n-+oo yn 

This improved version of the usual tightness criterion may be useful to under-
stand the intermediate level of Theorem 10.13. 

Proof of Theorem 10.13. Replacing as usual X by X - X' we may and do 
assume that X is symmetric. The sequence (Xi) of independent copies of X has 
therefore the same distribution as (eiXi) where (ei) is a Rademacher sequence 
which is independent of (Xi). Recall that we denote by P e, :Ee (resp. Px, 
:Ex) conditional probability and expectation with respect to the sequence (Xi) 
(resp. (ei». We show, and this is enough, that there is a numerical constant 
C such that, given 6 > 0, one can find a finite dimensional subspace F of B 
with quotient map T = TF : B -+ B / F such that 

(10.10) 
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The proof is based on the isoperimetric inequality for product measures of 
Theorem 1.4 which was one of the main tools in the study of the strong limit 
theorems and which proves to be also of some interest in weak statements 
such as the CLT. Here, we use the full statement of Theorem 1.4 and not only 
(1.13). The main step in this proof will be to show that if 

{ n T(Xi) II } A = x = E B j Ee {;t Ci Vn :::; 26 , 

for each 6 > 0, there exists a finite dimensional subspace F of B such that if 
T=TF, 

(10.11) 

for all large enough n's, where 0(6) > 0 depends on 6 > 0 only. Let us show 
how to conclude when (10.11) is satisfied. For integers q,k, recall H(A,q,k). 
If E H(A,k,q), there exist j :::; k and xl, ... ,xq in A such that 

{l, ... ,n} = {il, ... ,ij}U[ 

where [ = :::; nj Xi = xf}. By monotonicity of Rademacher averages 
(cf. Remark 6.18), 

Ci T(Xi) II :::; IIXili + Eell" Ci T(X i ) II Vn Vn Vn 1=1 lEI 

Hence 

1Px{ II> (2q + 1)6} 

:::; ft H(A,q,k)} > 6} . 
• yn 

Now, under (10.11), Theorem 1.4 tells us that for some numerical constant K, 
which we might choose to be an integer for convenience, 

ct H(A,q,k)} :::; r 
Let us choose q to be 2K, and then take k = k( 6) large enough depending on 
6> 0 only such that the preceding probability is less than 6/2. Since, by (i), 

lim II Xi II > 6vn/k(6)} = 0, 
n-+oo 

(10.10) will be satisfied and the CLT for X will hold. 
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Therefore, we have to establish (10.11). We write, for every n, 

since IITII ::; 1. By (ii), (10.11) will hold as soon as 

{ 
n T(X) n T(X) } vi vi II> 8 < a(8) 

for some appropriate choice of T. Setting, for every n, 

Xi 
Ui = Ui(n) = y'n i = 1, ... , n 

where c(8) > 0 is to be specified, it is actually enough by (i) to check that 

To this aim, we use the concentration properties of Rademacher averages 
(Theorem 4.7). We have to switch to expectations instead of medians, but 
this is easy. Conditionally on (Xd, denote by M a median of II ciT(ui)1I 
and let (1 = J2(T(Ui)))1/2 where the supremum runs here over 
the unit ball of the dual space of B / F for an F to be chosen. By Theorem 
4.7, for every t > 0, 

In particular, by an integration by parts, 

IEclltCiT(Ui)II-MI::; 12(1. 
i=l 

Hence, if (1 ::; 8/24, 

Thus, integrating with respect to 1P x, 

(10.13) 
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To prove (10.12), we have thus simply to show that Ea2 can be made arbi-
trarily small independently of n for a well chosen large enough subspace F of 
B. To this aim, recall from the discussion prior to this proof that, under (ii), 
CLT(X) < 00 and that this implies that {J(X); f E B', IIfll ::; 1} is relatively 
compact in L 2 • We use Lemma 6.6 (6.5) (and the contraction principle) to see 
that, for every n, 

n 

Ea2 = E sup Lf2(T(ui)) 
11/119 i=1 

::; sup Ef2(T(X)) + 8c(6)CLT(X). 
11/119 

Choose then c(6) > 0 to be less than 620(6)/16 .103CLT(X), and choose also 
T : B --+ B / F associated to some large enough finite dimensional subspace F 
of B such that sUPIl/1l9Ef2(T(X)) ::; 620(6)/2.103 • According to (10.13), 
We see that (10.12) is satisfied. This was the property that we had to prove. 
Theorem 10.13 is therefore established. 

We conclude this chapter with an almost sure randomized version of the 
CLT. The interest in such a result lies in its proof itself, which is similar in 
nature to the preceding proof, and in possible statistical applications. It might 
be worthwhile to recall Proposition lOA before the statement. As there also, 
if X is a Banach space valued random variable and a real valued random 
variable independent of X, and if (Xi) (resp. are independent copies of 
X (resp. the sequences (Xi) and are understood to be independent 
(constructed on different probability spaces). 

Theorem 10.14. Let X be a mean zero Borel random variable with values 
in a separable Banach space B and let be a real valued random variable in 
L2,1 independent of X such that = 0 and Ee = 1. The following are 
equivalent: 

(i) EIIXII 2 < 00 and X satisfies the CLT; 

(ii) for almost every w of the probability space supporting the Xi'S, the se-
quence converges in distribution. 

In either case, the limit of does not depend on wand 
is distributed as G(X), the Gaussian distribution with the same covariance 
structure as X. 

Proof. It is plain that under (ii) the product satisfies the CLT. Hence, since 
X has mean zero and "¥- 0, X also satisfies the CLT by Proposition lOA. To 
show that EIIXII2 < 00, replacing by -e where e is an independent copy of 

may assume to be symmetric. For almost every w, 
is bounded in probability. Hence, by Levy's inequality (2.7), the same holds 
for the sequence Since is non-zero, it follows that for 
almost every w 
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IIXn(w) II 
sup . r.;; 

n yn 
< 00. 

Therefore, by independence and the Borel-Cantelli lemma, JEIIXII 2 < 00. This 
proves the implication (ii) => (i). 

The main tool in the proof of the converse implication (i) => (ii) is the fol-
lowing lemma. This lemma may be considered as some vector valued extension 
of a strong law of large numbers for squares. 

Lemma 10.15. In the setting of Theorem 10.14, if JEIIXII 2 < 00, for some 
numerical constant K, almost surely, 

1 n 1 n 

li:.n->s:,!p 

where, as usual, denotes partial integration with respect to the sequence 

Proof. Set M = limsuPn->oo JEll assumed to be finite. By 
Lemma 6.3, since = 0, we may and do assume that is symmetric. By the 
Borel-Cantelli lemma, and monotonicity of the averages, it suffices to show 
that for some constant K, and all c > 0, 

2n 

> K(M +c)2n / 2 } < 00, 

or, by definition of M, that 
2n 2n 

1Px > 'iXill + c2n/2 } < 00. 

To show this, we use of the isoperimetric approach developed in Section 6.3. 
Since JEIIXII 2 < 00, by Lemmas 7.6 and 7.8, there exists a sequence (kn ) of 
integers such that En 2-kn < 00 and 

IIXill* > c2n / 2 } < 00 

where (IiXill*) is the non-increasing rearrangement of (IiXill)i::;2n. Now, Re-
mark 6.18 applies similarly to the averages in the symmetric sequence ('i). 
Note that JEI'I 1. Hence, by (6.23) adapted to with q = 2Ko and k = kn 

q for n large enough), 
2n 2n 

1Px{ > + c2n/2 } 

Tkn + 1P{t, IIXill* > c2n/2}. 

Letting K = 2q = 4Ko, the proof of Lemma 10.15 is complete. 
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We conclude the proof of the theorem. Since X satisfies the CLT, for 
every k 1, there exists a finite dimensional subspace Fk of B such that if 
Tk = TFk : B B/H 

1 
CLT(Tk(X)) :::; . 

Recall from Proposition lOA that :::; If we now 
apply Lemma 10.15 to Tk(X) for each k, there exists flk with P(flk) = 1 such 
that for every w in flk 

Let also flo be the set of full probability obtained when Lemma 10.15 is applied 
to X itself. Let flO = nk>O flk; P(flO) = 1. Let now w E flO. For each £ > 0, 
there exists a finite dimensional subspace F of B such that if T = TF, 

n In < £2. 

Hence, if n no(£), 

It follows that the sequence is tight (it is bounded in 
probability since W E flo). We conclude the proof by identifying the limit. 
Using basically that f2(Xi)/n JEf2(X) almost surely, it is not difficult 
to see, by the Lindeberg CLT (cf. e.g. [Ar-G2]) for example, that, for every 
f in B', there exists a set fl f of probability one such that for all w E fl f' 
(E:=l converges in distribution to a normal variable with 
variance JEf2(X). The proof is easily completed by considering a weakly dense 
countable subset of B'. Theorem 10.14 is established. 

Notes and References 

This chapter only concentrate on the classical central limit theorem ((CLT)) 
for sums of identically distributed independent random variables under the 
normalization yin. We would like to refer to the book of A. Araujo and E. Gine 
[Ar-G2] for a more complete account on the general CLT for real and Banach 
space valued random variables, as well as for precise and detailed historical 
references. See also the paper [A-A-G]. We also mention the recent book by 
v. Paulauskas and A. Rachkauskas [P-R2] on rates of convergence in the vector 
valued CLT, a topic not covered here. We note that some further results on 
the CLT, using empirical process methods, will be presented in Chapter 14. 
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Starting with Donsker's invariance principle [Do], the study of the CLT for 
Banach space valued random variables was initiated by E. Mourier [Mo] and 
R. Fortet [F-M1], [F-M2], S. R. S. Varadhan [Var], R. Dudley and V. Strassen 
[D-S], L. Le Cam [LC]. The proof that we present of the necessity of1EX2 < 00 

on the line and similarly of1EIIX1I 2 < 00 in cotype 2 spaces is due to N. C. Jain 
[Ja1] who also showed the necessity of IIXII2,oo < 00 in any Banach space [Ja1], 
[Ja2]. The improved Lemma 10.1 was then noticed independently in [A-A-G] 
and [P-Z]. Corollary 10.2 was observed in [Pi3]. Proposition 10.3 is due to 
G. Pisier and J. Zinn [P-Z]. The randomization property of Proposition 10.4 
has been known for some time independently by X. Fernique and G. Pisier 
and was put forward in the paper [G-Z2]. Our proof is Pisier's and the best 
possibility of L 2,1 was shown in [L-T1]. 

The extension to Hilbert spaces of the classical CLT was obtained by 
S. R. S. Varadhan [Var). A further extension in some smooth spaces, anticipat-
ing spaces of type 2, is described in [F-M1). Examples of bounded random vari-
ables in e[O, 1) failing the CLT were provided in [D-S], and in Lp , 1 ::; p < 2, 
by R. Dudley (cf. [Kue2)). A decisive step was accomplished by J. Hoffmann-
JjZirgensen and G. Pisier [HJ-P] with Theorem 10.5 and N. C. Jain [Ja2] with 
Theorem 10.7 and Proposition 10.8. This proposition is due independently to 
D. Aldous [AId). See also [Pi3), [HJ3), [HJ4). Rosenthal's inequality appeared 
in [Ros). Its interest in the study of the CLT in Lp-spaces was put forward 
in [G-M-Z) and further by J. Zinn in [Zi2) where Theorem 10.10 is explained. 
An attempt of a systematic study of Rosenthal's inequality for vector valued 
random variables is undertaken in [Led4]. The characterization of the CLT 
in Lp-spaces (and more general Banach lattices) goes back to [P-Z] (cf. also 
[G-Z1)). That the best possible necessary conditions for the CLT are not suf-
ficient in f 2 (B) when B is not of cotype 2 is due to J. Zinn [Zi2], [G-Z1]. Some 
further CLT's in fp(fq) are investigated in this last paper [G-Z1]. The example 
on the CLT and bounded CLT in fp, 2 < p < 00, is taken from [P-Z). 

Theorem 10.11 is due to G. Pisier and J. Zinn [P-Z] thanks to several 
early results on the CLT and the LIL in Lp-spaces, 2 ::; p < 00. G. Pisier 
[Pi3] established Theorem 10.12 assuming a strong second moment with a 
proof containing the essential step of the general case. The final result is due 
independently to V. Goodman, J. Kuelbs, J. Zinn [G-K-Z] and B. Heinkel 
[He2]. The comments on the implication CLT => LIL are taken from [Pi3]. 

The small ball criterion (Theorem 10.13) was obtained in [L-T3]. On the 
line, the result was noticed in [J-O]. We learned how to use Kanter's inequality 
(Proposition 6.4) in this study from X. Fernique. The proof of Theorem 10.13 
with the isoperimetric approach is new. Theorem 10.14 is due to J. Zinn and 
the authors and also appeared in [L-T3] (with a different proof). Its proof, in 
particular Lemma 10.15, has been used recently in bootstrapping of empirical 
measures by E. Gine and J. Zinn [G-Z4]. 



11. Regularity of Random Processes 

In Chapter 9 we described how certain conditions on Banach spaces can ensure 
the existence and the tightness of some probability measures. For example, 
if (Xi) is a sequence in a type 2 Banach space B such that L:i IIxdl2 < 00, 

then the series L:i 9iXi converges almost surely and defines a Gaussian Radon 
random variable with values in B. These conditions were further used in Chap-
ters 9 and 10 to establish tightness properties of sums of independent random 
variables, especially in the context of central limit theorems. 

In this chapter, another approach to the existence and tightness of certain 
measures is taken in the framework of random functions and processes. Given a 
random process X = (Xt)tET indexed by some set T, we investigate sufficient 
conditions for the almost sure boundedness or continuity of the sample paths of 
X in terms of the "geometry" (in the metric sense) ofT. By geometry, we mean 
some metric entropy or majorizing measure condition which estimates the size 
of T in function of some parameters related to X. The setting of this study 
has its roots in a celebrated theorem of Kolmogorov which gives sufficient 
conditions for the continuity of processes X indexed by a compact subset of R, 
in terms of a Lipschitz condition on the increments Xs - X t of the processes. 
Under this type of incremental conditions on the processes, this result was 
extended to processes indexed by regular subsets T of R,N and then further to 
abstract index sets T. In this chapter, we present several results in this general 
abstract setting. The first section deals with the metric entropy condition. 
The results, which naturally extend the more classical ones, are rather easy to 
prove and to use but nevertheless can be shown to be sharp in many respects. 
The second paragraph investigates majorizing measure conditions which are 
more precise than entropy conditions as they take more into account the local 
geometry of the index set. That majorizing measures are a key notion will be 
shown in the next chapter on Gaussian processes. These sufficient entropy or 
majorizing measure conditions for sample boundedness or continuity are used 
in the proofs in rather a similar manner: the main idea is indeed based on the 
rather classical covering technique and chaining argument already contained 
in Kolmogorov's theorem. In Section 11.3, we present important examples of 
applications to Gaussian, Rademacher and chaos processes. 

Common to this chapter is the datum of a random process X = (Xt)tET, 
that is a collection (Xt ) of real valued random variables, indexed by some 
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parameter set T which we assume to be a metric or pseudo-metric space. 
By pseudo-metric recall that we mean that T is equipped with a distance 
d which does not necessarily separate points (d(s,t) = 0 does not always 
imply s = t). Our main objective is to find sufficient conditions in order for 
X to be almost surely bounded or continuous, or to possess a version with 
these properties. We usually work with processes X = (XthET which are in 
Lp , 1 :::; p < 00, or, more generaly, in some Orlicz space L"" i.e. IIXtll", < 
00 for every t. Concerning almost sure boundedness, and according to what 
was described in Chapter 2, we therefore simply understand supremum like 
SUPtET X t , SUPtET IXtl, SUPs,tET IXs - Xtl ... as lattice supremum in L",; for 
example, 

E sup IXs - Xtl = sup{E sup IXs - Xtl; F finite in T} . 
s,tET s,tEF 

We avoid in this way the usual measurability questions and moreover reduce 
the estimates which we will establish to the case of a finite parameter set T. 
Of course, we could also use separable versions and we do that anyway in the 
study of the sample continuity. 

One more word before we turn to the object of this chapter. In the theo-
rems below, we usually bound the quantity EsuPs,tET IXs - Xtl (for T finite 
for simplicity). Of course 

lE sup IXs - Xtl = lE sup (Xs - X t ) 
s,tET s,tET 

which is also equal to 2E SUPtET X t if the process is symmetric (i.e., the dis-
tribution in R T of - X and X are the samej for example Gaussian processes 
are symmetric). We also have, for every to in T, 

lEsupXt :::; Esup IXtl :::; lElXtol + lE sup IXs - Xtl 
tET tET s,tET 

and, when X is symmetric, 

lEsupXt :::; lEsup IXtl :::; lElXtol + 2lEsupXt . 
tET tET tET 

These inequalities are freely used below. The example of T being reduced 
to one point shows that the estimates we establish do not hold in general for 
lEsUPtET IXtl rather than lEsUPtET X t or lEsUPs,tET IXs-Xtl. The supremum 
notation will also often be shortened in sUPT or SUPt, sUPs,t etc. 

Recall that a Young function 1/1 is a convex increasing function on R+ such 
that limt-+oo1/1(t) = 00 and 1/1(0) = o. The Orlicz space L", = L",(n,A,p) 
associated to 1/1 is defined as the space of all real valued random variables Z 
on (n,A,p) such that lE1/1(IZl!c) < 00 for some c > o. Recall that it is a 
Banach space for the norm 

IIZII", = inf{c > OJ lE1/1(IZI/c):::; I}. 
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The general question that we study in the first two sections of this chapter 
is the following: given a Young function t/J and a random process X = (XthET 
indexed by (T, d) and in L..p (Le. IIXtll..p < 00 for every t) satisfying the 
Lipschitz conditions in L..p 

(11.1 ) IIXs - Xtll..p ::; d(s, t) for all s, t E T, 

find then estimates of SUPt X t and sufficient conditions for the sample bound-
edness or continuity of X in terms of "the geometry of (T, d; t/J)". By this we 
mean the size of T measured in terms of d and t/J. Note that we could take 
as pseudo-metric d the one given by the process itself d(s,t) = IIXs - Xtll..p 
so that T may be measured in terms of X. The main idea will be to convey, 
via the incremental conditions (11.1), boundedness and continuity of X in the 
function space L..p to the corresponding almost sure properties. This will be 
accomplished with a chaining argument. 

Our main geometric measures of (T, d; t/J) are the metric entropy condition 
and the majorizing measure condition. The first section develops the results 
under the concept of entropy which we already encountered in some of the 
preceding chapters in necessary results. 

Let us note before we turn to these results that the study of the continuity 
(actually uniform continuity) will always follow rather easily from the various 
bounds established for the boundedness that thus appears as the main question 
in this investigation. This situation is rather classical and we already met it for 
example in Chapters 7-9 in the study of limit theorems. Let us also mention 
that the fact that we are working with pseudo-metrics rather than metrics is 
not really important since we can always identify two points sand t in T such 
that d(s,t) = 0; under (11.1), Xs = X t almost surely. Furthermore, all the 
conditions that we will use, entropy or majorizing measures, imply that (T, d) 
is totally bounded. For simplicity, one can therefore reduce everything, if one 
wishes it, to the case of a compact metric space (T, d). 

11.1 Regularity of Random Processes 
Under Metric Entropy Conditions 

Let (T,d) be a pseudo-metric space. Recall the entropy numbers N(T,d;e). 
That is, for each e > 0, denote by N(T, dj e) the smallest number of open balls 
of radius c: > 0 in the pseudo-metric d which form a covering of T. (Recall 
that we could work equivalently with closed balls.) T is totally bounded for 
d if and only if N(T, d; e) < 00 for every c: > 0, a property which will always 
be satisfied under all the conditions we will deal with. Denote further by 
D = D(T) the diameter of (T, d) Le., 

D = sup{d(s,t); s,t E T} 

(finite or infinite). 
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The following theorem is the main regularity result under metric entropy 
conditions for processes with increments satisfying (11.1). It only concerns 
so far boundedness but continuity will be achieved similarly later on. 'l/J-1 
denotes the inverse function of'l/J. 

Theorem 11.1. Let X = (XdtET be a random process in L1/J such that for 
all s, t in T 

IIXs - Xtll1/J :S d(s,t). 

Then, if l D
'l/J-1(N(T,d;e))de < 00, 

X is almost surely bounded and we actually have 

IE sup IXs -Xtl:S 8 f D 'l/J-1(N(T,d;e))de. 
s,tET 10 

It is clear that the convergence of the entropy integral is understood when 
e O. The numerical constant 8 is without any special meaning. 

We will actually prove a somewhat better result the proof of which is not 
more difficult. 

Theorem 11.2. Let'l/J be a Young function and let X = (XdtET be a random 
process in L1 = L1 (f.?, A, IP) such that for all measurable sets A in f.? and all 
s, t in (T, d), 

Then, for every A, 

Note that this statement does not really concern 'l/J qut rather the function 
u'l/J-1(I/u), 0 < u :S 1, and should perhaps be preferably stated in this way. 

Before proving Theorem 11.2, let us explain the advantages of its formula-
tion and how it includes Theorem 11.1. For the latter, simply note that when 
(11.1) holds, by convexity and Jensen's inequality 

I f -1 (IXs - Xtl) dIP A IXs - XtldIP = d(s, t)IP(A) 1A 'l/J o'l/J d(s, t) IP(A) 

-1( 1 (IXs-Xtl)) :S d(s, t)IP(A)'l/J IP(A) IE'l/J d(s, t) 

-1 ( 1 ) :S d(s,t)IP(A)'l/J IP(A)' 
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Conversely, it should be noted that if Z is a positive random variable such 
that for every measurable set A 

i ZdlP P(A)tP-1 (PtA)) , 

then, letting A = {Z > u} and using Chebyshev's inequality, we have 

P{Z > u} [ ZdlP .!.P{Z > u}tP-1 (p{Zl }) 
uJ{z>u} u >u 

so that for every u > 0, 
1 

P{Z > u} tP(u) . 

For Young functions of exponential type the latter is equivalent to saying that 
IIZII", < 00. However, for power type functions, it is less restrictive and this is 
why Theorem 11.2 is more general in its hypotheses. It includes for example 
conditions in weak Lp-spaces. Let 1 < p < 00 and assume indeed that we have 
a random process X such that for all s, t in T 

(11.2) IIXs - Xtllp,oo d(s, t). 

Then, as is easily seen by integration by parts, 

i IXs - XtldlP qd(s,t)P(A)l/q 

qd{s, t)P{A) (PtA)) lip 

where q = pip - 1 is the conjugate of p. 
This for the advantages in the hypotheses. Concerning the conclusion, 

the formulation in Theorem 11.2 allows to obtain directly some quite sharp 
integrability and tail estimates of the sup-norm of the process X much in the 
spirit of those described in the first part of the book. If, for example, tP is such 
that for some constant C = C'" and all x, y 2: 1 

tP-1{xy) s CtP-1(X)tP- 1{y) 

(which is the case for example when tP{x) = xP, 1 p < (0), then the 
conclusion of Theorem 11.2 is that for all measurable sets A 

[ sup IXs - XtldlP 8CEP(A)tP-1 (_(1 )) JA s,t P A 

where 

E = E(T, dj tP) = 1D tP-1 (N(T, dj c:))dc:, 

assumed of course to be finite. Then, by Chebyshev's inequality as before, for 
every u > 0, 

(11.3) 
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This applies in particular to the preceding setting of (11.2) for 1/1(x) = xP , 

1 < p < 00, in which case we get 

II sup IXs - Xtlllp,oo 8qCE. 
s,t 

Hence, under the finiteness of the entropy integral, we conclude to a degree 
of integrability for the supremum which is exactly the same as the one we 
started with on the individuals (Xs-Xt ). In case we have IIXs-Xtll p d(s, t) 
instead of (11.2) we end up with a small gap in this order of idea. This can 
however easily be repaired. Indeed, if Z is. a positive random variable such 
that IIZllq = 1 and if we set = fA ZqdP, then, from the assumption, for 
every measurable set A, and all s, t, 

L IXs - d(s, 

Theorem 11.2 with respect to yields 

! suplXs 8CE 
s,t 

from which, by uniformity in it follows that 

II sup IXs - Xtilip 8CE. 
s,t 

If 1/1 is an exponential function 1/1q(x) = exp(xq) - 1, then (11.3) immedi-
ately implies that 

II sup IXs - Xtlll"'q CqE 
s,t 

for some constant Cq depending on q only. In this case actually, the general 
estimate (11.3) can be improved into a deviation inequality. Assume that 1/1 
satisfies 

1/1-1(xy) C(1/1-1(x) + 1/1-1(y)) 
for all x, y ;::: 1. The functions 1/1q satisfy this inequality. In this situation, 
Theorem 11.2 indicates that for every measurable set A, 

L IXs - XtldP 8CP(A) (D1/1-1 (PtA)) + E) . 

This easily implies that for every u > 0 

(11.4) -Xtl > 8C(E+u)} (1/1(;))-1 
This is an inequality of the type we obtained for bounded Gaussian or 
Rademacher processes in Chapters 3 and 4 with two parameters, E, the 
entropy integral, which measures some information on the sup-norm in L p , 

o P < 00, and the diameter D which may be assimilated to weak moments. 
For the purpose of comparison, note that, obviously, 
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E = lD 1/;-1 (N(T,dj c»)dc 2: 1/;-l(l)D 

(1/;-1(1) > 0 by convexity) and E is much bigger than D in general. 
Now, we prove Theorem 11.2. 

Proof of Theorem 11.2. It is enough to prove the inequality of the statement 
with T finite. Let io be the largest integer (in Z) such that 2- i 2: Dj let also i1 
be the smallest integer i such that the open balls B(t, 2- i ) with center t and 
radius 2- i in the metric d are reduced to exactly one point. For each io i 
iI, let Ti C T of cardinality N(T, dj 2-1) such that the balls {B(t, 2-i )j t E Ttl 
form a covering of T. By induction, define maps hi : Ti Tl-1, io < i iI, 
such that t E B(hl(t), 2-H1 ). Set then ki : T Ti, ki = hi+l 0'" 0 hil' io 
i i1 (ki l = identity). Then, we can write the fundamental chaining identity 
which is at the basis of most of the results on boundedness and continuity of 
processes under conditions on increments. Since 2-io 2: D, Tio is reduced to 
one point, call it to. Then, for every t in T, 

It follows that 

il 
X t - Xto = L (Xkt(t) - X kt _1 (t») . 

i=io+l 

il 
sup IXs - Xtl 2 L sup IXkt(t) - Xkt_l(t)l· 

B,tET i=io+l tET 

Now, for fixed i, observe that 

Moreover, by construction, d(ki(t), kl- 1(t» 2-H1 for every t. Hence, the 
hypothesis indicates that for every t, every io < i i1 and every measurable 
set A, 

The conclusion will then easily follow from the following elementary lemma. 

Lemma 11.3. Let be positive random variables on some probability 
space (Q, A, P) such that for all i N and all measurable sets A in Q, 
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Then, for every measurable set A, 

Proof. Let (Ai)i;S;N be a (measurable) partition of A such that Zi = maxj;S;N Zj 
on Ai. Then 

where we have used in the last step that 'Ij;-1 is concave and that E!IP(Ai) = 
P(A). The lemma is proved. 

Note that the lemma applies when maxi;S;N IIZilltl> ::; 1. This lemma of 
course describes one of the key points of the entropy approach through the 
intervention of the cardinality N. 

We can conclude the proof of Theorem 11.2. Together with the chaining 
inequality, the lemma implies that for any measurable set A, 

1 sup IXs - XtldP ::; 2 t 1 sup IXkl(t) - X k1_1 (t)ldP 
A s,t l=lo+1 A t 

::; 4P(A) L 2-i 'lj;-1 (JP(A)-1 N(T, d; Ti)) . 
i>io 

The conclusion follows from a simple comparison between series and integral: 

2-1 

LTi 'lj;-I(p(A)-IN(T,d;Ti )) ::; 2 L 1-1-1 'Ij;-1 (p(A)-IN(T, d;c:))dc: 
i>io l>lo 

::; 21D 'Ij;-I(P(A)-IN(T,d;c:))dc: 

by definition of eo. (Note that some similar simple comparison between series 
and integral will be used frequently throughout this chapter and the next ones, 
usually without any further comments.) Theorem 11.2 is established. 

Remark 11.4. What was thus used in this proof is the existence, for every 
e, of a finite subset Tl of T such that, for every t, there exists ti E Tl with 
d(t, tl) ::; 2- i and with the property 

LTi'lj;-I(Card Tl) < 00. 

i 
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It should be noted further that the preceding proof also applies to the random 
functions X = (XthET with the following property: for every f (2: fo), every 
(t, tl) as before and every measurable set A, 

(11.5) i IXt - XttldlP ::; Tlp(A).,p-1 (PtA)) + MtP(A) 

where (Ml) is a sequence of positive numbers satisfying Ll Ml < 00. [In 
particular, this property is satisfied when, for some constant C > 0, for all 
measurable sets A and all s, t in T, 

i IXs - XtldlP ::; d(s, t)P(A) (.,p-1 (PtA)) + C) .J 

The final bound involves then this quantity in the form of the inequality 

[ sup IXs-XtldlP:::; 8P(A) [D .,p-1(P(A)-1N(T,d;c))dc+2P(A) L Ml 
1 A s,tET 10 l?lo 

where we recall that fo is the largest integer f such that 2 -l 2: D. The proof 
is straightforward. This simple observation can be useful as will be illustrated 
in Section 11.3. 

Remark 11.5. Here, we collect some further easy observations which will be 
useful next. First note that in Theorems 11.1 and 11.2 (and Remark 11.4 too) 
we might have as well equipped T with the pseudo-metric d(s, t) = IIXs-Xtll?J> 
induced by X itself. Further, since the hypotheses and the conclusions of these 
theorems actually only involve the increments Xs - Xt in absolute values, 
and since the only property used on them is that they satisfy the triangle 
inequality, the preceding results may be trivially extended to the setting of 
random distances; that is, random processes (D(s,t))s,tET on TxT such 
that for all s,t,u in T, D(s,s) = 0:::; D(s,t) = D(t,s) :::; D(s,u) + D(u,t) 
with probability one. These include D(s, t) = IXs - Xtl'\ 0 < a ::; 1, and 
D(s, t) = min(l,IXs - Xtl) for example. Actually, we could also include in 
this way random processes with values in a Banach space by setting D(s, t) = 
IIXs - Xtll (or some of the preceding variations). By random process with 
values in a Banach space, we simply mean here a collection X = (Xt)tET of 
random variables with values in a Banach space. An example will be discussed 
in Section 11.3. More extensions of this type can be obtained; we leave them 
to the interested reader. 

Now, we present the continuity theorem in the preceding framework. 

Theorem 11.6. Let.,p be a Young function and let X = (XdtET be a random 
process in L1 = L1(.f.?,A,P) such that for all measurable sets A in.f.? and all 
s, t in (T, d), 
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Then, if 

foD t/J-l(N(T,dje))de < 00, 

X admits a version X with almost all sample paths bounded and (uniformly) 
continuous on (T, d). Moreover, X satisfies the following property: for each 
e > 0, there exists"., > 0, depending only on e and the finiteness of the 
entropy integral, but not on the process X itself, such that 

1E sup IXs - Xtl < e. 
d(s,t)<fJ 

Proof. We use the notation of the proof of Theorem 11.2. The main point is 
to show that, when T is finite, for every"., > 0 and fo ::; f ::; f1, 

(11.6) 

1E sup IXs - Xtl 
d(s,t)<fJ 

::; ".,t/J-l (N(T, dj 2-i)2) + 8 L 2-m t/J-l (N(T, dj 2-m)) . 
m>i 

Let"., and f be fixed. The proof of Theorem 11.2 indicates that the chaining 
identity 

implies 

Let 

i1 

X t - Xkt(t) = L (Xkm(t) - X km _1 (t») 
m=i+l 

U = {(x,y) E Ti x Tij 

3 u, v in T such that d( u, v) < "., and ki( u) = x, ki( v) = Y} . 

If (x,y) E U, we fix Ux,y, Vx,y such that ki(Ux,y) = x, ki(Vx,y) = y and 
d(ux,y,Vx,y) <".,. By Lemma 11.3, 

1E sup IXu""y - Xv""yl ::; ".,t/J-l(Card U) 
(x,y)EU 

::; ".,t/J-l (N(T,dj 2-i)2) . 

Now, let s,t be arbitrary in T satisfying d(s,t) <".,. Set x = ki(S), Y = ki(t). 
Clearly (x,y) E U. We can write by the triangle inequality 

IXs - Xtl ::; IXs - Xkt(s)1 + IXkt(s) - Xu",J + IXu""y - Xv""yl 

+ IXv""y - Xkt(t) I + IXkt(t) - Xtl 

::; sup IXu""y - Xv""yl + 4 sup IXr - Xkt(r)1 
(x,y)EU rET 
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where we have used that kt(ux,y) = kt(s) = x and similarly for y. We have 
clearly (11.6). 

We can conclude the proof of the theorem. We have obtained by (11.6) 
that, under the finiteness of the entropy integral, for each e > 0 there exists 
'Tl > 0 depending only on e > 0 and T, d, 1j; such that, for every finite and thus 
also countable subset S of T, 

1E sup IXs - Xtl < e. 
s,tES 

d(s,t)<71 

Since (T, d) is totally bounded, there exists S countable and dense in T. Then, 
set X t = X t ift E Sand X t = limXs where this limit, in probability or in L1 , 

is taken for s t, s E S. Then (Xt)tET is clearly a version of X which satisfies 
all the required properties. To see in particular that (Xt)tET has uniformly 
continuous sample paths on (T, d), let, for each n, 'Tln > 0 be such that 

1E sup IXs - Xtl < 4-n . 
d(s,t)<71n 

Then, if An = {SUPd(s,t)<71n IXs - Xtl > 2-n}, En 1P(An) < 00 and the claim 
follows from the Borel-Cantelli lemma. The proof of Theorem 11.6 is complete. 

It is plain that Remarks 11.4 and 11.5 also apply in the context of Theorem 
11.6. Moreover, the dependence of'Tl > 0 that we carefully describe in Theorem 
11.6 has some easy consequences to tightness results. Assume that (T, d) is a 
compact metric space and denote by C(T) the Banach space of all continuous 
functions on T equipped with the sup-norm. By Prokhorov's criterion and 
the Arzela-Ascoli characterization of compact sets in C(T) (cf. e.g. [Bi]) , it 
is easily seen that a family X of random variables X = (XdtET is relatively 
compact in the weak topology of probability distributions on C(T) as soon as, 
for some t, {Xt; X E X} is relatively compact as real valued random variables 
and, for each e > 0, there is 'Tl > 0 such that for every X in X 

1E sup IXs - Xtl < e. 
d(s,t)<71 

Now this last condition is exactly what is provided by Theorem 11.6 under 
the entropy condition. Thus, we have the following consequence which will be 
of interest in the study of the central limit theorem in Chapter 14. 

Corollary 11.7. Let (T, d) be compact and let 1j; be a Young function. Assume 
that 

D 

10 1j;-1(N(T,d;e))de < 00. 

Let X be a family of separable random processes X = (Xt)tET in L1 
L 1(f.?,A,1P) such that fOT all s,t in T and all measurable sets A, 
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i IXs - XtldlP :::; d(s, t)lP(A)1jJ-l (lPtA)) . 

Then, each element of X defines a tight probability distribution on C(T) and 
X is weakly relatively compact if and only if, for some t E T, {Xt ; X E X} is 
weakly relatively compact (as measures on 1R). 

As a first application, we would like, in particular, to indicate how the 
preceding results contain the continuity theorem of Kolmogorov. We state it 
in its classical and usual form although its various sharpenings are deduced 
similarly. 

Corollary 11.8. Let X = (Xt)tE[O,l] be a separable random process indexed 
by [0,1] such that for some a > 0 and p > 1, and all s, t in [0,1]' 

IEIXs - Xtr :::; Is - W· 
Then X has almost surely bounded and continuous sample paths. 

Proof. We apply Theorem 11.6 together with Remark 11.5. We distinguish 
between two cases. If a p, then 

IIXs - Xtlla :::; d(s, t) 

where d is the metric d( s, t) = Is - W/ a (pi a :::; 1). As is obvious, N([O, 1], d; €) 
is of the order �-a/p and since p > 1 the corresponding entropy integral with 
1jJ( x) = xa in Theorem 11.6 is finite. The conclusion follows in this case. When 
a :::; p, then, for all s, t in [0,1], 

IIIXs - Xtl"llp:::; d(s,t) 

where I = alp:::; 1 and here d(s, t) = Is - tl. Then, apply again Theorem 11.6 
with this time Remark 11.5; indeed, since 'Y :::; 1, IXs - Xtl" defines a random 
distance and here N([O, 1], d; €) €-l. The proof is complete. 

While the preceding evaluations seem quite easy, they however appear to 
be sharp in various instances. The case of Gaussian processes treated in Sec-
tion 11.3 and the next chapter is a first example. Other examples concerning 
processes indexed by regular subsets of 1RN were treated in the literature (see 
e.g. [Ha], [H-K], [Pi9], [Ib], [TaI3] etc.). They basically indicate that, if ev-
ery random process that satisfies some Lipschitz condition is almost surely 
bounded or continuous, then a corresponding integral is convergent. This is 
the natural formulation of the necessary results. They do not concern one 
single process but rather the whole family of processes satisfying the same in-
cremental condition. Only in the Gaussian case the necessary conditions can 
concern one single process due to the comparison theorems. We shall come 
back to this in Chapter 12. 
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11.2 Regularity of Random Processes 
Under Majorizing Measure Conditions 

One main feature (and weakness) of the entropy condition is that it gives 
some "weight" to each piece of T. This does not present any inconvenient if 
T is in some sense homogeneousj we will see how this is the case in Chapter 
13 and how metric entropy is best possible (necessary) for some processes in 
such a homogeneous setting (cf. also the closing comments of Section 11.1). 
In general however, one has rather to think at some geometric measure of T 
which takes into account the possible lack of homogeneity of T. One way to 
handle this is the concept of majorizing measure. 

Given a pseudo-metric space (T, d) and a Young function 'I/J as before, say 
that a probability measure m on T is a majorizing measure for (T, dj 'I/J) if 

(11.7) 'Ym(T,dj'I/J) = sup [D 'I/J-l( )))d� < 00 tET10 m B t,� 

where B(t,�) is the open ball in the d-metric with center t and radius € > o. 
(Again we could use essentially equivalently closed balls.) We thus call (11.7) 
a majorizing measure condition as opposed to the entropy condition studied 
in the previous section. Moreover, when we will speak of the existence of 
a majorizing measure on (T,dj'I/J), we mean the existence of a probability 
measure m on (T,d) such that 'Ym(T,dj'I/J) < 00. This definition clearly gives 
a way to take more into account the local properties of the geometry of T. 
Our aim in this section will be to show how one can control random processes 
satisfying Lipschitz conditions under a majorizing measure condition as we 
did before with entropy and actually in a more efficient way. 

We start with some remarks for a better understanding of condition (11.7) 
and for the comparison with the results of Section 11.1. If s and s' are two 
points in T with d(s,s') = 271 > 0, the open balls B(s,TJ) and B(s',TJ) are 
disjoint. Thus, if m is a probability measure on (T, d), one of these two balls, 
say B(s,TJ), has a measure less than or equal to 1/2. Therefore 

sup [D 'I/J-l( 1 )d� > t''I/J-l( 1 )d� > TJ'I/J-l(2) , 
tET 10 m(B(t,�)) - 10 m(B(s,�)) -

so that, as for the entropy condition, if D = D(T) is the diameter of (T, d), 

(11.8) 

Also, if m is a majorizing measure satisfying (11.7), then (T, d) is totally 
bounded and actually 

(11.9) 

The proof of this easy fact is already instructive on the way to use majorizing 
measures. Let N(T,dj�) 2: N. There exist tl, ... ,tN such that d(ti,tj) 2: € 

for all i "# j. By definition of 'Ym(T, dj 'I/J) = 'Y, for each i ::; N, 
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e/2») 'Y, 

that is m(B(ti,e/2» [t/I(2'Y/e)]-1. Since the balls B(ti,e/2), i N, are 
disjoint and since m is a probability, it follows that t/I(2'Y/e) N which is the 
desired result (11.9). 

More important now is to observe that entropy conditions are stronger 
than majorizing measure conditions. That is, there is a probability measure 
m on T such that 

(11.10) K lD ,p-l(N(T,dje»)de 

where K is some numerical constant. This can be established in great gen-
erality (cf. [Ta13]) but we actually only prove it in a special case here. The 
general study of bounds on stochastic processes using majorizing measures 
indeed runs into many technicalities in which we decided not to enter here for 
the simplicity of the exposition. We will thus restrict this study to the case 
of a special class of Young functions ,p for which things become simpler. This 
restriction does not hide the main idea and interest of the majorizing measure 
technique. As we already mentioned it, this study can be conducted in rather 
a large generality and we refer to [Ta13] where this program is performed. 

For the rest of this paragraph, we hence assume that,p is a Young function 
such that for some constant C and all x, y 1, 

(11.11) ,p-l(xy):::; C(,p-l(x) + ,p-l(y») and 10 t/I-l(x-1)dx < 00. 

This class covers the main examples we have in mind, namely the expo-
nential Young functions ,pq(x) = exp(xq) - 1, 1 :::; q < 00 (and also 
t/loo(x) = exp(exp x) - e). For simplicity in the notation, let us moreover 
assume that C = 1 in (11.11) (which is actually easily seen not to be a re-
striction) . 

Let us show how, in this case, we may prove (11.10). Let, as usual, io be 
the largest integer with Tio D where D is the diameter of (T, d). For every 
i io, let Ti C T denote the set of the centers of a minimal family such that 
the balls B(t,2-i ), t E Ti, cover T. By definition, CardTi = N(T,dj2-i ). 
Consider the probability measure m on T given by 

m = LTiHoN(T,djTi)-l L Dt 
i>io tET, 

where Dt is the Dirac measure at t. Clearly, for every t and i > lo, 
m(B(t, 2-i» 2-iHo N(T, dj Ti)-l. Hence, 

lD T i ,p-l(m(B(:,2_i »)) 

:::; L 2-i ,p-l (2i- io N(T;dj Ti») . 
i>io 
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Using (11.11), this is estimated by 

l>lo l>£o 

{1/2 {D 
< r 1o+l Jo .,p(x-1)dx + 2 Jo .,p-l(N(T,d;c))dc 

< 4D 1 1/2.,p(x-1)dX + 21D .,p-l (N(T, dj c))de 

< 2(1+2(.,p-l(l)fl11/2.,p(x-l)dX) lD .,p-l(N(T,d;c))dc 

and the announced claim follows. Note that the constant however depends on 
.,p. 

Let us note that the preceding proof actually shows that when 
JoD .,p-l(N(T,d;e))de < 00, then m is a majorizing measure which satisfies 
(in addition to (11.10)) 

(11.12) lim sup r.,p -1 ( ) ) ) de = 0 . 
71-->0 tET Jo m B t, c 

This condition is the one which enters to obtain continuity properties of 
stochastic processes as opposed to (11.7) which deals with boundedness. 
Therefore, we sometimes speak of bounded, resp. continuous, majorizing mea-
sure conditions. This is another advantage of majorizing measures upon en-
tropy, to be able to give weaker sufficient conditions for the sample bounded-
ness than for the sample continuity. 

Let us now enter the heart of the matter and show how majorizing mea-
sures are used to control processes. Our approach will be to associate to each 
majorizing measure a (non-unique) ultrametric distance {j finer than the orig-
inal distance d and for which there still exists a majorizing measure. This 
ultrametric structure is at the basis of the understanding of majorizing mea-
sures and will appear as the key notion in the study of the necessity in the 
next section. Alternatively, it can be seen as a way to discretize majoriz-
ing measures. This allows to use chaining arguments exactly as with entropy 
conditions. This program is accomplished in Proposition 11.10 and Corollary 
11.12 below. We start with a simple lemma which allows us to conveniently 
reduce to a finite index set T. 

Lemma 11.9. Let (T, d) be a pseudo-metric space with diameter D(T). Let 
m be a probability measure on (T, d) and recall that we set 

D(T) ( 1 ) 
.,p-l m(B(t,c)) de. 

Then, if A is a finite (or compact) subset of T, there is a probability measure 
I-L on (A, d) such that 
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'Y",(A,dj.,p) = sup [D(A).,p_1( ( 1( )))de 
tEA 10 J.l BA t, e 

< 2 sup [D(A)/2 .,p-1 ( 1 )de 
- tEA 10 m(B(t,e)) 

where D( A) is the diameter of (A, d) and B A (t, e) is the ball in A with center 
t and radius e > O. In particular, 'Y",(A,dj.,p) 2'Ym(T,dj.,p). 

Proof. For t in T, take cp(t) in A with 

d(t,cp(t)) = d(t,A) = inf{d(t,y) j YEA}. 

Set J.l = cp(m), so that J.l is supported by A. Fix x in A. For t in T, we have 
d(t,cp(t)) = d(t,A) d(t,x) and thus d(x,cp(t)) 2d(x,t). It follows that 
cp(B(x,e)) C BA(x,2e) and thus J.l(BA(x,2e)) m(B(x,e)). The proof is 
easily completed. 

Recall that a metric space (U,6) is ultrametric if 6 satisfies the improved 
triangle inequality 

6(u,v) max(6(u,w),6(w,v)) , u,v,w E U. 

The main feature of ultrametric spaces is that two balls of the same radius 
are either disjoint or equal. The next proposition deals with the nice func-
tions .,p satisfying (l1.11)j we however recall that, at the expense of (severe) 
complications, a similar study can be driven in the general setting (cf. [Ta13]). 

Proposition 11.10. Let.,p satisfying (11.11) and let (T, d) be a finite metric 
space with diameter D. Let m be a probability measure on (T, d) and recall 
that we set 

'Ym(T,dj.,p) = sup [D.,p_1( )))de. 
tETlo m B t,e 

There exist an ultrametric distance 6 on T such that d(s, t) 6(s, t) for all 
s, t in T and a probability measure J.l on (T,8) such that 

where K", > 0 is a constant depending on .,p only. 

Proof. Let fo be the largest integer f such that 4-l D and let f1 be the 
smallest one such that the balls B(t,4- l ) of center t and radius 4- l in the 
metric d are reduced to exactly one point. Assume T = (ti)' Set Tl1,i = {til 
for every i. For every f = f1 - 1, ... , fo, we construct by induction on i 1, 
points Xl,i and subsets Tl,i of T as follows: setting Tl,O = 0, 

m(B(xl,i,4-l )) = max{m(B(x,4-l)) j x rt U Tl,j} , 
j<i 

Tl,i = U{Tl+1,kj Tl+1,k n B(Xl,i, 4-l+1) =1= 0, Y j < i, Tl+1,k ct Tl,j} . 



11.2 Majorizing Measure Conditions 313 

Then, define 6(8, t) = 4-£+2 where C is the largest integer such that 8 and t 
belong to the same Tl,i for some i. 6 is clearly an ultrametric distance. By 
decreasing induction on C, it is easily verified that the diameter of each set 
Tt i is less than 4 -t+2. It clearly follows by definition of 6 that d( 8, t) :::;; 6(8, t) , 
for all 8, t in T. 

For each C, (Tt,d forms the family of the 6-balls of radius 4-£+2. 
By construction, the balls B( Xt,i, 4 -t) when i varies are disjoint so that 
Eim(B(Xl,i,4-t)):::;; 1. Let tt,i be a fixed point in Tl,i' Consider 

i1 

J-t' = L 4-i+£0+1 L m(B(xt,i,4-l ))6te .i 
t=to i 

where 6t is the Dirac measure at t. There is a probability measure J-t J-t'. If 
t E Tt,i, note that, by construction, 

(11.13) 

We evaluate f/-,(T, 6; 1jJ) using (11.13) and the properties of 1jJ. Let t be fixed 
in Tt,i' By (11.13) and (11.11), 

t 4-l 1jJ-1 (_1_) :::;; L 4-l1jJ-1(4t-io+1)+ L 4-l 1jJ-1 ( 1 -t ). 
t=to J-t(Ti,i) l?lo t?to m(B(t,4 )) 

By definition of Co (and (11.8)), this easily implies the conclusion. The proof 
is complete. 

Remark 11.11. If (T,6) is ultrametric and 1jJ satisfies (11.11), we may ob-
serve the following from the preceding proof: for every C, let Sl be the fam-
ily of the balls B of radius 2-t (or 4-i to agree with the proof of Proposi-
tion 11.10); then, perhaps more important than the probability measure J-t 
we constructed (although it is actually equivalent), is the datum of a family 
of weights a( B, C) 2: 0, BESt, such that 2: BEBe a( B, C) ::; 1 (the mea-
sures m(B(Xt,i,4-t )) in the preceding proof). Furthermore, Proposition 11.10 
may be expressed in the following "discretized" formulation. Denote by Co 
the largest integer C such that 2- l 2: D; then, there exists, for all C Co, 
finite sets Tf. in T and maps 7ri : T -t T£ such that 7ri-1 07rt = 7rt-1 and 
d(t,7rt(t)) :::;; 2-i for every t and C, and a discrete probability measure J-t on 
{Tf.; C 2: Co} satisfying 

where K", only depends on 1jJ. Indeed, if 6 is the ultrametric structure obtained 
in Proposition 11.10, for every C 2: Co, denote by St the family of the 6-balls 
of radius 2-t . For every t E T, there is a unique element B of St with t E B. 
Let 7rt(t) be one fixed point of B and let J-tt({7rf.(t)}) = J-t(B). The probability 
measure Et>l 2-1+£0+1 J-tf. fulfills the conditions of the claim. _ 0 
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With the preceding results, we now present sufficient conditions in terms 
of majorizing measures for a random process to be almost surely bounded or 
continuous. The results are the analogs (actually improvements), in the setting 
of functions t/J satisfying (11.11), of Theorems 11.1, 11.2 and 11.6 dealing with 
entropy. We first establish the main result for a general Young function t/J in 
the case of an ultrametric index set, and then deduce the general case from 
Proposition 11.10 for a function t/J satisfying (11.11). As an alternate approach, 
one may use the preceding discretization (Remark 11.11) that, however, does 
not really clarify the steps in which the property (11.11) of t/J is used. We refer 
to [Ta13] for more details on this point and a more general study for arbitrary 
Young functions t/J. 

Proposition 11.12. Let t/J be an arbitrary Young function and let X = 
(Xt)tET be a random process in L1 = L1(.rl,A,P) indexed by a finite 11.1-
trametric space (T, h) such that, for all s, t in T and all measurable sets A in 
fl, 

Then, for any probability measure I-' on (T, h) and any measurable set A, 

[ sup IXs - XtldP :::; KP(A) sup [D t/J-1 ( ( ) t ( )) )dc 1 A s,tET tET 10 P A I-' B t, c 

where K > 0 is a numerical constant and D is the diameter of (T, h). 

Proof. Set T = (ti) and let A be in A. Let (Ai) be a measurable partition of 
A such that, on Ai, 

sup IXt - Xxi = IXt• - Xxi 
tET 

where x is one (arbitrary) fixed point of T. Thus, 

[ sup IXt - XxldP = L [ IXt• - Xxi dP . lA tET i lA. 

Let lo be the largest integer l such that 2- i D and, for l lo, denote by 
Be the family of the balls ofradius 2-i . For every B in Bi, we fix x(B) E B, 
and take x(T) = x. Further, we let 1l"i(t) = x(B(t,2-i )), t E T, l lo. The 
usual chaining identity yields, for every t in T, 

IXt - Xxi:::; L IX""l(t) - X""l_l(t)l· 
i>to 

For every B in Bt, set AB = U{Ai; ti E B}. Thus, we can write 
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= L L L lIX1Tt(ti) - X 1Tt_1 (ti)ldP 
l>lo BEBt tiEB Ai 

= L L 1 IXx(B) - Xx(B) IdP 
l>lo BEBt AB 

where B c B and B E Bl-1 • Hence, from the hypothesis, since 
6(x(B),x(B)) 2-1+1, 

[ sup IXt - XxldP L L 2-1+1P(AB)1fJ-1 )). 
J A tET l>lo BEBt B 

Now, let p. be a probability measure on (T,6) and set 

l D ( 1 ) M = sup 1fJ- 1 de 
tET 0 P(A)p.(B(t,e)) 

so that, for every t in T, 

Integrating with respect to p. yields 

while integrating with respect to the measure v on T such that v( {ti}) = 
JP(Ai) yields 

Next, we observe the following. If P(AB) P(A)p.(B), 

since 1fJ(u) u1fJ'(u) which shows that the function u1fJ-l(l/u) is increasing. 
If P(AB) P(A)p.(B), we simply have 
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Assembling this observation with what we obtained previously yields 

{ sup IXt - X",Id1P 8P(A)M 
JAtET 

from which the conclusion follows. Proposition 11.12 is established. 

Together with Lemma 11.9 and Proposition 11.10, the preceding basic 
result yields the following general theorem for functions t/J satisfying (11.11). 

Theorem 11.13. Let t/J be a Young function satisfying (11.11) and let X = 
(XthET be a random process in Ll = L1{!1,A,P) indexed by the pseudo-
metric space (T, d) such that, for all s, t in T and all measurable sets A in 
il, 

i IXs - X t ld1P d(s, t)p(A)t/J-l (PtA») . 

Then, for any probability measure m on (T, d) and any measurable set A, 

( sup IXs - Xt ld1P 
JA s,tET 

KtPP(A) (Dt/J-l (PtA») 

where D = D(T) is the diameter of (T, d) and KtP > 0 only depends on t/J. In 
particular, 

:IE sup IXs - Xtl KtP sup {D t/J-l ( »)) de. 
s,tET tET Jo m B t, e 

Let us mention that the various comments following Theorem 11.2 about 
integrability and tail behavior of the supremum of the processes under study 
can be repeated similarly from Theorem 11.13; simply replace the entropy 
integral by the corresponding majorizing measure integral. In particular, as 
an analog of (11.4), we have in the setting of Theorem 11.13 that, for every 
u > 0, 

(11.14) 

where 

"/ = "/m(T,dj t/J) = lD t/J-l 
The next result concerns continuity of random processes under majorizing 

measure conditions. It is the analog of Theorem 11.6 and the proof actually 
simply needs to adapt appropriately the proof of Theorem 11.6. As announced, 
the majorizing measure condition has to be strengthened into (11.12). 
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Theorem 11.14. Let'IjJ be a Young function satisfying (11.11) and let X = 
(Xt}tET be a random process in L1 = L1(!I,A,IP) such that for all s,t m 
(T, d) and all measurable sets A in [l, 

i IXs - XtidIP ::; d(s, t)1P(A)'IjJ-1 (1PtA)) . 

Assume that there is a probability measure m on (T, d) such that 

lim sup 'IjJ-1 de = o. 11] ( 1 ) 
1]--->0tET 0 m(B(t,e)) 

Then X admits a version X with almost all sample paths (uniformly) contin-
uous on (T, d). Moreover, X satisfies the following property: for each e > 0, 
there exists "I > 0 depending on the preceding limit only, i.e. on T, d, 'IjJ, m but 
not on X, such that 

E sup IXs - Xtl < e . 
d(s,t)<1] 

Proof. We simply sketch the steps of the proof of Theorem 11.6 in the ma-
jorizing measure setting. For each "I > 0, set 

so that lim1]--->o ,("I) = o. Fix "1> O. If A is a finite subset of T, we know from 
Lemma 11.9, or more precisely its proof, that there is a probability measure 
JL on (A, d) such that 

sup r'IjJ-1( ( t n)de::; 2,("1/2)::; 2,("1). 
tET 10 JL B t, e 

This observation allows us to assume that T is finite in what follows. Let f 
be the largest integer such that 2- f ?: "I. If (T, d) is ultrametric, the proof of 
Theorem 11.13 and its notation yield 

for some (numerical) constant K. Now, we can simply repeat in this case the 
argument leading to (11.6) in the proof of Theorem 11.6 to get that, for every 
T > 0, 

E sup IXs - Xtl ::; T'IjJ-1 (N(T,d; Tf)2) + K,(T/). 
d(s,t)<r 

(11.15) 

Proposition 11.10, adapted to the present case, i.e. with "I replacing the di-
ameter, allows then to extend this property to the case of a general index set 
T, K depending then on 'IjJ. Since (T, d) is totally bounded under the majoriz-
ing measure condition, the proof of Theorem 11.14 is completed exactly as the 
proof of Theorem 11.6. 
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Note that the precise dependence of 1] on c in the last assertion of Theorem 
11.14 can be made explicit from (11.15). This will not be required in the sequel 
so that we only gave the statement that will be sufficient in our applications. 
This will be in particular the case for the majorizing measure versions of 
Corollary 11.7 which we need not state since completely similar. Note further 
that a deviation inequality of the type (11.14) may be obtained for supremum 
over d(s,t) < 1] from (11.15). We leave the details to the interested reader. 

Various remarks developed in Section 11.1 in the context of entropy apply 
similarly in the setting of majorizing measure conditions. This is the case for 
example with Remark 11.5 which we need not repeat here; however we use it 
freely below. This is also the case for Remark 11.4 which might be worthwile 
to detail in this context. Here is its analog. 

Remark 11.15. In the setting of Theorem 11.13, assume that the process X = 
(Xt)tET satisfies the following weaker assumption: for every t E T and every 
integer l, and every measurable set A and every s in the ball with center t 
and radius 2-1, 

(11.16) 

where (Ml(t)) is a sequence of positive numbers such that 

sup LMl(t) < 00. 
tET l 

Then, the conclusion of Theorem 11.13 holds similarly, i.e., under the majoriz-
ing measure condition, X is almost surely bounded. The quantitative bounds 
of course involve the preceding quantity. In case of Theorem 11.14 dealing 
with continuity, the condition on (Ml(t)) has to be strengthened into 

lim sup L Ml(t) = o. 
lo-+oo tET l>l _ 0 

As for Remark 11.4, this extension to processes satisfying (11.16) follows di-
rectly from the proof of Theorem 11.13. We will see in the next paragraph 
how these simple observations can be rather useful in various applications. 

11.3 Examples of Applications 

In the last section of this chapter, we present some (rather important) exam-
ples for which the preceding results can be applied. They concern Gaussian 
and Rademacher processes and their corresponding chaos processes. In par-
ticular, the sufficient conditions which we described in order for a Gaussian 
process to be sample bounded or continuous may be considered as the first 
part of the study of the regularity of Gaussian proceSl;les. The second part 
devoted to necessity is the object of the next chapter. 
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Before we enter these examples, let us briefly indicate an elementary but 
convenient remark. We deal with the Young functions t/Jq(x) = exp(xq) - 1, 
1:S; q < 00. We have t/Ji1(x) = (log(1+x))ljq. The point of this observation is 
that we can deal equivalently, in the entropy or majorizing measure conditions, 
with the functions (logx)ljq, x?: 1. For the entropy condition, it is clear that 

and thus 

(11.17) 
[D [= j Jo t/Jil(N(T,d;E))dE:S; 3 Jo (logN(T,d;E))l qdE. 

The reverse inequality (with constant 1) is obvious. Note that we can write, 
with the function (logx)ljq, the integral up to D or 00 since N(T,d;E) = 1 
if E ?: D. Similarly, for the majorizing measure condition, we have that for 
every probability measure m on T 

1D ( 1 ) sup 'IjJ-l dE 
tET 0 q m(B(t,E)) 

(11.18) 1=( 1 )ljq 
:s; 4sup log ( ()) dE 

tET 0 m B t,E 

and trivially also a reverse inequality. A similar property also holds for con-
tinuous majorizing measure conditions. We can further deal with 'IjJ=(x) = 
exp( exp x) - e and replace 'IjJ;} (x) by log( 1 + log x), or the more commonly 
used log + log x (provided the diameter is taken in account in the inequali-
ties). Accordingly, we freely use below either 'ljJi1(x) or (logx)ljq depending 
on the context and/or historical references; actually, (log x )ljq will be used 
most often. 

Let X = (Xt}tET be a Gaussian process. Recall from Chapter 3 that by 
this we mean that the distribution of any finite dimensional random vector 
(Xtl , . .. , X tN ), ti E T, is Gaussian. The distribution of X is therefore com-
pletely determined by its covariance structure IEXsXt , s, t E T. The ques-
tion raises to know under which condition(s) on its covariance structure, the 
Gaussian process X is (or admits a version which is) almost surely bounded 
or continuous. 

Set 
dx(s, t) = IIXs - Xt 11 2 , s, t E T. 

The knowledge of the covariance structure implies a complete knowledge of 
this L2-metric dx. Therefore, dx is a natural pseudo-metric on the index set T 
of the Gaussian process X. According to the previous sections, we may try to 
know how the "geometry" of (T, dx ) describes the boundedness or continuity 
properties of the sample paths of X. The results of the preceding sections 
provide rather a precise description of the situation (they will actually be 
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shown to be best possible in the next chapter). To start with however, let 
us first mention that the comparison theorems of Section 3.3 can also be 
efficient in this study. Indeed, if X and Y are two Gaussian processes such 
that dy(s,t) dx(s,t) for all s,t, and if X has nice regularity properties, 
boundedness or continuity of the sample paths, then, by the results of Section 
3.3, these can be "transferred" to Y. This is clear for boundedness by the 
integrability properties of supremum of Gaussian processes. For continuity, 
we can use the following lemma. 

Lemma 11.16. Let Y = (Yi)tET be a Gaussian process and let d be a metric 
on T such that dy(s,t) d(s,t) for all s,t. Then, for every TJ > 0, 

1E sup /Vs - Yil K(SUPE sup /VS - Yil +TJ(logN(T,djTJ»)1/2) 
d(s,t)<'1 tET d(s,t)<'1 

where K > 0 is a numerical constant. 

Proof. Fix TJ > 0 and let N = N(T, dj TJ) (assumed to be finite and larger than 
2). Let U = (Ut, ... , UN) in T be such that the d-balls of radius TJ and center 
Ui cover T. Clearly 

sup /VB - Yil ::; 2 max ( sup IYi - Yul) + max IYu - Yvl. 
d(s,t)<'1 uEU d(t,u)<'1 u,vEU 

d(u,v)<3'1 

By (3.6) and the fact that dy(t, u) d(t, u), we have 

Emax( sup IYt-Yul) :52maxE sup IYt-Yul+37](logN)1/2. 
uEU d(t,u)<'1 uEU d(t,u)<'1 

Similarly, by (3.13), 

E max IYu - Yvl ::; 3TJ(1og N 2 )1/2 
u,vEU 

d(u,v)<3'1 

and the lemma is proved. 

The preceding claim follows immediately from this lemma when d = dx 
using Corollary 3.19. Note that the Gaussian comparison properties are only 
used in this approach through Corollary 3.19, that is Sudakov's minoration. 

Therefore, let X be a Gaussian process with associated pseudo-metric dx. 
The integrability properties of Gaussian variables indicate that, for all s, t in 
T, 

We ·are thus immediately in the setting of processes satisfying a Lipschitz 
condition as studied in the previous sections. The next two statements are then 
direct consequences of the results obtained there. The first statement which 
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deals with entropy is known as Dudley's theorem. The numerical constant has 
no reason to be sharp. 

Theorem 11.17. Let X = (XdtET be a Gaussian process. Then 

EsupXt :5 24 (logN(T,dx;e)) de. 100 1/2 

tET 0 

Furthermore, if this entropy integral converges, X has a version with almost 
all sample paths bounded and (uniformly) continuous on (T,dx). 

Theorem 11.18. Let X = (XthET be a Gaussian process. Then, for some 
numerical constant K > 0 and any probability measure m on (T, dx), 

100 ( 1 )1/2 
EsupXt :5 Ksup log (()) de. 

tET tET 0 m B t, e 

Furthermore, if m satisfies 

1.,,( 1 )1/2 
lim sup log (()) de = 0, 
.,,-+0 tET 0 m B t,e 

X admits a version with almost all sample paths bounded and (uniformly) 
continuous on (T, dx). 

Note that if we are asked for the continuity properties of a Gaussian pro-
cess X with respect to another metric d for which T is compact, we need 
simply assume in addition that dx is continuous on (T, d), in other words 
that X is continuous in L2 (or in probability). Actually, if (T,d) is any 
compact metric space, a Gaussian process X = (XdtET is continuous on 
(T, d) if and only if it is continuous on (T, dx) and dx is continuous on 
(T, d). Sufficiency is obvious. If X is d-continuous, so is dx . For TJ > 0, let 
A." = {(s, t) E TxT; dx(s, t) :5 TJ}. This is a closed set in TxT and 
nn>O A." = Ao. Fix e > O. By compactness, there exist TJ > 0 and a finite set 
A' C Ao such that, whenever (s, t) E A.", there exists (s', t') E A' with d( s, s'), 
d(t, t') :5 e. We have by the triangle inequality 

Since (s', t') E Ao, X s' = Xt' with probability one. It follows that 

E sup IXs - Xtl :5 2E sup IXs - Xtl. 
dx 

By the integrability properties of Gaussian random vectors, the right hand 
side of this inequality goes to 0 with e, and thus the left hand side with TJ. It 
follows that X is dx-uniformly continuous. 

Recall that Theorem 11.18 is more general than Theorem 11.17 (( 11.10)). 
It is remarkable that these two theorems drawn from the rather general results 
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of the previous sections, which apply to large classes of processes, are sharp in 
this Gaussian setting. As will be discussed in Chapter 12, Theorem 11.17 may 
indeed be compared to Sudakov's minoration (Theorem 3.18) and, actually, 
the existence of a majorizing measure in Theorem 11.18 will be shown to be 
necessary for X to be bounded or continuous. 

Closely related to Gaussian processes are Rademacher processes. Following 
Chapter 4, we say that a process X = (XthET is a Rademacher process if 
there exists a sequence (Xi(t)) of functions on T such that for every t, X t = 
Li eiXi(t) assumed to converge almost surely (i.e. Li Xi(t)2 < 00). Recall that 
(ei) denotes a Rademacher sequence, i.e. a sequence of independent random 
variables taking the values ±1 with probability 1/2. The basic observation is 
that, according to the subgaussian inequality (4.1), as in the Gaussian case, 

for all s, tin T. The preceding Theorems 11.17 and 11.18 therefore also apply 
to Rademacher processes. In particular, for any probability measure m on T 
equipped with the pseudo-metric d(s,t) = (Li IXi(S) - Xi(t)l2)1/2, we have 

(11.19) 100 ( 1) 1/2 
EsuPLeiXi(t)::;Ksup log (( )) de 

t . tom B t,e 
t 

for some numerical constant K > O. 
The Gaussian results actually apply to the general class of the so-called 

subgaussian processes. A centered process X = (Xt)tET is said to be subgaus-
sian with respect to a metric or pseudo-metric don T if, for all s, t in T and 
every A in JR, 

(11.20) 

Gaussian and Rademacher processes are subgaussian with respect to (a mul-
tiple of) their associated L2-metric. If X is subgaussian with respect to d, by 
Chebyshev's inequality, for every A, U > 0, 

p{IXs - Xtl > u} ::; 2 exp ( -AU + d(s, t)2) . 

Minimizing over A (A = u/d(s, t)2) yields 

p{IXs - Xtl > u}::; 2exp(-u2/2d(s,t)2) 

for all u > O. Hence, for all s, t in T, 

This is the property which we use on subgaussian processes. Actually, elemen-
tary computations using the expansion of the exponential function shows that 
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if Z is a real valued mean zero random variable such that IIZIItI>2 ::::; 1, then, 
for all oX E R, 

JEexp(oXZ) ::::; exp(C2 oX2 ) 

where C is a numerical constant. Therefore, changing d by some multiple of 
it shows that the subgaussian definition (11.20) is equivalent to saying that 
IIXs -Xt lltl>2 ::::; d(s, t) for all s, t, or P{IXs-Xtl > u} ::::; C exp( _u2 /Cd(s, t?) 
for some constant C and all u > o. We freely use this below. 

As announced, Theorem 11.17 and 11.18 apply similarly to subgaussian 
processes. What we will actually use in applications concerning subgaussian 
processes (in Chapter 14) is the majorizing measure version of Corollary 11.7 
for families of subgaussian processes. Let us record at this stage the following 
statement for further reference. 

Proposition 11.19. Assume that there is a probability measure m on (T, d) 
such that 

1'1 ( 1 )1/2 
lim sup log (()) de = 0 . 
'1-+0 tET 0 m B t,e 

Then, for each e > 0, there exists T/ > 0 such that for every (separable) process 
X = (Xt)tET which is subgaussian with respect to d, 

JE sup IXs - Xtl < e. 
d(s,t)<'1 

Turning back to Rademacher processes X = (Xt)tET, X t = L:i eiXi(t), we 
have that IIXs - XtlI2 = (L:i IXi(S) - Xi(tW)I/2. In Section 4.1, we learned 
estimates of IIXs - Xtlltl>q, 2 < q ::::; 00, for other metrics than this i 2-metric, 
namely ip,oo-metrics II(Xi(S) - xi(t))lIp,oo where p is the conjugate of q. These 
results yield further entropy or majorizing measure bounds of Rademacher 
processes in terms of V;q and these metrics. In particular, we have the following 
statement. Since II (Xi (s) - Xi (t)) IIp,oo need not be distances in general, the 
proof is actually carried over with the true metrics IIXs - Xtlltl>q. 

Lemma 11.20. Let X = (XdtET be a Rademacher process, X t = L:i eixi(t), 
t E T. For 1 ::::; p < 2, let dp,oo(s,t) = II(Xi(S) - xi(t))lIp,oo, s,t in T. Then, 
for any probability measure m on (T, dp,oo), 

100 ( 1 )1/q 
log ( ) de 

t i tET 0 m B(t,e) 

where Kp only depends on p and q = pip - 1 is the conjugate of p > 1; when 
p= 1, 

[00 log (1 + log )))de. 
t i tET 10 m B t, e 
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After these classical and important examples, we now investigate some 
more specialized ones. They concern Gaussian processes with vector values 
and Gaussian chaos. We say Gaussian but actually these applications are 
exactly the same for Rademacher processes with the corresponding results in 
Chapter 4 and the previous discussion. We leave it to the interested reader to 
translate the results to the Rademacher case. 

One of the main interests of these applications is the use of Remarks 11.4 
and 11.15 concerning processes satisfying (11.5) or (11.16). In order to put the 
results in a clearer perspective, we decided to present the first application to 
vector valued Gaussian processes using the tool of entropy and Remark 11.4, 
and the second using majorizing measures. It is indeed fruitful to first analyze 
the questions in terms of entropy. Of course, Theorem 11.21 below also holds 
under the corresponding majorizing measure conditions. 

We do not seek the greatest generality in the definition of processes with 
vector values. Assume simply that we are given a separable Banach space B 
and a family X = (Xt)tET indexed by T of Borel random variables X t with 
values in B. X is Gaussian if each finite sample (Xtu ... ,XtN ), ti E T, is 
Gaussian in BN. We may ask similarly for the almost sure boundedness or 
continuity properties of the sample paths of X = (Xt)tET in B. As a first 
simple observation, set, for all s, t in T, 

From (3.5), we have 
IIXs - Xt ll tP2 8dx(s,t). 

Then, we can make use of Remark 11.5 to see that if 

(11.21) 100 (log N(T, dxi e:)) 1/2 de: < 00, 

then X has a version with almost all sample paths bounded and continuous 
on (T,dx). 

The metric dx in (3.5) is however too "strong". This inequality (3.5) is in-
deed a consequence of the precise deviation inequalities for norms of Gaussian 
random vectors in the form of Lemma 3.1. These involve, besides what can be 
called the "strong" parameter dx, a "weak" parameter. Let us set indeed, 

( 2 ») 1/2 O'x(s, t) = O'(Xs - Xt ) = sup JEI (Xs - X t , 
111119 

s, t E T. Then we know from Lemma 3.1 that, for all s, t in T, and for all 
u > 0, 

This is (basically) equivalent to saying that 

II (IIXs - Xtll- 2dx(s,t)tlltP2 20'x(s,t) 

from which it follows that for every measurable set A 
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L II X s -XtlidP 

::; 2aX(s,t)P(A)tP21 (P!A)) + 2dx(s, t)P(A). 
(11.22) 

Therefore, we are in a position to use the general setting developed in the 
previous sections, and in particular Remarks 11.4 and 11.15. Similarly, we 
obtain the following result; as announced, it is described in the setting of 
entropy for a somewhat clearer picture of the argument but also holds under 
the corresponding majorizing measure conditions. It improves upon (11.21). 

Theorem 11.21. Let X = (Xt)tET be a Gaussian process with values in a 
sepamble Banach space B. Recall the weak and strong distances ax and dx 
on T introduced above. Then, if 

100 (log N(T,ax; c:))1/2dc: < 00 and 100 10g+logN(T,dx;c:)dc: < 00, 

X has a version with almost surely bounded and continuous paths on (T, dx). 

Proof. Let us first show that there exists a sequence (at) of positive numbers 
such that Lt at < 00 and 

L2-t(logN(T,dx;at))1/2 < 00. 

t 

Set bk = (log N(T, dx; 2-kW/2 for every k. Since Jooo log+ log N(T,dx; c:)dc: < 
00, we have Lk 2-k log+ bk < 00. Define fk = [logt(2kbk)J + 1 where [.J is 
integer part and where log2 is the logarithm of base 2. We let at to be 2-k for 
all f with fk < f ::; fk+1' Clearly 

L at::; L 2-kfk+l < 00. 

i k 

Further 
L2-t (logN(T,dx;al))1/2::; LTtk+1bk 

t k 

which is finite too by definition of f k • 

According to this, let now, for each f, At be minimal in T such that the 
dx-balls with centers in At and radius at cover T. If D is such a ball, let 
further Ct(D) be minimal in D such that the ax-balls with centers in Ct(D) 
and radius 2-t cover D. Set then, for every f, Tt = UD Ct(D). We have 

log Card Tt ::; log N(T, ax; 2-t ) + log N(T, dx ; at) . 

Moreover, for every t E T and every f, there exists, by construction, tt in Tt 
such that ax(t, tt) ::; 2-t and dx(t, tt) ::; 2at. If we use (11.22) and recall that 
Lt at < 00, we see that we are exactly in the setting of Remark 11.4. The 
conclusion therefore follows since this remark applies similarly to continuity 
as we noticed it. 
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Our last application deals with chaos processes. Gaussian and Rademacher 
chaos were introduced in Chapters 3 and 4 respectively where their integra-
bility and tail behavior properties were investigated. As in those chapters, 
we restrict here to chaos of order 2. We moreover deal only with real valued 
chaos; we indicate at the end how the application can be amplified to more 
general cases. As above finally, we only deal with the Gaussian case; with the 
corresponding results in Chapter 4, the theorem that we will obtain applies 
similarly to Rademacher chaos. 

Recall that (9i) denotes an orthogaussian sequence. X = (Xt}tET is a 
Gaussian chaos process of order 2 if there is a sequence (Xij(t)) of (real valued) 
functions on T such that, for every t, X t = Ei,j 9i9jXij(t) where the sum is 
almost surely convergent. Following Section 3.2, we introduce two distances 
d l and d2 on T by setting dl(s,t) = IIXs - Xtll2 and 

d2(s, t) = sup IE hihj (Xij(S) - Xij(t)) I 
Ihl9 i,j 

for s, tin T. With respect to Section 3.2, we do not consider the third param-
eter since we have seen there that, for real valued sequences, the associated 
decoupled chaos is equivalent to X (at least if the diagonal terms are zero). 
It follows from Lemma 3.8 and the comments introducing it that there is a 
numerical constant K such that, for all s,t, d2(s,t):S; Kdl(S,t) and 

(11.23) 1P{IXs - Xtl > udl(s, t) + u2d2(s, t)} :s; K exp( _u2 / K) 

for every u > O. In particular (for some possibly different constant K), 

1P{IXs -Xtl > udl(s,t)}:S; Kexp(-u/K). 

We could then apply the results of the preceding sections and show the bound-
edness and continuity of X in terms of the distance dl with respect to the 
Young function tPI (x) = exp( x) - 1 only. However, as in the previous applica-
tion, the incremental estimates (11.23) involving the two distances d l and d2 

are more precise and lead to sharper conditions. (11.23) is used in the context 
of Remarks 11.4 and 11.15. To this aim, note that it implies that if a d2(S, t), 
for all u > 0, 

1P{ IXs - Xtl > t) + 2au} :s; K exp( -u/ K) 

(since a-14(s,t) + 2au y'Ud1(s,t) + Ud2(S,t)). Hence, for some (possibly 
different) numerical constant K, 

Therefore, if a d2( s, t) and if A is a measurable set in n, 

(11.24) i IXs - Xtld1P:S; Ka1P(A)tPl1 + 
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These relations put us into the right situation in order to apply Theorems 
11.13 and 11.14 together with Remark 11.15. 

Now, we can state our result on the almost sure boundedness and conti-
nuity of Gaussian chaos processes. 

Theorem 11.22. Let X t = L:i,j 9i9jXiAt), t E T, be a Gaussian chaos process 
of order 2 as just described with associated metrics d1 and d2 • Assume that 
there exist probability measures m1 and m2 on T such that respectively 

11/ ( 1) 1/2 
lim sup log de = 0 
1/-+0tET 0 m1(B1(t,e)) 

and 
lim sup {1/ log 1 de = 0 
1/-+0 tET 10 m2 (B2(t, e)) 

where Bi (t, e) is the di -ball with center t and radius e > 0 (i = 1,2). Then 
X = (Xt)tET admits a version with almost all sample paths bounded and 
continuous on (T, dt). 

Proof. We only show that if T is finite and if M is a number such that 

100 ( 1 )i/2 
sup log de < M , 
tET 0 mi(Bi(t,e)) -

i = 1,2, 

then 
IE sup IXs - Xtl ::; KM 

s,tET 

for some numerical constant K. From this and the material discussed in the 
preceding section, it is not difficult to deduce the full conclusion of the state-
ment. 

Thus, let T be finite and M be as before. According to Proposition 11.10, 
we may and do assume that d1 and d2 are ultrametric. For every t and £ set 

-y(t, £) = T e (log m1 2-e)) ) 1/2 

so that L:e -y( t, £) ::; K M. Denote by k( t, £) the largest integer k such that 
22j -y(t,£ + j) ::; 1 for all j ::; k. We may observe that 

(11.25) L 2-2k(t,e) ::; 8K M . 
e 

To show this, let Ln = {£; £+k(t,£) = n}. We note that if £ t- e' are elements 
of Ln , then k(t,£) t- k(t,f') from which it follows that L:eELn 2-2k(t,e) ::; 
2-2k(t,eo)+l where k(t, (0) = min{k(t,£); £ E Ln}. Then, by definition of 
k(t,£o), 2-2k(t,eo) ::; 4-y(t, £0 + k(t,£o) + 1) = 4-y(t,n + 1). (11.25) clearly 
follows and implies in particular that 
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(11.26) L 'Y(t,l + k(t,l») 8KM. 
I. 

As another property of the integers k( t, i), note, as is easily checked, that 
l + k(t, i) is increasing in i. For every t and l, consider the subset H(t, 2-21.) 
ofT consisting of the balls C of radius 2-I.-k(t,I.)-l included in Bl(t, 2-I.-k(t,I.» 
such that k(s,l) = k(t,l) for all s in C. From the definition of k(t,l), the latter 
property only depends on C, and not on s in C. Since t+k(t,l) is increasing in 
l, H(t,2-21.-2) c H(t,2-21.). Furthermore, the subsets H(t, T21.) when t E T 
form the family of the balls of radius 2-21. for the (ultrametric) distance d' 
given by 

d'(s,t) = 2-21. where l = sup{j: 3u such that s,t E H(u,2-2i)}. 

Recall now from the assumptions that, for every t, 

""' -21. 1 L-2 log ( ( -21.)) KM. 
l m2 B2 t,2 

(11.27) 

Let B(t,2-21.) be the ball with center t and radius 2-21. for the distance d = 
max(d',d2). Such a ball is the intersection of a d'-ball of radius 2-21. and a 
d2-ball of radius 2-21.. To this ball we can associate the weight 

Tk(t,I.)+ko- lml (Bl(t, TI.-k(t,I.»))m2 (B2(t, 2-21.)) 

where ko is the smallest possible value for k(t,l), t E T, l E Z. We obtain 
in this way a family of weights as described in Remark 11.11. One can then 
construct a probability measure m on (T, d) such that, by (11.26) and (11.27), 
for all t in T, 

""' 21. 1 L- 2- log ( -21.») KM I. m B t,2 

for some numerical constant K. We are in a position to conclude. Let s and 
t be such that d(s,t) 2-21.. Then, by construction, dl(s,t) 2-I.-k(t,I.) and 
d2 (s, t) 2-21.. Hence, from (11.24), for every measurable set A, 

L IXs - XtldP KT2I.lP(A).,p-l (lP!A») + T 2k(t,l)1P(A). 

Therefore, we see that we are exactly in the situation described by Remark 
11.15 and (11.16) since (11.25) holds. We thus conclude the proof of Theorem 
11.22 in this way. 

Let us mention, to conclude this chapter, that the previous theorem 
might be extended to vector valued chaos processes, that is processes X t = 
Li,j 9i9jXij(t) where the functions Xij(t) take their values in a Banach space. 
According to the study of Section 3.2, three distances would then be involved 
with different entropy or majorizing measure conditions on each of them (d + 1 
distances for chaos of order d I). We do not pursue in this direction. 
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Notes and References 

Various references have presented during the past years the theory of random 
processes on abstract index sets and their regularity properties as developed 
in this chapter. Expositions on Gaussian processes have been given in partic-
ular in the celebrated course [Fer4] by X. Fernique, and also by R. Dudley 
[Du2], V. N. Sudakov [Su4] and N. C. Jain and M. B. Marcus [J-M3]. General 
sufficient conditions for non-Gaussian processes satisfying incremental Orlicz 
conditions to be almost surely bounded or continuous are presented in the 
notes [Pi13] by G. Pisier and emphasized in [Fer7] and [We]. We refer to these 
authors for more accurate references and in particular to [Du2] for a careful 
historical description of the early developments of the theory of Gaussian (and 
non-Gaussian too) processes. Our exposition is based on [Pi13] and the recent 
work [Ta13]. 

The study of random processes under metric entropy conditions actually 
started with the Gaussian results of Section 11.3. The notion of €-entropy goes 
back to A. N. Kolmogorov. The landmark paper [Dul] by R. Dudley, where 
Theorem 11.17 is established, introduced this fundamental abstract framework 
in the field. Credit for the introduction of €-entropy applied to regularity of 
processes goes to V. Strassen (see [Dul]) and V. N. Sudakov [SuI]. It was only 
slowly realized after that the Gaussian structure of this result relies on the 
appropriate integrability properties of the increments Xs - X t only, and that 
the technique could be extended to large classes of non-Gaussian processes. 
On the basis of Kolmogorov's continuity theorem (which already contains the 
fundamental chaining argument) and this observation, several authors inves-
tigated sufficient conditions for the boundedness and continuity of processes 
whose increments X 8 - Xt are nicely controlled. Among the various articles, let 
us mention (see also [Du2]) [De], [Bou], [J-Ml] (on subgaussian processes, see 
also [J-M3]), [Hal. [H-K], [N-N], [Ib] and [Ko] and [Pig] on the important case 
of increments in Lp. The general Theorem 11.1 is due to G. Pisier [PiI3] (on 
the basis of [Pig] thanks to an observation of X. Fernique). Its refined version 
Theorem 11.2 is equivalent to the (perhaps somewhat unorthodox) formula-
tion of [Fer7]. The tail behaviors deduced from this statement were precisely 
analyzed in some cases in the context of empirical processes in [AIel] (see also 
[Fer7], [We]). The uniform continuity and compactness results (Theorem 11.6 
and Corollary 11.7) simplify prior proofs by X. Fernique [Ferll]. Kolmogorov's 
theorem (Corollary 11.8) may be found e.g. in [Slu], [Nell. [Bi]. 

We refer to the survey paper [He3] for a history of majorizing measures 
(in view of the recent developments of the theory - see the next chapter 
[Ta18] -, the name of "minorizing measures" could seem more appropriate). 
In [G-R-R], A. M. Garsia, E. Rodemich and H. Rumsey establish a real vari-
able lemma using integral bounds involving majorizing measures and apply 
it to the regularity of random processes. This lemma was further used and 
refined in [Gar] and [G-R] and usually provides interesting moduli of continu-
ity. Let us note that our approach to majorizing measures is not completely 
similar to this real variable lemma. Our concerns go more to integrability and 
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tail behaviors rather than moduli of continuity. More precisely, the technique 
of [G-R-R], refined by C. Preston [Prl], [Pr2] and B. Heinkel [He1]' [He3], al-
lows for example to show the following non-random property. Let 1 be a real 
valued (continuous) function on some metric space (T, d) and let .,p be a Young 
function. Given a probability measure m on (T, d), denote by IIlllLo/>(mxm) the 
Orlicz norm with respect to .,p of 

- I/(s) - l(t)1 
I(s,t) = d(s,t) I{d(s,t)#O} 

in the product space (T x T, m x m). Then one can show (cf. [He3]) that for 
alls,tinT, 

l d(S,t)/2 ( 1 ) 
I/(s) - l(t)1 2011111Lo/>(mxm) sup .,p-l 2 de:. 

uET 0 m(B(u,e:)) 

Note the square of m( B( u, e:» in the majorizing measure integral. (While this 
square is irrelevant when .,p has an exponential growth, this is no longer the 
case in general, and a main concern of the paper [Ta13] is to remove this 
square when it is not needed.) In concrete situations, the evaluation of the 
entropy integral (usually for the Lebesgue measure on some compact subset 
of RN) therefore yields various moduli of continuity and actually allows to 
study bounds on sUPs,t IXs - Xtl/d(s, t)'\ a > O. These arguments have been 
proved useful in stochastic calculus by several authors (see e.g. [S-V], [Yo], 
[B-Y] etc., and in particular the recent connections between regularity of (sta-
tionary) Gaussian processes and regularity of local times of Levy processes 
put forward by M. T. Barlow [Bar1], [Bar2], [B-H] , [M-R]). On the basis of 
the seminal result of [G-R-R], C. Preston [Prl], [Pr2] developed the concept 
of majorizing measure and basically obtained, in [Prl], Theorem 11.18. How-
ever, in his main statement, C. Preston unnecessarily restricts his hypotheses. 
He was apparently not aware of the power of the present formulation which 
was put forward by X. Fernique who completely established Theorem 11.18 
[Fer4]. X. Fernique developed in the meantime a somewhat different point of 
view based on the duality of Orlicz norms (cf. [Fer3], [Fer4]). Our exposition 
is taken from [Ta13] to which we actually refer for a more complete exposition 
involving general Young functions .,p. The ultrametric structure and discretiza-
tion procedure (Proposition 11.10 and Corollary 11.12), implicit in [Ta5], are 
described in [A-G-O-Z], [Ta7], and [Ta13]. 

As we mentioned it, Theorem 11.17 is due to R. Dudley [Du1], [Du2] after 
some early observations and contributions by V. Strassen and V. N. Sudakov, 
while Theorem 11.18 is due to X. Fernique [Fer4]. Various comments on reg-
ularity of Gaussian processes are taken from these references as well as from 
[M-S1], [M-S2] (where Slepian's lemma is introduced in this study), [J-M3] , 
[Ta5] , [Ad]. Lemma 11.16 is taken from [Fer8] to show a result of [M-S2]. Let 
us mention here a volumic approach to regularity of Gaussian processes in the 
paper [Mi-P], [Pi18] where the local theory of Banach spaces is used to prove 
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a conjecture of [Du1] on volume numbers of subsets of Hilbert space. Sub-
gaussian processes have been emphasized in their relation to the central limit 
theorem in [J-M1], [He1], [J-M3] (cf. Chapter 14). Lemma 11.20 comes from 
[M-P2] (see also [M-P3]) and will be crucial in Chapter 13. The new technique 
of using simultaneously different majorizing measure conditions for different 
metrics in Theorems 11.21 and 11.22 is due to the second author. It becomes 
very natural in the new presentation of majorizing measures introduced in 
[Ta18]j see also [Ta20]. Theorem 11.22 about the regularity of Gaussian and 
Rademacher chaos processes improves observations of [B06]. 



12. Regularity of Gaussian 
and Stable Processes 

In the preceding chapter, we presented some sufficient metric entropy and 
majorizing measure conditions for the sample boundedness and continuity of 
random processes satisfying incremental conditions. In particular, these re-
sults were applied to Gaussian random processes in Section 11.3. The main 
concern of this chapter is necessity. We will see indeed, as one of the main 
results, that the sufficient majorizing measure condition for a Gaussian pro-
cess to be almost surely bounded or continuous is actually also necessary. 
This characterization thus provides a complete understanding of the regular-
ity properties of Gaussian paths. The arguments of proof rely heavily on the 
basic ultrametric structure which lies behind a majorizing measure condition. 

This characterization is performed in the first section which is completed 
by some equivalent formulations of the main result. Let us mention at this 
point that the study of necessity for non-Gaussian processes in this frame-
work involves, rather than one given process, the whole family of processes 
satisfying some incremental condition with respect to the same Young function 
'lj; and metric d. In the Gaussian case, Slepian's lemma and the comparison 
theorems (Section 3.3), which appear as a cornerstone in this study of neces-
sity, confound those two situations and things become simpler. We refer the 
interested reader to [Ta13] for a study of necessity for general processes in this 
setting. A noticeable exception is however the case of stable processes where 
the series representation and conditional use of Gaussian techniques allow to 
describe necessary conditions as for the Gaussian processes. This extension to 
p-stable processes, 1 :s p < 2, is the subject of Section 12.2; as we will see, it 
is sufficiency which appears to be more difficult in the stable case. This chap-
ter is completed with some applications to subgaussian processes and some 
remarkable type properties of the injection map Lip(T) --> C(T) when there 
is a Gaussian or stable majorizing measure on (T, d). The difficult subject of 
Rademacher processes is discussed with some conjectures in the very last part. 
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12.1 Regularity of Gaussian Processes 

Recall that a random process X = (XdtET is said to be Gaussian if each 
finite linear combination Ei O!iXti' O!i E JR, ti E T, is a real valued Gaussian 
variable. The distribution of the Gaussian process X is therefore completely 
determined by its covariance structure lEXsXt, s, t E T. As we know, to study 
the regularity properties of X, it is fruitful to analyze the geometry of T for 
the induced L2-pseudo-metric dx(s, t) = IIXs - X t 1l2, s, t E T. 

We have seen in Theorem 11.18 that, for any probability measure m on 
(T,dx), 

(12.1) 100 ( 1) 1/2 
lEsupXt :::; Ksup log ( ()) de 

tET tET 0 m B t, e 

where B(t,e) is the open ball with center t and radius e > 0 in the pseudo-
metric dx and X has almost surely bounded sample paths if, for some prob-
ability measure m, the majorizing measure integral on the right hand side 
of (12.1) is finite. There is a similar result about continuity. Recall that 
lEsUPtET X t is simply understood here as 

lE sup X t = sup{lE sup X t i F finite in T}. 
tET tEF 

K is further some numerical constant which may vary from line to line in what 
follows. By (11.10), (12.1) contains the familiar entropic bound (Theorem 
11.17) 

(12.2) lEsupXt :::; K roo (logN(T,dX ie))1/2de . 
tET io 

Now, we described in Theorem 3.18 a lower bound in terms of entropy numbers 
which indicates that 

(12.3) ( ) 1/2 SUpe logN(T,dXie) :::; KlE SUp X t . 
e>O tET 

These two bounds (12.2) and (12.3) appear to be rather close from each other. 
However, there is a small gap which may be put forward by the example of an 
independent Gaussian sequence (Yn ) such that IIYnl12 = (log(n + 1))-1/2 for 
every n. This sequence, which defines an almost surely bounded process by 
(3.7), shows that boundedness of Gaussian processes cannot be characterized 
by the metric entropy integral in (12.2). The reason for this failure is due 
to the possible lack of homogeneity of T for the metric dx . We will see in 
the next chapter that in, a homogeneous setting, the metric entropy condition 
does characterize the almost sure boundedness and continuity of Gaussian 
processes. 

As we know, majorizing measures provide a way to take into account the 
possible lack of homogeneity of (T, dx). Furthermore, by (11.9) and (11.10), 
the majorizing measure integral of (12.1) appears as an intermediate condition 
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between the two entropic bounds (12.2) and (12.3). As a main result, we will 
show that the minoration (12.3) can be improved into 

(12.4) 100 ( 1 )1/2 
sup log (()) de :::; K1E sup X t 
tET 0 m B t, e tET 

for some probability measure m on T. Hence, together with (12.1), the 
existence of a majorizing measure for the function "pi 1, or (log(1/x))1/2 
(cf. (11.18)), completely characterizes the boundedness of Gaussian processes 
X in terms only of their associated L 2-metric dx . There is a similar result for 
continuity. 

The proof of this result, to which we now turn, requires rather an involved 
study of majorizing measures. This will be accomplished in the abstract setting 
which we now describe. 

The majorizing measure conditions which will be included in this study 
concern in particular those associated to the Young functions t/lq(x) = 
exp(xq) -1. To unify the exposition, let us thus consider a strictly decreasing 
function h on (0,1] with h(l) = 0 and lim:z:-+o h(x) = 00. We assume that for 
all x, yin (0,1] 

(12.5) h(xy) :::; h(x) + h(y). 

[This condition may be weakened into h( xy) :::; h( x) + ch(y) for some positive 
c and the reader can verified that the subsequent arguments go through in 
this case, the numerical constant of Theorem 12.5 depending then on h.] As 
announced, the main examples which we have in mind with this function h 
are the examples of hq(x) = (log(l/x))l/q, 1 :::; q < 00, and of hoo(x) = 
log(l + log(l/x)). 

Let us mention that we never attempt to find sharp numerical constants, 
but always use crude, but simple, bounds. 

If (T, d) is a metric space, recall that we denote by D = D(T) its diameter, 
i.e. 

D = D(T) = sup { d(s,t); s,t E T}. 

Given a probability measure m on the metric space (T, d), let 

'Ym(T) = 'Ym(T,d) = sup [00 h(m(B, (t,e)))de 
tETJO 

where B(t,e) is the open ball with center t and radius e > 0 in (T,d). Here, 
and throughout this study, when no ambiguity arises, we adopt the convention 
that B(t,e) denotes the ball for the distance on the space which contains t. 
We also let 

'Y(T) = 'Y(T, d) = inf 'Ym(T, d) = inf 'Ym(T) 

where the infimum is taken over all probability measures m on T. For a sub-
space A of T, 'Y(A) = 'Y(A, d) refers to the quantity associated to the metric 
space (A, d), i.e. 'Y(A) = inf 'Ym(A) where the infimum is taken over the prob-
ability measures supported by A. 
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Recall that a metric space (U, 8) is called ultrametric if for u, v, win U we 
have 

8(u,w)::; max(8(u,v),8(v,w)). 

The nice feature of ultrametric spaces is that two balls of the same radius are 
either identical or disjoint. 

From now on, and until further notice, we assume that all the metric 
spaces are finite. Given a metric space (T, d) and an ultrametric space (U,8), 
say that a map cp from U onto T is a contraction if d( cp( u), cp( v)) ::; 8( u, v) for 
u, v in U. Define the functional aCT) = aCT, d) by 

aCT) = inf{r(U); U is ultrametric and T is the image of U by a contraction}. 

Although 'Y(T) comes first in mind as a way to measure the size of T, the 
quantity aCT) is easier to manipulate and yields stronger results. First, we 
collect some simple facts. 

Lemma 12.1. The following hold under the preceding notations. 

(i) 'Y(T) ::; aCT). 

(ii) If AcT, then 'Y(A)::; 2'Y(T). 

(iii) If U is ultrametric and A C U, then 'Y(A) ::; 'Y(U). 

(iv) If AcT, then a(A) ::; aCT). 

(v) aCT) = inf{r(U); U is uitrametric, D(U) ::; D(T) and T is the image of 
U by a contraction} and this infimum is attained. 

(vi) D(T) ::; 2 [h(lj2)r 1'Y(T). 

Proof. (i) Let cp be a contraction from U onto T, I-l be a probability measure 
on U and m = cp(I-l). For u in U, E > 0, we have, since cp is a contraction, 
that cp-1(B(cp(U),E)) :=J B(U,E), so m(B(cp(u),E)) I-l(B(u, E)). Since h is 
decreasing and cp onto, we get 'Ym(T) ::; 'Yp,(U), so 'Y(T) ::; 'Y(U) since I-l is 
arbitrary; therefore 'Y(T) ::; aCT) since U and cp are arbitrary. (ii) This was 
already shown in Lemma 11.9 but let us briefly recall the argument. For t in 
T, take aCt) in A with d(t,a(t)) = d(t,A). Let m be a probability measure on 
T and let I-l = a(m) so that I-l is supported by A. Fix x in A. For t in T, we 
have d( t, A) ::; d(t, x), so d( t, a( t)) ::; d( t, x) and d( x, a( t)) ::; 2d(x, t). Since 
I-l = a(m), it follows that I-l(B(x,2E)) m(B(x,E)). Hence, by a change of 
variables, 'Yp,(A) ::; 2'Ym(T) which gives the results. (iii) With the notation of 
the proof of (ii), the ultrametricity gives d( x, a( t)) ::; max( d( x, t), d(t, a( t)) ::; 
d(x,t) and thus 'Y(A) ::; 'Y(U) in this case. (iv) Let U be ultrametric and let 
cp be a contraction from U onto T. By (iii), we get a(A) ::; a(cp-1(A)) ::; 'Y(U) 
and thus a(A) ::; aCT). (v) If (U,8) is ultrametric and cp is a contraction from 
U onto T, consider the distance 81 on U given by 81 ( U, v) = mine 8 ( u, v), D( T)). 
Then (U,81) is ultrametric and cp is still a contraction from (U,8t) onto T. 
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By the argument of (i), 'Y(U,lh) :::; 'Y(U,6). The last assertion follows by a 
standard compactness argument. (vi) Take two points s and t in T and let 
'" = d(s, t). The balls B(s, ",/2) and B(t, ",/2) are disjoint so that if m is a 
probability measure on T, one of these balls, say the first, has a measure less 
than 1/2. Therefore 

'Ym(T) 1"/\(m(B(s,C:)))de ihG) 

from which the result follows since m, s, t are arbitrary and h(1/2) > 0 by 
(12.5). The proof of the lemma is complete. 

The next lemma is one of the key tools of this investigation. It exhibits a 
behavior of 0: that resembles a strong form of subadditivy. 

Lemma 12.2. Let T be a finite metric space with diameter D = D(T). Sup-
pose that we have a finite covering At, .. . , An of T. Then, for every positive 
numbers al, .. . , an with ai :::; 1, 

Proof. From Lemma 12.1 (v), for every i = 1, ... , n, there exist an ultrametric 
space (Ui, 6i ) of diameter less than D, a contraction <Pi from Ui onto Ai and a 
probability measure J.Li on Ui such that 0:( Ai) = 'Y I'i (Ui ) (or arbitrarily close). 
Let U be the disjoint sum of the spaces Define the distance 6 on U 
by 6(u,v) = 6i(u,v) whenever u,v belong to the same Ui, and 6(u,v) = D 
otherwise. Then (U,6) is an ultrametric space and the map cp from U onto 
T given by <p( u) = <Pi (u) for u in Ui is a contraction. Consider the positive 
measure J.L' on U given by 1-" = aiJ.Li· Since 11-"1 :::; 1, there is a probability 
J.L on U with J.L 1-". Take then u in U and let i be such that u E Ui . By (12.5), 

h(J.L(B(u,c:))) :::; h(J.L'(B(u,c:))) 

:::; h(aiJ.Li(B(u,c:))) 

:::; h(l-'i(B(u,c:))) + h(ad. 

It follows that 

1 00 h(J.L(B(u,c:)))dc: = 1D h(J.L(B(u,c:)))dc: 

Therefore 

:::; 100 h(J.Li(B(u,c:)))dc: + Dh(ai) 

:::; o:(Ai) + Dh(ai). 

from which the conclusion follows. 
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The next lemma is the basic step in the subsequent construction. If (T, d) 
is a finite metric space, let, for every integer k (in 

f3k(T) = a(T) - supa(B(x,6-k )). 
xET 

Lemma 12.3. Let (T, d) be a finite metric space of diameter less than 6- k . 
We are necessarily in one of the following two cases: 

(i) either there exists a subset S of T of diameter less than 6- k- 1 satisfying 

(12.6) f3k+2(S) 2(a(T) - a(S)) j 

(ii) or there exist balls of radius 6- k- 2 with centers at mutual 
distance larger than 3 . 6-k- 2 such that 

(12.7) 

Proof. Suppose that (i) does not hold. By induction, we construct points Xi, 
i 1, in T in the following manner: a(B(x1,6-k- 2)) is maximal, and, if 
Xl, ... , Xi-1 have been constructed, we take Xi such that 

For every i, set then 

Si = B(Xi,3. 6- k- 2)\ U B(xj,3. 6- k- 2). 
j<i 

Since (i) does not hold, necessarily, for any i, f3k+2(Si) S 2(a(T) -a(Sd). By 
construction f3k+2(Si) = a(Si) - a(B(xi, 6- k- 2)). Thus, for every i, 

(12.8) 

a(B(xi,6- k- 2)) = a(Si) - i3k+2(Sd 

a(Si) - 2(a(T) - a(Si)) 

a(T) - 3(a(T) - a(Si)) . 

The union of the Si'S covers T. They can be assumed to be ordered so that the 
sequence (a( Si)) is decreasing. If we let ai = (i + 1) -2, we have l:i> 1 ai S 1. 
Therefore, by Lemma 12.2, there exists io 1 such that -

(12.9) 

By (12.5), h((io + 1)-2) ::; 2h((io + 1)-1). Hence, if I = {I, ... , io}, since 
(a(Si)) is decreasing, we see from (12.9) that for every i in I, 

(12.10) a(Sd a(T) - 2 .6-kh( d ). 
1 + ar I 
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Combining (12.10) with (12.8) yields that for every i in I, 

a(B(xi,6-k- 2)) aCT) - 6-k+1h(1 + . 

Letting Bi = B(Xi,6-k- 2) for i in I and N = CardI shows that we are 
in the case (ii) of the statement and that (12.7) is satisfied. Lemma 12.3 is 
established. 

Now, we perform the main construction. Given a metric space T, we ex-
haust it with the alternative of Lemma 12.3 and construct in this way sub-
sets (actually balls) which are well separated and whose a-functionals are 
big enough and carry enough information on aCT) itself. Iterative use of this 
proposition gives rise to a "tree" and an ultrametric structure. For two subsets 
A,B of a metric space (T,d), let d(A,B) = inf{d(a,b);a E A, bE B}. 

Proposition 12.4. Let (T, d) be a finite metric space of diameter less than 
6-k . There exist an integer f k and subsets of T of diameter less 
than 6-1- 1 such that d(Bi' B j ) 6-1- 2 for i =I- j, the diameter of Ui<N Bi is 
::; 6-1+1 and -

(12.11 ) for every i, a(Bd aCT) - 2· 6-k+1hC: N) . 

Proof. By induction, we construct a decreasing sequence (Tm) of subsets of T 
such that To = T, D(Tm) ::; 6-k- m and 

(12.12) 

for all m 1. The construction stops (since T is finite) for some m = n and 
in Tn we are necessarily in case (ii) of Lemma 12.3 (since if not we would be 
able to continue the exhaustion). First, we note that, for every m ::; n, 

(12.13) 

Indeed, this is clearly the case for m = 1 (since we even have in this case that 
(3k+2(T1) 2(a(T) - a(T1))). Assume then that (12.13) is satisfied for m and 
let us show it for m + 1. We have by (12.12) 

(3k-m+2(Tm+1) 2(a(Tm) - a(Tm+1)) 

a(Tm) - a(Tm+d + (3k+m+1(Tm) 

since a(Tm) -a(Tm+1) (3k+m+1(Tm) by definition of the functional {3. Thus, 
by the induction hypothesis, 

(3k+m+2(Tm+d aCT) - a(Tm+d 

and (12.13) indeed holds. 
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Now, set e = k + n. Since, in Tn, we are in the case (ii) of Lemma 12.3, 
we can find balls (of Tn) of radius 6-£-2 with centers at mutual 
distance 2': 3·6-£-2 such that, for every i, 

(12.14) 

Since a(B: n Tn) a(Tn) - !3l+1(T), combining (12.13) and (12.14) yields 
that 

and Proposition 12.4 holds with Bi = B: n Tn. 

Let U be an ultrametric space. For x in U and k E Z, let Nk(X) be the 
number of disjoint balls of radius 6-k - 1 which are contained in B(x,6-k). 
Define 

= L 6- kh(1/Nk(X)) , 
kEZ 

= inf 
xEU 

We note that if D(U) 6- ko and B(x,6- k1 ) = {x} for every x, we have 

= L 6-kh(I/Nk(x)). 
koS,k<kl 

We can state and prove the main conclusion of the preceding construction. 

Theorem 12.5. There is a numerical constant K with the following property: 
for each function h satisfying (12.5) and each finite metric space (T,d), there 
exist an ultrametric space (U,t5) and a map ¢ : U --> T such that the following 
conditions hold: 

a(T) :S ; 

for all u,v zn U, t5(u,v):Sd(¢(u),¢(v)) 

Proof. Let ko be the largest integer (in ;E) with 6- ko 2': D(T). Consider two 
points u,v ofT with d(u,v) = D(T). The space U = ({u,v},d) is ultrametric 
and the canonical injection ¢ from U in T satisfies 6-ko - 1 d(¢(u),¢(v)) 
6- ko . The balls B( u, 6-ko - 1), B( V, 6-ko - 1 ) are disjoint; so we have 

We intend to prove the theorem with K = 4 . 63 . By the preceding, the 
result holds unless a(T) 2': 4 . 62h(I/2)D(T). It thus remains to prove the 
theorem in that case only. By induction over k 2': ko, we construct a family B 
of subsets A of T in the following way. The construction starts with A = T 
and each step is performed by an application of Proposition 12.4 to each 
element of B obtained at the step before. That is, if A is an element of B 
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and has a diameter less than or equal to 6-k, there exist integers k(A) k 
and N(A) 1, subsets (Bi(A)h$i$N(A) of A of diameter:::; 6-k(A)-1 and 
such that d(Bi(A), Bj(A)) 6-k(A)-2 and the diameter of U$N(A) Bi(A) is 
:::; 6-k(A)+l, with the following property: for every i, 

(12.15) 

The construction stops when each element A of B is reduced to exactly one 
point and we denote by U the collection of points of T obtained in this way. 
For u,v in U, there exists A in B such that for two different Bi(A), Bj(A), 
u E Bi(A) and v E Bj(A). We set o(u,v) = 6-k(A)-2. 0 is an ultrametric 
distance on U. Moreover, if 4> is the canonical injection map from U into T, 
we have by construction that o(u,v) :::; d(4)(u),4>(v)) :::; 630(u,v). Fix x in U. 
Denote by the decreasing sequence of the elements of B that contain 
Xj Al = T. By (12.15), for every e 1, 

a(Ae+l) a(Ae) - 2· 6-k(Al)+lhC + . 

Since a( {x}) = 0, summation of these inequalities yields 

(12.16) a(T) < 12L6-k(Al)h( 1 ). 
- 1 + N(Ae) 

For k ko + 3, let B(x,6-k) be the o-ball of U with center x and radius 
6-k. By definition of 0, if k = k(Ae) + 2 for some e, then Nk(x) = N(Ae), 
while if there is no such e, Ndx) = 1. Hence, from (12.16), and (12.5) since 
1 + N(Ae) :::; 2N(Ae), we get 

a(T) :::; 12 (h(1/2) L 6-k + 
k>ko 

:::; 12(6h(1/2)D(T) + . 

Since we are in the case D(T) :::; a(T)/4 . 62h(1/2), it follows that a(T) :::; 
4· Since x is arbitrary in U, we have a(T) :::; 4· which is the 
announced claim. 

With the abstract Theorem 12.5, we can now prove the existence of ma-
jorizing measures for bounded Gaussian processes (at least, to start with, 
indexed by a finite set). In the rest of this section, h(x) = (log(1/x))1/2. 

Theorem 12.6. Let X = (XdtET be a Gaussian process indexed by a finite 
set T, and provide T with the canonical distance dx(s, t) = IIXs - X t 1l 2 . Then 

a(T,dx }:::; KIEsupXt 
tET 

where K > 0 is a numerical constant. 
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The fact here that dx does not possibly separate all points of T is no 
problem: simply identify s and t such that dx(s, t) = 0 and the new index set 
T obtained in this way is such that a(T, dx) = a(T, dx) and lE SUPtET X t = 
lEsuPtETXt . 

Let U,4J be as given by the application of Theorem 12.5 to the space 
(T,dx) (or (T,dx )). It is thus enough to show that {(U) KlEsupuEUXq,(u)' 
We note that for u,v in U, dx(4J(u),4J(v)) o(u,v) so that the theorem is 
a consequence of the following result that we single out for future reference. 
It is at this point, actually the unique place in this study, that the Gaussian 
structure via the comparison theorems based on Slepian's lemma plays its key 
role.(Recently [Ta18], the use of Slepian's lemma in this step has been replaced 
by the use of Sudakov's minoration and concentration properties.) 

Proposition 12.7. Let (U, 0) be a finite ultrametric space. Then, for each 
Gaussian process X = (Xu)uEU such that dx(u,v) o(u, v) whenever u,v E 
U, we have {(U) KlEsupuEUXu where K is a numerical constant. 

Proof. Let ko be the largest integer such that 6- ko D(U). For k > ko, let 
13k be the collection of the balls ofradius 6-k. Let 13 = Uk>ko 13k. Consider an 
independent family (9B) BEB of standard normal variables. For u in U, k > ko, 
we simply write gu,k = 9B(u,6-k). We let Zu = Lk>ko 6-kgu,k. Let u, v in U 
and let l be the largest such that o(u,v) 6-1. Then B(u,6-k) = B(v,6-k) 
for k l, so Zu - Zv = Lk>l6-k(gu,k - gv,k). It follows that 

IIZu - Zvll2 V2L 6-k 2· 6-1- 1 20(u,v) 2dx(u,v). 
k>l 

Corollary 3.14 shows that it is enough to establish that {(U) AlE sUPuEU Zu 
for some constant A. According to (3.14), we take A such that (log N)1/2 
AlEmaxi:::;N 9i for all N's where (gi) is an orthogaussian sequence. By induc-
tion over n, we establish the following statement: 

(Hn) If U has a diameter 6- ko and if, for each x in U, B(x,6-k) = {x} 
with k - ko n, then {(U) AlEsuPuEU Zu. 

For n = 0, U contains one point only so that {(U) = 0 and (Ho) holds. Let 
us assume that (Hn) holds and let us prove (Hn+1). We enumerate 13ko+1 as 
{B1, ... ,Bq }. For i q, let Qi = {Vp q, p =f i, gBp < 9BJ. For u in U, 
define 

Z' - ""' 6-k - Z 6- ko - 1 u - 9u,k - u - gu,ko+1· 
k>ko+1 

For i q, consider a measurable map Ti from Q to Bi that satisfies = , ' sUPuEBi Zu. Now define a measurable map T from Q to U by T(W) = Ti(W) for 
W in Qi. We have 
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IE sup Zu IEZT = L IE(IniZTJ 
uEU i$q 

L IE (Ini (6-kO-1gBi + 
i$q 

Now 

Further, the independence of the variables (gB)BEB shows that Ini and 
are independent, and thus 

= = .. 
'I. 'I. q I. 

By the induction hypothesis, for every i, 

= AIE sup e(Bi). 
uEBi 

Since the definition of makes it clear that for each i 

e(Bi ) + 6-ko -1(log q)1/2 , 

the proof is complete. 

Theorem 12.6 proves the existence of a majorizing measure for a Gaussian 
process when the index set is finite since 'Y(T) :::; a(T) (Lemma 12.1). Now, 
we deduce from this finite case the existence of a majorizing measure for 
almost surely bounded general Gaussian processes. The use of the functional 
a actually yields a seemingly stronger, but equivalent (see Remark 12.11), 
statement. 

Anticipating on the next section, let us mention that the following two 
theorems, as well as their consequences, on necessary conditions for the bound-
edness and continuity of the sample paths of Gaussian processes actually hold 
similarly for other processes once a statement for T finite analogous to The-
orem 12.6 can be established. This is the procedure which will indeed be fol-
lowed for stable processes in the next section. Therefore, we write the proofs 
below with a general function h. 

Metric spaces are no longer always finite. 

Theorem 12.8. Consider a bounded Gaussian process X = (Xt)tET. Then, 
there exists a probability measure m on (T, dx) such that 

100 ( 1 ) 1/2 
sup log de < KIEsupXt 
tET 0 sup{m({s});dx(s,t) < e} - tET 

where K > 0 is a numerical constant. 
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Proof. Theorem 12.6 shows that for each finite subset F of T, 

a(F) :::; K1EsupXt :::; KE sup X t . 
tEF tET 

It is hence enough to show that if a = sup{a(F); Fe T, F finite}, there is a 
probability measure m on T such that the left hand side of the inequality of the 
theorem is less than Ka. Denote by ko the largest integer with 2-ko D(T). 
Since X is almost surely bounded, N(T, dx; e) < 00 for every e > 0 (Theorem 
3.18). For l ko, let Ti be a finite subset of T such that each point of Tis 
within a distance:::; 2-i of a point of Ti. Consider a map ai from T to Ti such 
that dx(t, ai(t)) :::; 2-i . For each k, we know that a(Ti) :::; a. So there exist an 
ultrametric space (Ui, bi), a contraction 'Pi from Ui on Ti, and a probability 
measure I-Li on Ui such that "Yp.t(Ui) :::; a. This implies that, for every u in Ui 
and every l, 

(12.17) L 2-kh(l-Li(B(u,Tk))) :::; 2a. 
k>ko 

To each ball B in an ultrametric space U, we associate a point v(B) of B. 
Let Bk be the family of the balls of radius 2-k of Ui. Denote by mt the 
probability measure on T that, for each B in Bk, assigns mass l-Li(B) to the 
point ak('Pi(v(B))). We note that mt is supported by Tk. Fix t in T. Choose 
t' in Ti with dx(t, t') :::; 2-i . Take u in Ui such that 'Pi(U) = t'. For each k, we 
have bi(u,v(B(u,2-k))):::; 2-k so that dX(t','Pi(V(B(u,2-k)))):::; 2-k and 

dx (t,ak ('Pi (v(B(u, 2-k))) )) :::; T k+1 + 2-i . 

We set tt = ak('Pi(v(B(u,2-k)))) so dx(t,tt):::; 2-k+1 +2-i and mt({tt}) 
l-Li(B(u, 2-k)). It follows from (12.17) that we have 

L Tkh(mt({t1})) :::; 2a. 
k>ko 

Let U be a ultrafilter in 1N. Since tt belongs to the finite set Tk, the limit 
tk = limi .... u tt exists, and dx(t, tk) :::; 2-k+l. Since mt is supported by the 
finite set Tk, the limit mk = limi .... u mt exists and thus, for each t in U, 

L Tkh(mk({tk})) :::; 2a. 
k>ko 

Let m = Ek>ko 2ko-kmk, so m is a probability on T. We note that, by (12.5), 

h(m({tk})) :::; h(2ko-kmk({tk})) 

:::; h(2ko-k) + h(mk({tk})). 

It follows that 
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k>ko k>ko 

KD(T) + 20 

where we have used (12.5) and 2-ko D(T). Recall from Lemma 12.1 that 
D(T) K o. The conclusion then follows since, clearly, for e 2-k+1, 

sup{m({s}) jdx(s,t) < e} m({tk}). 

Now, we present the necessary majorizing measure condition for the almost 
sure continuity of Gaussian processes. 

Theorem 12.9. Consider a Gaussian process X = (Xt)tET that is almost 
surely bounded and continuous (or that admits a version which is almost surely 
bounded and continuous) on (T, dx). Then, there exists a probability measure 
m on (T, dx) such that 

11/ ( 1 ) 1/2 
lim sup log de = 0 . 
1/-+0tET 0 sup{m({s})j dx(s,t)<e} 

Proof. For n 1, let an = 2-n D where D = D(T). Consider a fam-
ily Bn,l, ... , Bn,p(n) of dx-balls of radius an that covers T where p(n) = 
N(T,dxjan ). So, for i p(n), if we denote by t(n,i) the center of Bn,i, we 
have 

:IE sup X t =:IE sup (Xt - Xt(n,i») sup IXt - Xt(n,i) I {3(an) 
tEBn,i tEBn,i tEBn,i 

where we have set {3(1]) = SUPtET :IEsuPdx(s,t)<1/ IX8 - Xtl. Denote by dn,i the 
diameter of Bn,i (that can be smaller than 2an ). Theorem 12.8 shows that 
there is a probability measure mn,i on Bn,i such that for each t in Bn,i we 
have 

(12.18) fodn\(sup{ mnA {s})j dx(s, t) < e} )de K{3(an). 

Let = + mn,i) and let 

, "" "" -2 ( )-1 , m = n p n mn,i' 
i:::;p(n) 

so Im'l 1. There is a probability measure m on T such that m m'. Fix t 
in T and 0 < 1] D. Let n be the smallest integer with an 1], so 1] 2an. 
We note that if t E Bn,i, 

sup{m({s})j dx(s, t) < e} 21 ( ) < e}. 
2n p n ' 
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1 
sup{m({s});dx(s,t) < c} 2: 2n2p(n)' 

From (12.18) therefore, if t E Bn,i, 

since an ::; 'rf ::; 2an . Now, if the Gaussian process X is continuous on (T, dx), 
lim7]-->o (3( 'rf) = 0 by the integrability properties of Gaussian random vectors. 
Furthermore, if h(x) = (log(1/x))1/2, we see from Corollary 3.19 that 

(12.19) 

These observations conclude the proof of Theorem 12.9. 

The two preceding theorems describe the necessary majorizing measure 
conditions for a Gaussian process to have bounded or continuous sample paths 
that, together with Theorem 11.18, thus provide a complete description of the 
regularity properties of Gaussian processes. In the last part of this section, we 
describe a consequence of this result in terms of a convex hull representation 
of Gaussian processes. 

Theorem 12.10. Let X = (Xt)tET be a bounded Gaussian process. Let a = 
SUPtET{1EIXt I2)1/2 and M = 1ESUPtET IXtl. Then, there exists a Gaussian 
sequence (Yn)n;:::l with IIYnl12 ::; K M(log n + a-2 M 2)-1/2 such that, for each 
t in T, we can write 

X t = L Qn(t)Yn 
n2:1 

where Qn(t) 2: 0, Ln>l Qn(t) ::; 1 and the series converges almost surely and 
in L 2 . Moreover, each Yn is a linear combination of at most two variables of 
the type X t . If (and only if) X is continuous, (Yn ) can be chosen such that 
limn-->oo(logn)1/21IYnIl2 = o. 

Before the proof, let us mention that if (Yn ) is as in the theorem, by 
the Borel-Cantelli lemma and the Gaussian tail, it defines an almost surely 
bounded sequence. We even have that, for some numerical constant Kl, 

lP{ sup IYnl > Kl(M + ua)} ::; Kl exp( _u2 ) 
n>l 



346 12. Regularity of Gaussian and Stable Processes 

for all u > O. Indeed, if K is such that IIYnll2 :$ KM(1ogn + u-2M 2)-1/2 in 
Theorem 12.10, we have 

p{ sup IYnl > 2K(M + uu)} :$ 2 E exp( -4K2(M + uu)2 

:$ 2exp(-u2) E n-2 • 

Since SUPtET IXtl :$ sUPn>llYnl, we note, in particular, that the majorizing 
measure theorem at least qualitatively, the tail behavior of isoperi-
metric nature of norms of Gaussian random vectors (cf. Section 3.1). We shall 
partially come back to this at the end of the section. The representation of 
Theorem 12.10 also implies, with a little more effort, that X is continuous 
when limn ..... oo(1ogn)I/2I1YnIl2 = O. 

Proof. We only show the assertion concerning boundedness, the continuous 
case being obtained with some easy modifications on the basis of Theorem 
12.9. Let ko be the largest integer with 2-ko :?: D(T). It follows from Theorem 
12.8 that there is a probability measure m on T such that for each t in T, we 
have 

(12.20) E 2-kh(sup{m({s})j dx(s,t) < 2-k}) :$ KM. 

For t in T, k :?: ko, we pick tk such that dx(t, tk) < 2-k and 

m({tk}) = sup{m({s})jdx(s,t) < Tk}. 

We can assume that tko does not depend on t. From (12.20), we see in par-
ticular that 2-kh(m({tk}» :$ KM. Thus, for each t in T, tk belongs to the 
finite set 

Ak = {s E Tj m({s}) :?: h- I(2kKM)}. 

Let bk = 2-k+ko-lh-I(MjD). Using the fact that D:$ 2u:$ (271")1/2M, it 
follows from (12.5) and (12.20) that 

(12.21 ) L 2-kh(bkm({td» :$ KIM 

for some constant K 1. For each t in T, k :?: ko, we define 

From (12.21), Lk>ko at,k :$ 3KIM. Define then, for k :?: ko, 

Zt,k = - X tk )· 

Let Zk be the set of all Zt,k for t in T. Since tk and tk+l belong to the finite 
set Ak+1, Zk is finite. Let Z be the union of the sets Zk for k > ko. Fix e > O. 
We note that 
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IIXtk+1 - X tk 112 :::; dx(t, tk+1) + dx(t, tk) :::; 3· T k- 1 

so, if IIZt,k1l2 2: c, we have at,k:::; 9· 2-kK 1M/c and thus 

This implies that 

Since m is a probability, this shows that there are at most 

possible choices for either tk or tk+1 when IIZt,k1l2 2: c. Therefore 

and 

Thus, we can index Z as a sequence (Yn)n2:1 such that llYn 112 does not increase. 
For each n, 

so that 

(12.22) IIYnll2 :::; 9K1M( + h( In))-1 

Since D:::; 2<1, for h(x) = (log(1/x))1/2, (12.22) implies, for all n 2: 1, llYn II 2 :::; 
18K1M(log n + <1-2 M2)-1/2. In particular, by the Borel-Cantelli lemma, the 
Gaussian sequence (Yn) is bounded almost surely. For each t in T, we have 

X t - X tko = L (Xtk+l - X tk ) = L (6K1M) -1 at,kZt,k. 
k2:ko k2: ko 

Since l:k>ko at,k :::; 3K1M, this implies that Xt-Xtko = l:n>1 an(t)Yn where 
l:n>1 an(t) :::; 1/2 and where the series converges almost surely since (Yn) is 
bounded. Since IIXtko 112 :::; <1, the proof of Theorem 12.10 is complete. 

Remark 12.11. This remark aims to show that several of the techniques de-
veloped in the proofs of the preceding theorems go beyond the Gaussian case 
and apply to rather a general setting. As we noted, the Gaussian structure 
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and Slepian's lemma were actually basic only in the proof of Proposition 12.7. 
For simplicity, let us consider the family of Young functions 1/Jq, 1 :::; q :::; 00 

(and associated functions hq(x) = (log(l/x»l/q ) although some more general 
functions may be imagined. If (T, d) is a metric space and m is a probability 
measure on (T, d), set, for 1 :::; q :::; 00, 

and 

-y}:)(T) = -y}:)(T,d) = sup [00 hq(m(B(t,e»)de 
tETio 

where the infimum is taken over all probability measures m on T. (It might 
be useful to recall (11.18) at this point and the easy comparison between 1/J;;1 
and hq). Kq denotes below a constant depending only on q and not necessarily 
the same at each occurence. Our first observation, which we deduce from the 
proof of Theorem 12.8, is that there is a probability measure m on (T, d) such 
that 

sup [00 hq(sup{m({s}); d(s, t) < e})de:::; Kq-y(q)(T,d). 
tETio 

If T is finite, Proposition 11.10 indeed indicates that o:(T, d) :::; Kq-y(q)(T, d) 
(where 0: is defined with h = hq ). The proof of Theorem 12.8, which is given 
with a general function h, then implies the result. There is a similar result 
about continuous majorizing measures. From this observation, let us mention 
further the following one. Consider a stochastic process X = (XthET contin-
uous in L1 (say) on (T,d), more precisely such that IIXs - X t l11 :::; d(s,t) for 
all s, t in T. Assume again that -y(q)(T, d) < 00. Then, from the preceding, 
the proof of Theorem 12.10 shows that there is a sequence (Yn ) of random 
variables such that, for every n, 

(q) (-y(q)(T,d) ( 1 ))-1 
llYn 111 :::; Kq-Y (T, d) D(T) + hq ..;n 

and such that, for every t, X t = Ln O:n(t)Yn where O:n(t) 0, Ln O:n(t) :::; 1 
and the series converges almost surely and in L 1 • The main point in the 
Gaussian case is of course that -y(2)(T,dx ):::; K1EsuPtET X t . 

It is interesting to interpret Theorem 12.10 (and similar comments may 
be given in the context of the observations of Remark 12.11) as a result about 
subsets of Hilbert space associated to bounded Gaussian processes. Let X = 
(Xt)tET be a bounded Gaussian process on (n,A,p). Let H = L2(n,A,p) 
and identify T with the subset of H consisting of the family (XthET. Then, 
Theorem 12.10 proves the existence of a sequence (yn) in H such that, for 
some M > 0 and every n, Iynl :::; M(1og(n + 1»-1/2, and T C Conv(yn). Let 
us rewrite this observation as a perhaps more geometric statement about the 
finite dimensional Hilbert space. Consider H of dimension N and denote by 
(1 the normalized measure on its unit ball. For a subset T of H, consider 
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V(T) = j sup I(x, y)lda(x). 
yET 

This quantity has been studied in Geometry under the name of mixed volume 
and plays an important role in the local theory of Banach spaces. Fix an 
orthonormal basis of H. For t in H, let X t = where (gi) 
is a standard Gaussian sequence. Since the distribution of is rotation 
invariant, 

N 1/2 
t(T) =1EsupIXt l jsupl(x,Y)lda(x) 

tET i=l yET 

and thus K-1 N1/2V(T) ::; t(T) ::; K N1/2V(T) for some numerical constant 
K. Now, define 

A(T)=inf{a>O; 3(yn)inH, lyn l::;a(log(n+1))-1/2, TCConv(yn)}. 

Then Theorem 12.10 can be reformulated as 

(12.23) 

As a dosing remark, note that if we go back to the tail estimate (11.14) 
for the Young function '1/1 = '1/12 associated to Gaussian processes, we see that 
the process techniques and the existence of majorizing measures (12.4) yield 
some deviation inequalities with the two parameters similar to those obtained 
from the isoperimetric considerations in Chapter 3. Such inequalities can also 
be deduced, as we have seen, from Theorem 12.10 and some elementary con-
siderations on Gaussian sequences. 

12.2 Necessary Conditions for the Boundedness 
and Continuity of Stable Processes 

Let X = (Xt)tET be a p-stable random process, 0 < P < 2. Recall that by 
this we mean that every finite linear combination Li (XiXtil (Xi E JR, ti E T, 
is a p-stable real valued random variable. As in the Gaussian case, we may 
consider the associated pseudo-metric dx on T given by 

dx(s, t) = a(Xs - X t ), s, t E T, 

where a(Xs - Xt) is the parameter of the stable random variable Xs - Xt 

(cf. Chapter 5). 
Contrary to the Gaussian case, the pseudo-metric dx does not entirely 

determine the distribution and therefore the regularity properties of a p-stable 
process X when 0 < p < 2. The distribution of X is however determined by its 
spectral measure (Theorem 5.2) and, as we already noted in Chapter 5 with the 
representation, the existence and finiteness of a spectral measure for a p-stable 
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process with 0 < p < 1 already ensures its almost surely boundedness and 
continuity. This is no longer the case when 1 P < 2. While a characterization 
in terms of dx is therefore hopeless, nevertheless a best possible necessary 
majorizing measure condition for the almost sure boundedness and continuity 
of p-stable processes with 1 p < 2 exists. This result extends the Gaussian 
results and forms the matter of this section. 

As we mentioned it, the difference with the Gaussian setting is that this 
necessary condition is far from being sufficient. Sufficient conditions for the 
sample boundedness or continuity of p-stable processes may be obtained from 
Theorem 11.2 at some weak level; for example, if 1 < p < 2, since 

the finiteness of the entropy integral 

implies that X has a version with almost all paths bounded and continuous 
on (T, dx). The difference however between the necessary condition described 
below in Theorem 12.12 and this sufficient condition is huge. Trying to char-
acterize regularity properties of p-stable processes with 1 ::; p < 2 seems to be 
a difficult question, still under study. The paper [TaI2] for example reflects 
some of the main problems. 

For 1 ::; p 2, let q be the conjugate of p. For p > 1, 0 < x ::; 1, recall 
that we set hq(x) = (log(l/x))l/q; further hoo(x) = log(1 + log(l/x)). These 
functions satisfy (12.5) and (12.6) and enter the setting of the abstract analysis 
of the preceding section. The main result of this section is the extension to 
p-stable processes with 1 ::; p < 2 of Theorems 12.8 and 12.9. 

Theorem 12.12. Let 1 ::; p < 2. Let X = (XthET be a sample bounded 
p-stable process. Then there is a probability measure m on (T, dx) such that 

sup [00 hq(sup{m({s});dx(s,t) < c})dc::; Kpll sup IXs - Xtlllp •oo 
tET 10 B.tET 

where Kp > 0 only depends on p. (In particular, we have ')'$:f) (T, dx) ::; 
Kpll sUPs.tET IXs - Xtlllp•oo .} 1/, moreover, X has (or admits a version with) 
almost surely continuous sample paths on (T, dx ), then there exists a proba-
bility measure m on (T, dx) such that 

lim sup [\q(sup{m({s});dx(s,t) < c})dc = O. 
11 ..... 0 tET 10 

As we noted (Remark 12.11), with such a result, Theorem 12.10 has an 
extension to the stable case. This observation puts into light the gap between 
this necessary result and the known sufficient conditions for stable processes 
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to be bounded or continuous simply because if (On) is a standard p-stable 
sequence with 1 < p < 2 (say), (Onl(logn)l/q) is not almost surely bounded. 
For some special class of stationary p-stable processes, strongly stationary or 
harmonizable processes, we will however see in Chapter 13 that the necessary 
conditions of Theorem 12.12 are also sufficient. 

We only give the proof of Theorem 12.12 for p > 1. While the proof when 
p = 1 uses related ideas and arguments, this case however seems to be of a 
different and much deeper nature (cf. [Ta18]). We restrict ourselves for clarity 
to the case p > 1, refering to [Ta8] for the complete result. In the following 
therefore, 1 < p < 2. To put Theorem 12.12 in perspective, let us go back to 
Chapter 5, Section 5.3. There we saw how for a p-stable process X (Theorem 
5.10), 

supe(log N(T, dx; e))l/q :S Kpll sup IXtlllp,oo. 
e>O tET 

(By (11.9), Theorem 12.12 improves upon this result.) The main idea of 
the proof of this Sudakov type minoration was to realize the stable process 
X = (XthET as conditionally Gaussian by the series representation of stable 
variables. We need not go back to all the details here and refer to the proof of 
Theorem 5.10 for this point. It was described there how (XthET has the same 
distribution as (XfhET defined on il x il' where, for each win il, (XfhET 
is Gaussian. If dw is the canonical metric associated to the Gaussian process 
(Xf)tET, the main tool was the comparison between the random distances dw 

and dx given by (cf. (5.20)) 

(12.24) 

for all s, tin T and e > 0, where 1/a = lip - 1/2 and Co only depends on a. 
From (12.24), the idea was to "transfer" the Gaussian minoration inequalities 
of Sudakov's type on the random distances dw into similar ones for dx . The 
idea of the proof of Theorem 12.12 is similar, trying to transfer the stronger 
minoration results of Section 12.1. Unfortunately, it turns out that it does not 
seem possible to use mixtures of majorizing measures. Instead, we are going 
to use the machinery of ultrametric structures of the last section to reduce 
the proof to the simpler, yet non-trivial, following property. 

Theorem 12.13. Let 1 < p < 2 and let X = (Xt}tET be a p-stable process 
indexed by a finite set T. Equip T with the canonical distance dx. Then 

a(T, dx) :S Kpll sup IXs - Xtlllp,oo 
s,tET 

where Kp > 0 only depends on p. 

This result is the analog of the Gaussian Theorem 12.6 and the functional 
a is the one used in Section 12.1 with h = hq • We noted there that, with similar 
proofs than in the Gaussian case, Theorem 12.12 follows from Theorem 12.13 
(for continuity, note that (12.19) holds with h = hq by (5.21». Therefore, we 
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concentrate on the proof of Theorem 12.13. Recall that if (U, 6) is ultrametric, 
we denote by Bk the family of the balls of U of radius 6-k (k E X). Let ko 
be the largest such that Card Bko = 1. Let us set for simplicity Ll = 6- ko . For 
x in U, we denote by N k (x) = N (x, k) the number of disjoint balls of BkH 
which are contained in B(x,6-k ). We set 

By Theorem 12.5 applied to (T, dx) and h = hq, we see that in order to 
establish Theorem 12.13, it is enough to prove the analog of Proposition 12.7 in 
this stable case. That is, if (U, 6) is a finite ultrametric space and X = (Xu)UEU 

a p-stable process with dx 6, then 

(12.25) ::; Kpll sup IXu - Xvlllp,oo' 
u,vEU 

Since the arguments of the proof of (12.25) have already proved their 
usefulness in some other contexts, we will try to detail (at least the first steps 
of) this study in a possible general context. Let us set 

M = II sup IXu - Xvlllp,oo. 
u,vEU 

X is conditionally Gaussian and we denote by XW = for every w 
in il, the conditional Gaussian processes (see the proof of Theorem 5.10). By 
Fubini's theorem and the definition of M, there exists a set {h C il with 
P(ill ) ;::: 1/2 such that for w in ill 

p{ sup - X:I > 4M} ::; 1/2. 
u,vEU 

By the integrability properties of norms of Gaussian processes (Corollary 3.2) 
and Theorem 12.6 we know the following: for w in ill, there exists a probability 
J.Lw on (U,dw) where dw(u,v) = - such that 

(12.26) sup [00 h2(J.Lw(Y E U j dw(x,y) < c))dc::; KM. 
xEU 10 

where K is a numerical constant. 
The function h2(t) = (log(1/t))1/2 is convex for t ::; e-1/ 2 but not for 

o < t ::; 1. For that reason, it will be more convenient to use the function 
= h2(t/3) (the choice of 3 is rather arbitrary) which is convex on (0,1]. 

To prove (12.25), and therefore Theorem 12.13, we will exhibit a subset il2 of 
il with P(il2) ;::: 3/4 (for example), and constants Kl, K 2 , K3 depending on 
p only, such that for each w in il2 and each probability measure J.L on U, 
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We observe that :::; h2{t) + (log3)l/2j so combining with (12.26) since 
P{.al n .a2) > 0, we get {(q)(U) :::; Kl{KM + K2{log3)l/2.1) + K3.1. It is 
easily seen that .1 :::; K4M so that (12.25) holds. 

Thus, we establish (12.27). The philosophy of the approach is that a large 
value of {(q)(U) means that (U,Ii) is big in an appropriate sense. Since (12.24) 
means that d",,{u,v) is, most of the time, not much smaller than dx{u,v) 
Ii{u,v), we can expect that U will be big with respect to d"" for most values of 
w. The construction is made rather delicate however by the following feature: 
while (12.24) tells us precisely how d",,{u,v) behaves compared to dx{u,v), 
if we take another couple (u', v'), we have no information about the joint 
behavior of (d",,{ u, v), d",,{ u', v')). 

As announced, we will try to develop the proof of (12.25) in a possible 
general framework. Let us therefore assume that we have a family (d",,) of 
random distances on (U, Ii) such that for some strictly increasing function 8 
on R+ with lime __ o 8{ e) = 0, and all u, v in U and e > 0, 

(12.28) 1P{Wj d",,{u,v) :::; e/i{U,V)}:::; 8{e). 

By (12.24), the stable case corresponds to 8{e) = exp{ -cae-a) where 1/0. = 
l/p - 1/2. 

To show (12.27), it will be enough to show that for some probability mea-
sure>. on U 

Ki l fu 
:::; Kl fu d>.{x) E Uj d",,{x,y) < e))de+ K3.1. 

(12.29) 

We choose as a convenient probability measure >. the following: >. is homoge-
neous in the sense that the mass of any ball of radius 6- k is divided evenly 
among all the balls of radius 6-k- l that it contains. Equivalently, for any x 

in U, >'({x}) = (TIk!::ko N{x,k))-l. Let now k ko be fixed. Let Bl =f B2 in 
Bk • Further, let b, c > 0 and define 

A{Bl,B2,b,c) 

= {w E .a j >. ® >'({x, y) E Bl X B2 j d",,{x, y) :::; b6-k ) c>.{BI)>.{B2)} . 

Under (12.28), one immediately checks by Fubini's theorem and Chebyshev's 
inequality that 

(12.30) 

For B E Bk and i :::; k, there is a unique B' E Bi that contains B. 
We denote by N{B,i) the number of elements of Bi+l contained in B', so 
N{B,i) = N{x,i) whenever x belongs to B. In particular, N{B,k) is the 
number of elements of Bk+1 that are contained in B. Also, if i :::; k' :::; k and 
BE Bk, B' E Bk' , B c B', we have N{B,i) = N{B',i). We denote by B/.: the 
subset of Bk which consists of the balls B in Bk for which 
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N(B,k) > 2 II N(B,i). 
i<k 

Let B in so that in particular N (B, k) > 1. Therefore, there exist two 
balls B 1,B2 in Bk+1, B1,B2 C B, B1 =f. B 2. We consider the event 

where b = b( B, k) is chosen as 

(12.31) 

It follows from (12.30) that P(C(B,B1,B2)) (2N(B,k))-4. 
For D in Bk, we consider the event 

where the union is taken over all choices of j k, B in Bj, BCD and 
B 1 ,B2 in Bj+l, Bl =f. B 2, B 1 ,B2 C B. (If no such choice is possible, we set 
A(D) = 0.) 

Lemma 12.14. Under the previous notation, 

P(A(D)) (2}] N(D,i))-2 

Proof. The proof goes by decreasing induction over k. If k is large enough so 
that D has only one point, then A(D) = 0 and the lemma holds. Now, assume 
that we have proved the lemma for k + 1 and let Din Bk. Assume first that 
D E so N(D, k) 2. Let 

Al = U{A(D'); D' E Bk+l, D' C D}, 

A2 = U{C(D,B1 ,B2); B1,B2 E Bk+l, Bl =f. B 2 , B 1 ,B2 C D}. 

We have A(D) = Al U A2 and by the induction hypothesis, since N(D, k) 2, 

P(A1) N(D, k) (2 II N(D, i)) -2 (2 II N(D, i))-2 
i<k 

Using that P(C(D, Bl, B2)) (2N(B,k))-4, 

1P(A2) k)2 . (2N(D, k))-4 

(2 II N(D,i))-2 
i<k 
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The result therefore follows in this case. If D ¢ Bk, with the same notation as 
before, A(D) = AI. Thus, by the induction hypothesis, 

This completes the proof of Lemma 12.14. 

Now, let fl2 = fl\A(U), so IP(fl2) :2: 3/4. Let us fix furthermore w in fl2. 
For B in Bk, we set 

a(B, k) = 6- k - 2b(B, k) 

where b(B, k) is given by (12.31). For x in B, set 

Hx = {z E U; dw(x,z):::; a(B,k)}. 

Then, we have, for all y in U, 

(12.32) 
3A(B) 

A(X E B; y E Hx):::; 2N(B,k) 

Indeed, suppose otherwise and let y be in U such that (12.32) does not hold. 
For D in Bk+1, DeB, we have '\(D) = '\(B)/N(B,k). It follows that there 
are at least two balls B l , B2 of Bk+l, B l , B2 C B such that, for f = 1,2, 

> '\(Bl) 
.\(x E Bl; y E Hx) - 2N(B, k) 

This, however, contradicts the fact that w ¢ C(B, B1, B 2 ) (by definition of 
fl2 ) and thus shows (12.32). 

Let J.L be a probability measure on U. Since the function is convex, 

I(B) = 1 h;(J.L(Hx))d>,(x):2: h;(J gdJ.L) 

where g(y) = .\(x E B; y E Hx)/ >.(B). It follows from (12.32) that 0 :::; 
g :::; 3/2N(B,k), so that, by definition of I(B) :2: (log(2N(B,k))1/2. In 
particular 

(12.33) a(B,k)I(B):2: 6- k - 2b(B,k)(10g(2N(B,k)))1/2. 

For x in U, let us enumerate as kl (x) < ... < kl(x) (x) the indexes k such 
that B(x,6-k ) E Bk. Note that kl (x) = ko. For f :::; f(x), let 

c(x,f) = a(B(x,6-kt (x)) , kl(X)). 
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We have 

(12.34) 

1 L E Uj dw(x,y) < c(x,i)))d-X(x) 
U 

= L L E Uj hw(x,y) a(B,k)))d-X(x) 

where the summation is taken over each value of k and each B in By 
(12.33), we see that the latter quantity (12.34) dominates 

(12.35) L 6-k - 2b(B, k)(log(2N(B, k)) )1/2 -X(B) 

where the summation is over the same range. Observe that for i < i(x), 
c(x,i + 1) c(x,i)/6 (by definition of and since () is increasing). Also, 
c(x, 1) (}-1{1/2)L1. It follows that, for every x, 

L c(x, (JL(y E U j dw(x, y) < c(x, i))) 

0- 1 (1/2).11 21 E Uj dw(x,y) < t:))de. 

Let us summarize in a statement what we have obtained so far in this 
general approach. This statement could possibly be of some use in a related 
context. 

Proposition 12.15. Let (U, 6) be an ultrametric space and (dw) be a family 
of random distances on (U,6) such that for some increasing function () on R+ 
such that lime--+o O( t:) = 0 and all u, v in U and t: > 0, 

P{ W j dw(u, v) t:6(u, v)} (}(t:). 

Then, there exists no with p(no) 2: 3/4 such that for every W in no and every 
probability measure JL on U, in the previous notation, 

0- 1 (1/2).11 L d-X(x) 1 E Uj dw(x,y) < t:))de 

2: T7 L 6-k(}-1 ((2N(B, k)) -6) (log(2N(B, k)) )1/2 -X(B) 

where the summation is taken over each value of k and each B in 

From this general result, we can now complete the proof of Theorem 12.13 
with the choice of () given by (12.24). 

Proof of Theorem 12.13. By (12.24), we take O(t:) = exp( -cQCQ). Then, from 
(12.31 ), 

(
6 )-1/Q 

b(B, k) = C
Q 

log(2N(B, k)) 
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Since 1/2 - 1/0. = l/q, the right hand side of the inequality of Proposition 
12.15 is simply 2-7(6/ca )-1/a Ju 'T/x(U)d)"(x) where 

'T/x(U) = I: 6- kt (x) (log(2N(x, kl(X))))1/q . 
l$l(x) 

Therefore, in order to establish (12.29) (with K2 = (ca / log 2)1/a), we need 
simply find the appropriate lower bound for 'T/x(U). For x in U, s < f(x) and 

we have 

as is shown by an immediate induction over i. Therefore, 

s 

(log N(x, i)) 1/q ::; (2 i - ko log 2)1/q + I: (2 i - kt (x) log N (x, kl(X))) 1/q . 
l=1 

A simple computation then shows that there are constants K6, K7 such that 
(U) ::; K61Jx(U) + K7L1. This shows (12.29) and concludes the proof of 

Theorem 12.13. 

12.3 Applications and Conjectures 
on Rademacher Processes 

The first application deals with subgaussian processes. Recall from Section 
11.3 ((11.20)) that a centered process Y = (Yt)tET is subgaussian with respect 
to a metric or pseudometric d if for all s, t in T and ).. in JR, 

As a consequence of the general study of Chapter 11, we noted there that the 
sufficient conditions for a Gaussian process to have bounded or continuous 
sample paths also apply for subgaussian processes. That is, if m is a probability 
measure on (T, d), then 

100 ( 1) 1/2 
1E sup Yt ::; K sup log ( ) de 

tET tET 0 m B(t,e) 

where K is a numerical constant. Now, as a consequence of the main result 
of Section 12.1 and in particular of Theorem 12.8, we see that if d is the 
pseudo-metric of a Gaussian process X = (XdtET' then 

1E sup Yt ::; K1E sup X t 
tET tET 
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where K > 0 is a numerical constant. Thus, we have the following statement. 
Its second part is proved similarly. 

Theorem 12.16. Let X = (XthET be a Gaussian process and let Y = (YthET 
be subgaussian with respect to the canonical distance dx associated to X. Then, 
1E SUPtET Yt :::; K1E SUPtET X t lor some numerical constant K. In particular, 
Y is almost surely bounded il X is. Further, il X is continuous, Y has a 
version with almost all sample paths continuous. 

The second application concerns some remarkable type properties of the 
canonical injection map j : Lip(T) --+ C(T) first considered by J. Zinno Let 
(T, d) be any compact metric space with diameter D = D(T). Denote by C(T) 
the space of all continuous functions on T with the sup-norm II ·1100 and by 
Lip(T) the space of Lipschitz functions I on (T, d) equipped with the norm 

-1 1/(8) - l(t)1 Il/lILip = D 11/1100 + sup d( t) . 
B#t 8, 

Consider the canonical injection map j : Lip(T) --+ C(T). For every 1 :::; p:::; 2, 
let ((Ii) be ap-stable standard sequence (ifp = 2, ((Ii) = (9i), the orthogaussian 
sequence). Denote by Tp(j) the smallest constant C such that for every finite 
sequence (Xi) in Lip(T), 

Denote further by 1 :::; P :::; 2, the smallest constant C such that 

The introduction of those two type constants is motivated by the two possible 
definitions of p-stable operators as described at the end of Section 9.2. From 
this section actually, it can be seen that T2(j) and are equivalent, that 
is, for some numerical constant K, K-1T2(j) :::; :::; KT2(j). The second 
inequality is simply that Gaussian averages "dominate" the corresponding 
Rademacher averages, while the first inequality is obtained by partial inte-
gration and the equivalence of moments of the Gaussian averages. For the 
same reason, for 1 :::; p < 2, Tp(j) :::; (cf. one part of the equivalence 
(iii) in Proposition 9.12). In general however, the type constants Tp and of 
operators between Banach spaces are not equivalent when 1 :::; p < 2. 

What we will discover, however, is that, for this particular operator j, 
the constants Tp(j) and are equivalent for every 1 :::; P :::; 2, and their 
finiteness equivalent to the existence of a majorizing measure condition on 
(T,d) for hq(x) = (log(ljx))I/q where q is the conjugate of p (hoo(x) = 
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log( 1 + log( 1 / x)) if p = 1). Recall that if m is a probability measure m on 
(T, d), we let 

and set 

= sup roo hq(m(B(t,E:)))dE:, 
tET io 

where the infimum runs over all probability measures m on T. Then, we have 
the following theorem. 

Theorem 12.17. Let 1 :S p :S 2. There is a constant Kp > 0 depending only 
on p such that 

Proof. First, we prove the left hand side inequality for p = 2. Let (Xi) be 
a finite sequence in Lip(T) such that, by homogeneity, Li IIXiliLp = 1. Let 
X = (XdtET where Xt = Li E:iXi(t), t E T, and set dx(s, t) = IIXs - X t ll2 = 
(Li IXi(s) - Xi(tW)1/2. Then, since X is subgaussian with respect to dx 
(cf. (11.19)), for some numerical constant K, 

lEIILE:d(Xi)lloo = , , 

Now, by definition of II . IILip, for every s, t in T, (Li Xi(t)2)1/2 :S D and 
dx(s, t) :S d(s, t). Thus 

lEIILE:d(Xi)IL :S D + K,(2)(T,d) 
, 

where we have used Lemma 12.1 (vi) in the last step. The result follows by 
homogeneity. Using Lemma 11.20, the proof is entirely similar for 1 :S p < 2. 

Let us now establish that ,(q) (T, d) :S KpTp(j). It is easy to see that if A 
is a subset of T and j' is the canonical injection from Lip(A) into C(A), then 
Tp(j') :S Tp(j). On the other hand, we have shown in the proof of Theorem 
12.8 that 

,(q)(T) :S Kp sup{ o:(A) j ACT, A finite} 

(where, for simpliticy, we do not specify q in 0:). Hence, it is enough to show 
that, when T is finite, o:(T) :S KpTp(j). Here, Kp denotes some constant 
depending on p only and not necessarily the same in each occurence. We claim 
that it is enough to show that when (T, d) is finite and ultrametric, there is 
a finite family (Xi) in Lip(T) with (Li Ilxilltp)l/p :S 128 (for example!) and 
such that if, for t in T, X t = Li (JiXi(t), then the canonical distance dx of the 
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p-stable process X = (Xt)tET satisfies dx d. Indeed, we would then have 
128Tp(j) II SUPtET IXtlllp,oo, and, by the conjunction of Theorem 12.5 and 
Proposition 12.7 for p = 2, or (12.25) for 1 p < 2, the result. (Here we use 
the fact that (12.25) also holds for p = 1, cf. [Ta8].) 

Let ko be the largest such that 4-ko D. For k ko, denote by 8k the 
family of balls of T of radius 4 -k. Since T is finite, there exists k1 such that 
B(x,4-k1 ) = {x} for every x in T. Let 8 = Uk <k<k 8k. For € = (�B)BEB E 0 __ 1 

e = {O, l}B, we define 

k1 
!.pe: = L L 4-k�BIB. 

k=ko+1 BEB" 

We note that 1I!.pe:lloo Ek>k04-k 2D. Consider now s,t in T and let i 
be the largest such that d(s, t) 4-1. If B E 8 m for some m i, we have 
IB(s) = IB(t). It follows that 

l!.pe:(s) - !.pe:(t)1 L 4-k 2d(s,t). 
k>l 

This shows that 1I!.pe:IILip 4. The definition of i shows that the two balls 
B1 = B(s,4- i - 1), B2 = B(t,4-1- 1) are different. Since they belong to 8Hl, 
we have 

l!.pe:(s) - !.pe:(t)1 4-1- 11�B1(S) - �B 2(t)l- L 4-k 
k>H1 

4- i - l l€B1 (s) - �B 2 (t)l- 4-1- 1 . 

Since I€B1 (S) - �B2(t)1 is zero or one, we have 

1 
l!.pe:(s) - !.pe:(t)1 "2 4-t - 11�Bl (s) - �B2(t)l· 

Set N = 2CardB. It follows from the preceding inequality that 

( 1 ) l/p 1 1 1 
NLlcpe:(s)-!.pe:(t)IP 21/p • "2 4- i - 1 32 d(s,t). 

e:E£ 

Set Xe: = 32N-1/P!.pe:, € E e. The family (Xe:)e:E£ is a finite family of ele-

ments of Lip(T) such that (Ee: IIxe:lltp)1/P 128. Furthermore, if (Oe:)e:E£ 
is an independent family of standard p-stable random variables and if X t = 
Ee:E£ Oe:xe:(t), t E T, then we have just shown that dx(s, t) d(s, t) for all 
s, tin T. As announced, this concludes the proof of Theorem 12.17. 

We conclude this chapter with some observations and conjectures on 
Rademacher processes. Recall first that the various results on Gaussian pro-
cesses described in Section 12.1 can be formulated in the language of subsets 
of Hilbert space (as, for example, next to Theorem 12.10). For example, if 
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x = (XthET is a Gaussian process given by X t = Ei giXi(t), where (Xi(t)) is 
a sequence of functions on T, we may identify T with the subset of £2 consist-
ing of the elements (Xi(t)), t E T. The boundedness of the Gaussian process 
X is then characterized by the majorizing measure condition -y(2)(T) for the 
Hilbertian distance I . I on T c h 

By Rademacher process X = (XthET indexed by a set T, we mean 
that for some sequence (Xi(t)) of functions on T, X t = Ei �iXi(t), assumed 
to be almost surely convergent (i.e. Ei Xi(t)2 < 00). As in Chapter 4, let 
reT) = JEsUPtET IXtl. A Rademacher process is subgaussian. If dx(s,t) = 
IIXs - Xt 1l2, s, t in T, we thus know that reT) < 00 whenever there is a 
probability measure m on T such that (T, dx ) < 00. To present our ob-
servations, it is convenient (and fruitfull too) to identify as before T with a 
subset of £2. By (11.19), we can write that 

reT) :::; ITI + K -y(2) (T) 

where ITI = SUPtET It I and -y(2)(T) is as before the majorizing measure integral 
on T C £2 with respect to the canonical metric I . I on £2 and K some numerical 
constant. 

From this result, one might wonder, as for Gaussian processes, for some 
possible necessary majorizing measure condition for a Rademacher process 
to be almost surely bounded (or continuous). Denote by B1 the unit ball of 
£1 c £2. Since reT) :::; SUPtET Ei IXi(t)l, a natural conjecture would be that, 
for some numerical constant K, 

T c Kr(T)Bl + A 

where A is a subset of £2 such that -y(2)(A) :::; Kr(T). This result would 
completely characterize boundedness of Rademacher process. Theorem 4.15 
supports this conjecture. By the convex hull representation of subsets A for 
which -y(2)(A) is controlled (Theorem 12.10), one may look equivalently for a 
subset A of £2 such that A C Conv(yn) where (yn) is a sequence in £2 such 
that, for every n, Iynl ::; Kr(T)(log(n + 1))-1/2. 

Let us call M-decomposable a Rademacher process X = (XthET, or rather 
T identified with a subset of £2, such that, for some M > 0 and some A in £2, 

(12.36) T C MB1 + A and -y(2)(A):::; M. 

In the last part of this chapter, we would like to briefly describe some examples 
of M -decomposable Rademacher processes which go in the direction of the 
preceding conjecture. 

As a first example, let us consider the case of a subset T of £2 for which 
there is a probability measure m such that (T, 1I·lIp,oo) < 00, where 1 :::; p < 
2 and q is the conjugate of p. As a consequence of Lemma 11.20 and Remark 
12.11, there exists a sequence (zn) in £2 such that, if M = Kp-y(q)(T, 1I·lIp,oo) 
where Kp only depends on p, IIznllp,oo :::; M(log(n + 1))-1/q (M 10g(1 + logn) 
if q = 00) and T C Conv(zn). We show that there exists then a sequence (yn) 
in £2 with Iynl :::; + 1))-1/2 for each n, such that, 
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T C K;MBi + Conv(yn) 

where K; only depends on p. That is, T is K;M -decomposable. To check this 
assertion, let us restrict for simplicity to the case q < 00, the case q = 00 

being similar. For every n, 

where (zi*) denotes the non-increasing rearrangement of (Izil). Let io = io(n) 
be the largest integer i 1 such that i (M/q)q log(n + 1) so that 

io 

(12.37) Lzi* M. 
i=1 

Let, for each n, yn be the element of R1N defined by Yi = zi if zi f/. 
{zf" , ... , yi = 0 otherwise. Clearly 

lyn l2 = L(zi*)2 K;M2(log(n + 1))-1 
i>io 

and the claims follows by (12.37). 
Hence, under a majorizing measure condition of the type -y(q) (T, 1I·lIp,oo) < 

00, T is decomposable. The next proposition describes a more general result 
based on Lemma 4.9. It deals with a natural class of bounded Rademacher 
processes which, according to the conjecture, could possibly describe all 
Rademacher processes. 

Proposition 12.18. Let (an) be a sequence in £2 such that for some M 

Let T C Conv( an). Then T is K M -decomposable where K is a numerical 
constant. More precisely, one can find a sequence (yn) in £2 such that, for all 
n, Iynl KM(log{n+l))-1/2 with the property that T C KMBI +Conv(yn). 

Proof. By Lemma 4.2, (Li(af)2)1/2 2..;2M for each n. Denote by Kl 1 
the numerical constant of Lemma 4.9 and set Ml = 2..;2KIM. By this lemma, 
there exist, for each n, un and vn in £2 such that an = un + vn and 

L luil Ml and 
i 

If, for e > 0, N{e) = Card{nj Ivnl e}, it follows from the second of these 
inequalities and the hypothesis that N{e) i exp{KIMf /e2). Therefore, we 
can rearrange (vn) as a sequence (yn) such that Iynl does not increase. In 
particular, for every N, 
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{ n N } 1 (K 1 Mf ) N :::; Card n; Iv I?:: Iy I :::; 4 exp lyNI2 . 

Hence, for every N, lyNI :::; K 1Mfllog(4N). The conclusion immediately 
follows since Conv(vn ) = Conv(yn). 

Notes and References 

The main results of this chapter are taken from the two papers [Ta5] and [Ta8] 
where the existence of majorizing measures for bounded Gaussian and p-stable 
random processes, 1 :::; p < 2, was established. This chapter basically compiles, 
with some omissions, these articles. References on Gaussian processes (in the 
spirit of what is developed in this chapter) presenting the results at their 
stage of developments are the article by R. Dudley [Du2], the well-known 
notes by X. Fernique [Fer4] and the paper by N. C. Jain and M. B. Marcus 
[J-M3]. A recent account on both continuity and extrema is the set of notes 
by R. J. Adler [Ad]. 

The finiteness of Dudley's entropy condition for almost surely bounded 
stationary Gaussian processes is due to X. Fernique [Fer4]. The result cor-
responds to Theorems 12.8 and 12.9 in an homogeneous setting and will be 
detailed in the next chapter. (That the finiteness of the entropy integral is not 
necessary in general was known since the examples of [Du1].) X. Fernique also 
established in [Fer5] the a posteriori important case of the existence of a ma-
jorizing measure in the case of an ultrametric index set. He conjectured back 
in 1974 the validity of the general case. This result has thus been obtained in 
[Ta5]. Let us also mention a "volumic" approach to the regularity of Gaussian 
processes, actually control of subsets of Hilbert space, in the papers [Du1] and 
[Mi-P] (see also [Pi18]). 

One limitation of Theorem 12.5 is that it can help to understand only 
processes which are essentially described by a single distance. This limits to 
the case of Gaussian or p-stable processes. In the recent work [Ta18]' this 
theorem is extended to a case where the single distance is replaced by a family 
of distances. The ideas of this result, when restricted to the case of one single 
distance, yield the new proof of Theorem 12.5 presented here, that is different 
from the original proof of [Ta5], and that is somewhat simpler and more 
constructive. Another contribution of [Ta18] is a new method to replace, in the 
proof of Proposition 12.7, the use of Slepian's lemma by the use of Sudakov's 
minoration and of the concentration of measure (expressed in this case by the 
Gaussian isoperimetric inequality). The use of these tools allows in [Ta18] to 
extend Theorem 12.12 (properly reformulated) to a large class of infinitely 
divisible processes. 

Theorem 12.12 comes from [Ta8]. It improves upon the homogoneous case 
as well as the Sudakov type minorations obtained previously by M. B. Marcus 
and G. Pisier [M-P2] (cf. Chapter 5). The somewhat more general study for 
the proof has already been used in empirical processes in [L-T4]. 
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Theorem 12.16 was known for a long time to follow from the majorizing 
measure conjecture. Its proof is actually rather indirect and it would be desir-
able to find a direct argument. As indicated by G. Pisier [Pi6] and described 
by the results of [Ta13], its validity actually implies conversely the existence of 
majorizing measures. This would yield a new approach to the results of Section 
12.1. The type 2 property of the canonical injection map j : Lip(T) -+ C(T) 
has been put into light by J. Zinn [Zil] to connect the Jain-Marcus central 
limit theorem for Lipschitz processes [J-M1] to the general type 2 theory of 
the CLT (cf. Chapter 14). The majorizing measure version of Zinn's map for 
p = 2 was noticed in [He1] and in [Ju] for 1 ::; p < 2 (cf. also [M-P2], [M-P3]). 
Theorem 12.17 was obtained in [Ta5]. 

Consider 1 ::; a < 00, and an independent identically distributed sequence 
((i), where the law of (i has a density a", exp( -Ix I"') with respect to Lebesgue's 
measure (a", is the normalizing factor). Building on the ideas of [Ta18], in 
[Ta20] Theorem 12.8 is (properly reformulated) extended to the processes 
(Xt)tET, where X t = Ei (iXi(t), and where (Xi(t)) is a sequence of functions 
on T such that Ei < 00. The still open case of Rademacher processes 
would correspond to the case "a = 00" . 



13. Stationary Processes 
and Random Fourier Series 

In Chapter 11, we evaluated random processes indexed by an arbitrary index 
set T. In this chapter, we take advantage of some homogeneity properties of 
T and we investigate in this setting, using the general conclusions of Chapters 
11 and 12, the more concrete random Fourier series. The tools developed so 
far indeed lead to a definitive treatment of those processes with applications 
to Harmonic Analysis. Our main reference for this chapter is the work by 
M. B. Marcus and G. Pisier [M-P1]' [M-P2] to which we refer for an historical 
background and accurate references and priorities. 

In the first section, we briefly indicate how majorizing measure and entropy 
conditions coincide in an homogeneous setting. We can therefore deal next 
with the simpler minded entropy conditions only. Using the necessity of the 
majorizing measure (entropy) condition for the boundedness and continuity 
of (stationary) Gaussian processes, we investigate and characterize in this 
way, in the second section, almost sure boundedness and continuity of large 
classes of random Fourier series. The case of stable random Fourier series and 
strongly stationary processes is studied next with the conclusions of Section 
12.2. We conclude the chapter with some results and comments on random 
Fourier series with vector valued coefficients. 

Let us note that we usually deal in this chapter with complex Banach 
spaces and use, often without further notice, the trivial extensions to the 
complex case of various results (such as e.g. the contraction principle). 

13.1 Stationarity and Entropy 

In this paragraph, we show that for translation invariant metrics majorizing 
measure and entropy conditions are the same. We shall adopt (throughout 
this chapter) the following homogeneous setting. Let G be a locally com-
pact Abelian group with unit element O. Let A(.) = I . I be the normalized 
translation invariant (Haar) measure on G. Consider furthermore a metric 
or pseudo-metric d on G which is translation invariant in the sense that 
d(u + s, u + t) = d(s, t) for all u, s, tin G. Let finally T be a compact subset 
of non-empty interior of G. 

Recall that N(T, dj c) denotes the minimal number of open balls (with 
centers in T) of radius c > 0 in the pseudo-metric d which are necessary to 
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cover T. More generally, for subsets A, B of G, denote by N(A, B) the minimal 
number of translates of B (by elements of A) which are necessary to cover A, 
i.e. 

N 

N(A, B) = inf{ N 1 j 3tl, ... ,tN E A, A C + B)}. 

Here t+B = {t+Sj S E B}. Similarly, we let, for subsets A,B ofG, A+B = 
{s + t j SEA, t E B} and we define in the same way A - B, etc. In particular, 
we set T' = T + T and T" = T + T' = T + T + T. 

The following lemma is an elementary statement about the preceding cov-
ering numbers which will be useful in various parts of this chapter. We set 
B(O,c) = {t E Gj d(t,O) < c}. 

Lemma 13.1. Under the previous notation, we have: 

(i) if B = T' n B(O,c), c > 0, then N(T,djc) = N(T,B)i 

(ii) N(T,dj2c)::; N(T,B(O,c) - B(O,c))i 

(iii) if A c G, N(T,A) ITI/IAli 

(iv) if AcT', N(T, A - A) ::; IT"I/IAI. 

Proof. (i) immediately follows from the definitions. (ii) If, for t in T, there 
exists ti in T such that t E ti +B(O,c) - B(O, c), this means that t = ti +u-v 
where u,v E B(O,c). Hence, by the translation invariance, 

d(t,ti) = d(u - v,O) ::; d(u,O) + d(O,v) < 2c 

so that N(T,dj2c):5 N(T,B(O,c) -B(O,c)). (iii) It is enough to consider the 
case N(T, A) < 00. Then, if T c U!l (ti + A), 

N 

ITI ::; L Iti + AI = NIAI 
i=l 

which gives the result. (iv) Assume that IAI > o. Let {tl, .. . , tM} be maximal 
in T under the conditions (ti + A) n (tj + A) = 0, 'Vi =1= j. If t E T, by 
maximality, (t + A) n (ti + A) =1= 0 for some i = 1, ... , M. Hence, t + 11. = ti + v 
for some u,v in A. Therefore t E ti + A - A and T C U:!l(ti + A - A). 
This implies that M N(T, A - A). Now the sets (ti + A)i:5M are disjoint in 
T" = T + T' and thus 

M 

IT"I L Iti + AI = MIAI N(T, A - A)IAI· 
i=l 

The proof of Lemma 13.1 is complete. 

With this lemma, we can compare majorizing measure. and entropy condi-
tions in translation invariant situations. The idea is simply that if a majorizing 



13.1 Stationarity and Entropy 367 

measure exists then the Haar measure is also a majorizing measure from which 
the conclusion follows by the preceding lemma. 

Proposition 13.2. Let 1j; be a Young function. In the preceding notation, let 
m be a probability measure on T C G and denote by D = D(T) the d-diameter 
ofT. Then 

1 rD 
-1 ( ITI ) rD -1 ( 1 ) 

2Jo 1j; IT"IN(T,d;e) 1j; m(B(t,e)) de. 

Proof. Let us denote by M the right hand side of the inequality that we have 
to establish. Since 1j;-1(1/x) is convex, by Jensen's inequality, 

Now, by Fubini's theorem and the translation invariance, 

L m(B(t,e))dA(t) = L ITn B(s,e)ldm(s) IT' n B(O,e)l· 

Hence, 

rD 
( ITI ) M ;::: Jo 1j;-1 IT' n B(O,e)1 de. 

To conclude, by (ii) and (iv) of Lemma 13.1, for every e > 0, 

IT"I 
N(T, d; 2e) IT' n B(O, e)1 

from which Proposition 13.2 follows. 

Note that, conversely, if AT" denotes restricted normalized Haar measure 
on T" = T + T + T, then, for all TJ > 0, 

r' ( 1 ) r' (IT"I ) (13.1) 1j;-1 AT,,(B(t,e)) de Jo 1j;-1 lTTN(T,d;e) de. 

(Note the complete equivalence when T = G is compact.) To show (13.1), 
observe that, ift E T, t+T'nB(O,e) c T"nB(t,e). Hence, by the translation 
invariance and (i) and (iii) of Lemma 13.1, 

Proposition 13.2 allows to state in terms of entropy the characterization of 
the almost sure boundedness and continuity of stationary Gaussian processes. 
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Before we state the result, it is convenient to introduce some notation con-
cerning entropy integrals. Let (T, d) be a pseudo-metric space with diameter 
D. For 1 ::; q < 00, we let 

As usual, the integral is taken from 0 to 00 but of course stops at D. When 
q = 00, we let 

E(OO)(T,d) = 100 log(l + log N(T, dj c:))dc: . 

A process X = (XtheG indexed by G is stationary if, for every u in G, 
(XuHheG has the same distribution as X. If X is a stationary Gaussian 
process, its corresponding L2-metric dx(s,t) = IIXs - X t l12 is translation 
invariant. As a corollary to the majorizing measure characterization of the 
boundedness and continuity of Gaussian processes described in Chapter 12, 
and of Proposition 13.2, we can state: 

Theorem 13.3. Let G be a locally compact Abelian group and let T be a 
compact metrizable subset of G of non-empty interior. Let X = (XtheG be a 
stationary Gaussian process indexed by G. Then X has a version with almost 
all bounded and continuous sample paths on T C G if and only if dx is 
continuous on G x G and E(2)(T, dx ) < 00. Moreover, there is a numerical 
constant K > 0 such that 

K-1(E(2)(T,dx ) - L(T)1/2D(T)) ::; 1E sup X t ::; KE(2)(T,dx ) 
teT 

where D(T) is the diameter of (T, dx) and L(T) = log(IT"I/ITI). Note that if 
T = G is compact, L(T) = O. 

The sufficiency in this theorem is simply Dudley's majoration (Theorem 
11.17) together with the continuity of dx. The necessity and the left hand 
side inequality follow from Theorem 12.9 together with Proposition 13.2. (It 
might be useful to recall at this point tile simple comparison (11.17).) 

Note the following dichotomy contained in the statement of Theorem 13.3: 
stationary Gaussian processes are either almost surely continuous or almost 
surely unbounded (according to the finiteness or not of the entropy integral). 

The choice of the compact set T does not affect the qualitative conclusion 
of Theorem 13.3. Indeed, let (Xt)teG be any stationary process. If Tl and T2 
are two compact subsets of G with non-empty interiors, then (XtheT1 has 
a version with continuous sample paths if and only if (Xt )teT2 does. This is 
obvious by stationarity since each of the sets Tt and T2 can be covered by 
finitely many translates of the other. Consequently, if G is the union of a 
countable family of compact sets, then (XtheT has a version with continuous 
sample paths if and only if the entire process (XtheG does. This applies in 
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the most important case G = ]Rn. Boundedness (lattice-boundedness) of the 
stationary Gaussian process of Theorem 13.3 over all G holds if and only if 

tX) )1/2 Jo (logN(G,dx;e) de < 00. 

This can be shown by either repeating the arguments of the proof of Theorem 
13.3 or by using the Bohr compactification of G and the fact that under the 
preceding entropy condition, X has a version which is an almost periodic func-
tion on G. The proof of this fact further indicates that, under this condition, a 
stationary Gaussian process X = (XthEG indexed by G admits an expansion 
as a series 

n n 

where (an) is a sequence of complex numbers in i!2, (Tn) is a sequence of 
continuous characters of G and (gn), are independent standard Gaussian 
sequences. We refer to [M-P1, p. 134-138] for more details on these comments. 

Theorem 13.3 is one of the main ingredients in the study of random Fourier 
series. Before we turn to this topic in the subsequent section, it is convenient 
for comparison and possible estimates in concrete situations to mention an 
equivalent of the entropy integral E(q) (T, d) for a translation invariant metric 
d. Assume for simplicity that T is a symmetric subset of G and let O"(t) = 
d(t,O), t E T'. Consider the non-decreasing rearrangement a of 0" on [O,IT'I] 
(with respect to T'); more precisely, for ° < fj S IT'I, 

a(fj) = sup{ e > 0; IT' n B(O, e)1 < fj} . 

For 1 < p S 2, let 

IT'I -
[(p)(T d) = ( O"(e) de 

, Jo ( 41T"' I )1/P o clog g 

where Till = T + T + T + T. By Lemma 13.1 and elementary arguments, it 
can be shown that, if q is the conjugate of p, E(q) (T, d) and [(p) (T, d) are 
essentially of the same order. Namely, for some constant Kp > 0 depending 
on p only, 

where D is the diameter of (T, d). A similar result holds for p = 1 (and q = 00). 

13.2 Random Fourier Series 

In this section, we take advantage of Theorem 13.3 to study a class of random 
Fourier series and to develop some applications. The interested reader will find 
in the book [M-P1] a general and historical introduction to random Fourier 
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series. Here, we more or less only concentrate on one typical situation. In 
particular, we only consider Abelian groups. We refer to [M-P1] for the non-
Abelian case as well as for further aspects. 

Throughout this section, we fix the following notation. G is a locally com-
pact Abelian group with identity element 0 and Haar measure A(') = 1·1. We 
denote by V a compact neighborhood of 0 (by the translation invariance, the 
results would apply to all compact sets with non-empty interior). Let r be 
the dual group of all characters 'Y of G (Le. 'Y is a continuous complex valued 
function on G such that 1'Y(t)1 = 1 and 'Y(sh(t) = 'Y(s + t) for all s, t in G). 
Fix a countable subset A of r. Since the main interest will be the study of 
random Fourier series with spectrum in A, and since A generates a closed sep-
arable subgroup of r, we can assume without restricting the generality that r 
itself is separable. In particular, all the compact subsets of G are metrizable. 
As a concrete example of this setting, one may consider the compact group 
T = 1R/J; (identified with [0,211"]) with J; as dual group. 

V C G being as before, we agree to denote by II . II = SUPtEV I . I the sup-
norm of the Banach space C(V) of all continuous complex valued functions on 
V (or on G when V = G). 

Let (a"Y)"YEA be complex numbers such that L:"YEA la"Y1 2 < 00. (We some-
times omit 'Y E A in the summation symbol only indicated then by L:"Y or just 
L:.) Let also (9"YhEA be a standard Gaussian sequence. Following the com-
ments at the end of Theorem 13.3, let us first consider the Gaussian process 
X = (XthEG given by 

(13.2) Xt = L a"Y9"Y'Y(t) , t E G. 
"YEA 

The question of course arises of the almost sure continuity or uniform con-
vergence of the series X on V. Since (9"Y) is a symmetric sequence, these two 
properties are equivalent: if X is continuous (or admits a continuous version) 
on V, then by It6-Nisio's theorem (Theorem 2.1), X converges uniformly (for 
any ordering of A). The process defined by (13.2) is a (complex valued) Gaus-
sian process indexed by G with associated L2-metric 

dx(s,t) = (L la"Y121'Y(s) _ 'Y(tW) 1/2, 
"YEA 

s,t E G, 

which is translation invariant. Since X is complex valued, to enter the setting 
of Theorem 13.3, we use the following. If we let 

X; = L 9"YRe(a"Y'Y(t)) + L t E G, 
"YEA "YEA 

where is an independent copy of (g"Y) , X' = (XntEG is a real val-
ued stationary Gaussian process such that dx' = dx . The series X and 
X' converge uniformly almost surely simultaneously. As a consequence of 
Theorem 13.3, X' admits a version with almost all sample paths continu-
ous on V and therefore converges uniformly almost surely on V if and only if 
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E(2) (V, dx') = E(2) (V, dx) < 00, and thus the same holds for X. That is, we 
have the following statement. 

Theorem 13.4. Let X be the random Fourier series of (13.2). The following 
are equivalent: 

(i) for some (all) ordering(s) of A, the series X converges almost surely uni-
formly on V; 

(ii) SUPFCA,Ffinite JEII2:')'EF a,),g')'')'11 2 < 00; 

(iii) E(2)(V,dx) < 00. 

Furthermore, for some numerical constant K > 0, 

K- l ( E(2)(V, dx) _ L(V)1/2 (L 1 a')' 12) 1/2) 
,),EA 

(13.3) 

::; (JEIIX 1i2) 1/2 ::; K ( E(2) (V, dx) + ( L 1 a')' 12) 1/2) 
')'EA 

where we recall that L(V) = log(IV"I/IVD where V" = V + V + V and IIXII = 
SUPtEV IXtl· 

Proof. If X converges uniformly in some ordering, then (ii) is satisfied by 
the integrability properties of Gaussian random vectors (Corollary 3.2) and 
conditional expectation. Let F be finite in A and denote by X F the finite 
sum 2:')'EF a')'g')'')'. Then, as a consequence of Theorem 13.3 (considering as 
indicated before the natural associated real stationary Gaussian series), we 
have that (13.3) holds for X F , with thus a numerical constant K independent 
of F finite in A. Then (iii) holds under (ii) by increasing F to A. Finally, 
and in the same way, if E(2)(V, dx) < 00, for any ordering of A, X converges 
in L2 with respect to the uniform norm on C(V), and thus almost surely by 
Ito-Nisio's theorem: to see this, simply use a Cauchy argument in inequality 
(13.3) and dominated convergence in the entropy integral. 

Note that we recover from this statement the equivalence between almost 
sure boundedness and continuity of Gaussian random Fourier series. 

As the main question of this study, we shall be interested in similar re-
sults and estimates when the Gaussian sequence (g')' )')'EA is replaced by a 
Rademacher sequence (c')' )')'EA or, more generally, by some symmetric sequence 

of real valued random variables. While we are dealing with Fourier 
series with complex coefficients, for simplicity however we only consider real 
probabilistic strutures. The complex case can easily be deduced. Recall that, 
by the symmetry assumption, the sequence can be replaced by 
where (c')') is an independent Rademacher sequence. This is the setting that 
we will adopt. By a standard symmetrization procedure, the results apply 
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similarly to a sequence (fy) of independent mean zero random variables (cf. 
Lemma 6.3). 

Assume therefore that we are given a sequence of complex numbers 
(a,), ).,.EA and a sequence )')'EA of real valued random variables satisfying 

L < 00. 

')'EA 

Consider the process Y = (Yt)tEG defined by 

(13.4) Yt = L t E G, 
')'EA 

where, as above, (c')') is a Rademacher sequence which is independent of 
We associate to this process the L2-pseudo-metric 

s,t E G, 

which is translation invariant. If V is as usual a compact neighborhood of 
0, we shall be interested, as previously in the Gaussian case, in the almost 
sure uniform convergence on V of the random Fourier series Y of (13.4). The 
main objective is to try to obtain bounds similar to those of the Gaussian 
random Fourier series (13.2). The basic idea consists in first writing the best 
possible entropy estimates conditionally on the sequence (that is, along 
the Rademacher sequence) and then in integrating and in making use of the 
translation invariant properties. The first step is simply the content of the 
following lemma which is the entropic (and complex) version of (11.19) and 
Lemma 11.20. 

Lemma 13.5. Let Xi(t) be (complex) functions on a set T such that 
Li IXi(tW < 00 for every t in T. Let 1 < P ::; 2 and equip T with the 
pseudo-metric (functional) dp defined by 

ifp = 2 and 

if 1 ::; p < 2. Then, for some constant Kp depending on p only, 

where R = SUPtET(Li IXi(tW)1/2 or SUPtET II(Xi(t))lIp,oo according as p = 
2 or p < 2 and where q = p/p - 1 is the conjugate of p. Furthermore, if 
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E(q)(T,dp ) < 00, (LiCiXi(t))tET has a version with continuous paths on 
(T, dp ). 

As announced, this lemma applied conditionally together with the trans-
lation invariance property allows to evaluate random Fourier series of the type 
(13.4). The main result in this direction is the following theorem. Recall that 
for V C G we set L(V) = log(W"I/WD where V" = V + V + V. 

Theorem 13.6. If E(2)(V, dy) < 00, the random Fourier series Y of (13.4) 
converges uniformly on V with probability one. Further, for some numerical 
constant K > 0, 

(EIIY1I2) 1/2 ::; K ( (1 + L{V)I/2) ( :E la'Y 12) 1/2 + E(2) (V, dy )) . 
'YEA 

Proof. There is no loss of generality to assume by homogeneity that (for ex-
ample) 

(:E 1/2 ::; . 
'Y 

Denote by no the set, of probability one, ofallw's for which L'Y < 
00. For w in no, introduce the translation invariant pseudo-metric 

Clearly, for every s,t, = d}(s,t) and 

We may as well assume that R{w) > 0 for all w in no. Conditionally on the 
set no, which only depends on the sequence we now apply Lemma 13.5 
(for p = 2). We get that, Ee denoting as usual partial integration with respect 
to the Rademacher sequence (c'Y)' 

(13.5) 

( 2) 1/2 
Ee supl:E 

tEV 'Y 

(
rR(W) ) 

::; K R(w) + 10 (10gN(V,dw ;c))1/2dc . 

The idea is now to integrate this inequality with respect to the sequence 
and to use the translation invariance properties to conclude. To this aim, let 
us set, for every integer n 2 1, 
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Wn = {t E V'; dy(t, 0) 2-n } 
where V' = V + V. For all w in ilo, define a sequence of positive 
numbers by letting bo(w) = R(w) and, for n 2: 1, 

bn(w) = max (Tn , 4 fwn dw(t, O) I:nl) (2-n if IWnl = 0). 

Observe that, for every n 2: 1, 

( )
1/2 

1/2 Tn + 4 fwn 0) I:nl 

(1 dt ) 1/2 < 2-n + 4 d2 (t 0) -- < 5 . 2-n 
- y, IW: I - , 

Wn n 

so that in particular bn {-} -t ° almost surely. Let us denote by ill the set 
of full probability consisting of ilo and of the set on which the sequence (bn ) 

converges to 0. For w in ill, and n 2: 1, set 

B(n,w) = {t E Wn ; dw(t, O) bn(w)j2}. 

Clearly, by Fubini's theorem and by the definition of bn(w), 

(13.6) IB(n,w)l2: . 
Now, we are ready to integrate with respect to w inequality (13.5). To this 
aim, we use the following elementary lemma. 

Lemma 13.7. Let f: (O,Rj-t R+ be decreasing. Let also (bn) be a sequence 
of positive numbers with bo = Rand bn -t 0. Then 

foR f(x) dx f; bnf(bn+1) . 

By this lemma, for w in ill, we have 

l R (W) 1/2 00 1/2 
(logN(V, dw; e:)) de: I>n(w)(logN(V,dw;bn+1(w))) . 

o n=O 
By Lemma 13.1 and (13.6), for w in ill and n 2: 0, we can write 

N(V,dw;bn+1(w)) N(V,B(n + 1,w) - B(n + 1,w)) 

IV"I < --'-----'-:-:-
- IB(n + 1,w)1 

IV"I < 
- IWn+ll 

IV"I 
2 wrN(V, Wn +1) 

IV"I < 2 -N(V: d ·Tn - 1 ). - IVI ,y, 
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Hence (13.5) reads as 

for every w in ill, Since 5· Tn, we have simply to integrate with 
respect to wand we get, by the triangle inequality, 

which yields the inequality of the theorem. A Cauchy argument together with 
dominated convergence in the entropy integral and Ito..Nisio's theorem proves 
then the almost sure uniform convergence of Y on V. The proof of Theorem 
13.6 is complete. 

Theorem 13.6 expresses a bound for the random Fourier series Y very 
similar to the bound described previously for Gaussian Fourier series. Actually, 
the comparison between Theorem 13.6 and the lower bound in (13.3) indicates 
that, for some numerical constant K > 0, 

(13.7) 

(What we actually get is that 

but we will not use this improved formulation in the sequel. Recall that L(V) 2: 
0.) In particular, we see by the contraction principle that 

(13.8) 
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One might wonder at this stage when an inequality such as (13.8) can be 
reversed. By the contraction principle in the form of Lemma 4.5, 

If we try to exploit this information to reverse inequality (13.8), we are faced 
with the question of knowing whether the Rademacher series E-y a-yc-y'Y domi-
nates in the sup-norm the corresponding Gaussian series E-y a-yg-y'Y. We know 
(( 4.8» that 

(13.9) 

(with K = (7r/2)1/2) but the converse inequality does not hold in general, 
unless we deal with a Banach space of finite cotype (cf. (4.9) and Proposition 
9.14). Although C(V} is of no finite cotype, the more general estimates (13.7) 
or (13.8) that we have obtained actually show that the inequality we are 
looking for is satisfied here due to the particular structure of the vector valued 
coefficients a-y'Y. The proof of this result is similar to the argument used in the 
proof of Proposition 9.25 showing that the Rademacher and Gaussian cotype 
2 definitions are equivalent. Further, this property is indeed related to some 
cotype 2 Banach space of remarkable interest which we discuss next. The 
following proposition is the announced result of the equivalence of Gaussian 
and Rademacher random Fourier series. 

Proposition 13.8. For some numerical constant K > 0, 

(Recall that by (13.9) the converse inequality is satisfied with a constant in-
dependent of v.) Furthermore, E-ya-yg-y'Y and E-y a-yc-y'Y converge uniformly 
almost surely simultaneously. 

Proof. The second assertion follows from a Cauchy argument and the inte-
grability properties of both Gaussian and Rademacher series. Thus, we can 
assume that we deal with finite sums. Let c > 0 to be specified. By the triangle 
inequality, 
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By the contraction principle, the first term on the right hand side of this 
inequality is smaller than 

To the second, we apply (13.7) to see that it is bounded by 

where 9 is a standard normal variable. Let us then choose c > 0 such that 

This can be achieved with c of the order of 1 + L(V)1/2 and the proposition 
follows. (Actually, a smaller function of L(V) would suffice but we need not 
be concerned with this here.) 

As a corollary of Theorem 13.7 and Proposition 13.8, we can now summa-
rize the results on random Fourier series Y = (Yt)tEG of the type 

Yt = L t E G, 
'YEA 

where L'Y la'Y1 2 < 00 and where is a symmetric sequence of real valued 
random variables such that sUP'Y < 00 and inf'Y > O. Recall that 
by the symmetry assumption, has the same distribution as where 
(c'Y) is an independent Rademacher sequence. 

Corollary 13.9. Let V be as usual a compact symmetric neighborhood of the 
unit of G. Let Y = (Yt)tEG be as just defined with associated metric 

( )
1/2 

d(s, t) = L la'Y1 21,(s) - ,(tW , 
'Y 

s,t E G. 

Then Y converges uniformly on V almost surely if and only if the entropy 
integral E(2) (V, d) is finite. Furthermore, for some numerical constant K > 0, 

(K(l + L(V)1/2)) ( (L la'Y1 2) 1/2 + E(2) (V, d)) 
'Y 

::; (lEIIYI12) 1/2 

::; K (1 + L(V)1/2) 1/2 ( la'Y1 2) 1/2 + E(2)(V, d)) . 
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In particular, note that Y converges uniformly almost surely if and only if 
the associated Gaussian Fourier series L..,. a..,.g..,., does. Let us mention further 
that several of the comments following Theorem 13.3 apply similarly in the 
context of Corollary 13.9 and that the equivalences of Theorem 1304 hold in 
the same way. In particular, boundedness and continuity are equivalent. 

The following is a consequence of Corollary 13.9. 

Corollary 13.10. Let Y be as in Corollary 13.9 with = 1 for every, 
in A. Then, (Yi}tEV satisfies the central limit theorem in C(V) if and only if 
E(2) (V, d) < 00. 

Proof. (L..,. a..,.g..,.,(t))tEV is a Gaussian process with the same covariance struc-
ture as (Yi}tEV. If (Yt)tEV satisfies the CLT, it is necessarily pregaussian so 
that E(2)(V, d) < 00 by (13.3). To prove the sufficiency, consider independent 
copies of (Yi )tEV associated to independent copies of the sequence ({..,.). 
Since, for every" 

the right hand side of the inequality of Corollary 13.9 together with an approx-
imation argument shows that (Yi)tEV satisfies the CLT in C(V) (cf. (lOA)). 

Turning back to Proposition 13.8 and its proof, let us now explicit a re-
markable Banach algebra of cotype 2 whose cotype 2 property actually basi-
cally amounts to the inequality (13.8) and the conclusion of Corollary 13.9. 
Let us assume here for simplicity that G is (Abelian and) compact. Denote 
by r its discrete dual group. Introduce the space Ca.s. = Ca.s.(G) of all se-
quences of complex numbers a = (a..,. )..,.Er in '-2 such that the Gaussian Fourier 
series L""Er a..,.g..,.,(t), t E G, converges uniformly on G almost surely. By 
what was described so far, we know that we get the same definition when the 
orthogaussian sequence (g..,.) is replaced by a Rademacher sequence (c..,.) , or 
even some more general symmetric sequence which enters the framework of 
Corollary 13.9. Alternatively, Ca .s . is characterized by E(2)(G,d) < 00 where 

d(s,t) = (L..,. la..,.1 21,(s) - ,(t)12)1/2, s,t E G, which thus provides a metric 
description of Ca .s . as opposed to the preceding probabilistic definition. Equip 
now the space Ca .s . with the norm 

for which it becomes a Banach space. By (13.9) and Proposition 13.8, an 
equivalent norm is obtained when (g..,.) is replaced by (c..,.). Similarly, the equiv-
alence of moments of both Gaussian and Rademacher series allow to consider 
Lp-norms for 1 ::; p '# 2 < 00. Convenient also is to observe that 

(13.10) H[Re(a)] + [Im(a)]) ::; [a] ::; 2 ([Re(a)] + [Im(a)]) 
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where Re(a) = (Re(a1'))." and Im(a) = (Im(a1')).,,' The right hand side ini-
quality is obvious by the triangle inequality. The left hand side follows from 
the contraction principle. Indeed, if (b1') and (0:1') are complex numbers such 
that 10:1' I = 1 for all " then 

For 0:1' = a1'/la1' I and b1' = Re(a1') or Im(a1')' (13.10) easily follows using one 
more time the contraction principle. 

It is remarkable that the space Ca .s . which arises from a sup-norm has nice 
cotype properties. This is the content of the following proposition which, as 
announced, basically amounts to inequality (13.8). 

Proposition 13.11. The space Ca .s . is of cotype 2. 

Proof. We need to show that there is some constant C such that if a1 , ... , aN 
are elements of Ca .s ., then 

By (13.10), we need only prove this for real elements a1 , .•• , aN. Consider 

the element a of Ca .s . defined, for every, in r, by a1' = (I:!1Ia;12) 1/2. By 
Jensen's inequality and (4.3), it is clear that 

so that we have only to show I:!1 [a i ]2 ::; C[a]2. We simply deduce this from 
(13.8). Independently of the basic orthogaussian sequence (g1')' let A 1, ... , AN 
be disjoint sets with equal probability liN. Let, for, in r, 

Clearly 
N 

2)ai ]2 = lEllL: . 
i=l l' 
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Since lEl'')'12 = 1 for every "I, the conclusion follows from (13.8). Proposition 
13.11 is established. 

It is interesting to present some remarkable subspaces of the Banach space 
Ca.s. = Ca.s.(G). Let G be as before a compact Abelian group. A subset A of 
the dual group r of G is called a Sidon set if there is a constant C such that 
for every finite sequence (0:')') of complex numbers 

L 10:')'1 s cIIL O:')''YII· 
')'EA ,),EA 

Since the converse inequality (with C = 1) is clearly satisfied, h; "I E A} 
generates, when A is a Sidon set, a subspace of C(G) isomorphic to i l . A 
typical example is provided by a lacunary sequence (in the sense of Hadamard) 
in Z, the dual group of the torus group. As we have seen in Chapter 4, Section 
4.1, the Rademacher sequence in the Cantor group is another example of Sidon 
set. If a = (a')')')'Er is a sequence of complex numbers vanishing outside some 
Sidon set A of r, then the norm [a] is equivalent to the iI-norm L')' I a')' I· i l 

is of cotype 2 and it is remarkable that the norm [ . ] preserves this property. 
On the other hand, Ca .s . is of no type p > 1 (since this is not the case for iI). 

The consideration of the space Ca .s . gives rise to another interesting obser-
vation. Let G be compact Abelian. Any function f in L 2 ( G) admits a Fourier 
expansion L')'EF i('Yh which converges to f in L2(G). We denote by [j] the 

norm in Ca .s . of the Fourier transform 1 = (i( 'Y))')'Er of f. First, we note the 
following. Let F be a complex valued function on (; such that 

JF(x) - F(y)1 s Ix - yl and IF(x)1 S 1 for all x,y E{;. 

Let f be a function in C( G) such that 1 belongs to Ca .s .. Then, h = F 0 f 
belongs to Ca .s . and for some numerical constant Kl ;::: 1, 

(13.11) 

where we recall that II . II is the sup-norm (on G). This property is an easy 
consequence of the comparison theorems for Gaussian processes. For any t in 
G, set ft(x) = f(t + x). If (Xt ) is the Gaussian process X t = L')' i('Y)g')''Y(t), 
for all s, tin G, 

IIXs - X t l12 = Ilfs - ftl12 
where the L 2-norm on the left is understood with respect to the Gaussian 
sequence (g')') and the one on the right with respect to the Haar measure on 
G. To establish (13.11), since F is I-Lipschitz, we have 

and the inequality then follows from (for example) Corollary 3.14 (in some 
complex formulation). 

Let B be the space of the functions f in C( G) whose Fourier transform 1 
belongs to Ca.s. = Ca.s.(G). Equip B with the norm 
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m/m = Kl (311/11 + [1]) , 

where Kl is the numerical constant which appears in (13.11), for which it 
becomes a Banach space. The trigonometric polynomials are dense in B (cf. 
Theorem 3.4). As a result, B is actually a Banach algebra for the pointwise 
product such that Mlhll HII.h. for all I, h in B. This can be proved directly 
or as a consequence of (13.11). Let F be defined as 

F(x) = { x2 /2 if Ixl 1, 
x2/21x12 if Ixl > 1 . 

Then, if I,h are in B with lilli, IIhll 1, since 41h = (f + h)2 - (f - h)2, as 
a corollary of (13.11) , 

[Jh] 2Kl(2 + [1] + [h]). 

The inequality Wfhl MI. follows from the definition of 11·11· 
Let A(G) be the algebra of the elements of C(G) whose Fourier transform 

is absolutely summable. The preceding algebra B is an example of a (strongly 
homogeneous) Banach algebra with A( G) B C( G) on which all Lipschitz 
functions of order 1 operate. One might wonder for a minimal algebra with 

In this setting the following algebra might be of some interest. 
Let B be the space of the functions I in C( G) such that 

sup{Esuplt aigi!t(xi)I j n 2: 1, xl. ... ,Xn E G, t I} < 00. 
tEG i=l i=l 

It is not difficult to see, as above, that this quantity (at the exception perhaps 
of a numerical factor) defines a norm on .8 for which .8 is a Banach algebra 
with A(B) .8 C(G) on which all I-Lipschitz functions operate. Further, 
.8 is smaller than B. To see this, let (Zi) be independent random variables 
with values in G and common distribution >. (the normalized Haar measure 
on G). Then, if I E .8, 

1 n 

sup r.;; JEsuplL: gi!t(Zi)I < 00. 
n yn tEG i=l 

Therefore, by the central limit theorem in finite dimension, it follows that the 
Gaussian process with L 2-metric 

is almost surely bounded. Now (Theorem 13.4), I belongs to Ca .s . which proves 
the desired claim. 

A deeper analysis of the Banach algebra .8 is still to be done. Is it, in 
particular, the smallest algebra on which the I-Lipschitz functions operate? 
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13.3 Stable Random Fourier Series 
and Strongly Stationary Processes 

In the preceding sections, we investigated stationary Gaussian processes and 
random Fourier series of the type L,. a,.fy'Y where is a symmetric se-
quence of real valued random variables satisfying basically sup,. < 00. 

Here, we shall be interested in possible extensions to the stable case and to 
random Fourier series as above when the sequence satisfies some weaker 
moment assumptions (a typical example of both topics being given by the 
choice, for of a standard p-stable sequence). 

Throughout this section, G denotes a locally compact Abelian group with 
dual group r, identity 0 and Haar measure A(') = 1·1. If X = (Xt}tEG is a 
stationary Gaussian process continuous in L2, by Bochner's theorem, there is 
a measure m in r which represents the covariance of X in the sense that for 
all finite sequences ofreal numbers (aj) and (tj) in G, 

JElL ajXtj 12 = ilL an(tj)12 dmb)· 
J J 

Let 0 < p ::; 2. Say that a p-stable process X = (XdtEG indexed by G is 
strongly stationary, or harmonizable, if there is a finite positive Radon measure 
m concentrated on r such that, for all finite sequences (aj) of real numbers 
and (t j) of elements of G, 

Going back to the spectral representation of stable processes (Theorem 5.2), 
we thus assume in this definition of strongly stationary stable processes a 
special property of the spectral measure m, namely to be concentrated on 
the dual group r of G. This property is motivated by several facts, some 
of which will become clear in the subsequent developments. In particular, 
strongly stationary stable processes are stationary in the usual sense; however, 
and refering to [M-P2]' contrary to the Gaussian case not all stationary stable 
processes are strongly stationary. _ 

The following example is Let () be a complex stable random 
variable such that, as a variable in 1R?, () has for spectral measure the uniform 
distribution on the unit circle. That is, if (j = (}l + i(}2 = ((}1, (}2) and a = 
al + ia2 = (al' (2) E «;, 

where = I cosxIPdx/21r)l/P. (Only in the Gaussian case p = 2, (h and 
(}2 are necessarily independent.) This definition is one 2-dimensional extension 
of the real valued stable variables for which spectral measures· are concentrated 
on {-l,+l}. Let A be a countable subset of r. Let further ((j,.)"EA be a 
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sequence of independent variables distributed as 0 and (a"l hEA be complex 
numbers with L"Ila"lIP < 00. Then 

Xt = L a"lO"l,(t) , t E G, 
"lEA 

defines a complex strongly stationary p-stable process. Its real and imaginary 
parts are real valued strongly stationary p-stable processes in the sense of 
definition (13.12). The spectral measure is discrete in this case. Strongly sta-
tionary stable processes therefore include random Fourier with slable 
coefficients. Since, up to a constant depending on p only, ReO and ImO are 
standard p-stable real valued variables, this study can be shown to include 
similarly random Fourier series of the type L"I a"l0"l' where (0"1) is a standard 
p-stable sequence (real valued). We shall come back to this from a somewhat 
simpler point of view later. 

In the first part of this section, we extend to strongly stationary p-stable 
processes, 1 ::; p < 2, the Gaussian characterization of Theorem 13.3. Necessity 
will follow easily from Section 12.2 and Proposition 13.2. Sufficiency uses the 
series representation of stable processes (Corollary 5.3) together with some 
ideas developed in the preceding section on random Fourier series (conditional 
estimates and integration in presense of translation invariant metrics). As 
usual, we exclude from such a study the case 0 < p < 1 since the only property 
that m is finite already ensures that a p-stable process, 0 < p < 1, has a 
version with bounded and continuous paths. Thus, it is assumed henceforth 
that 1 ::; p ::; 2, and actually also that p < 2 since the case p = 2 has already 
been studied. 

Let X = (Xt)tEG be a strongly stationary p-stable process with 1 ::; p < 2 
and with spectral measure m (in (13.12)). For s, tin G, denote by dx(s, t) the 
parameter of the real p-stable variable Xs - X t , that is 

dx(s,t) = (Ir I,(s) -,(t)IPdm(f)) l/p 

dx defines a translation invariant pseudo-metric. Let V be a fixed compact 
neighborhood of the unit element 0 of G. We shall always assume that V 
is metrizable. dx is then continuous on V x V (by dominated convergence) 
(and thus also on G x G). We know from Theorem 12.12 a general necessary 
condition for the boundedness of p-stable processes. Together with Proposition 
13.2, it yields that if X has a version with almost all sample paths bounded on 
V, then E(q)(V, dx ) < 00 where q = p/p-1 is the conjugate of p. Furthermore, 
for some constant Kp depending only on p, 

(13.14) 

where D(V) is the diameter of (V, dx) and L(V) = 10g(IV"I/IVI) (V" 
V + V + V). (When q = 00 we agree that L(V)l/q = log(1 + 10g(lV"I/IVI)).) 
In the following, II SUPtEV IXtlllp,oo will be denoted for simplicity by IIXllp,oo. 
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This settles the necessary part of this study of the almost sure boundedness 
and continuity of strongly stationary p-stable processes. Now, we turn to the 
sufficiency and show, as a main result, that the preceding necessary entropy 
condition is also sufficient. As announced, the proof uses various arguments 
developed in Section 13.2. We only prove the result for 1 < p < 2. The case 
p = 1 can basically be obtained similarly with however some more care. We 
refer to [Ta14] for the case p = 1. 

Theorem 13.12. Let X = (Xt}tEG be a strongly stationary p-stable process, 
1 ::; p < 2. Let q = pip-I. Then X has a version with almost all sample paths 
bounded and continuous on V C G if and only if E(q)(V, dx) < 00. Moreover, 
there is a constant Kp > 0 depending on p only such that 

K;1(lmI1/P + E(q)(V,dx) - L(V)l/qD(V)) 

::; IIXllp,oo ::; Kp((l + L(V)1/q)lmI1/P + E(q)(V,dx)) 

where m is the spectral measure of X and where D(V) the diameter of (V, dx ). 

Proof. Necessity and the left hand side inequality have been discussed above. 
Recall the series representation of Corollary 5.3. Let lj be independent ran-
dom variables distributed as m/lml. Let further Wj be independent complex 
random variables all of them uniformly distributed on the unit circle of lR? 
Assume that the sequences (�j), (rj ), (Wj)' (lj) are independent. Then, by 
Corollary 5.3 and (13.12), X has the same distribution as 

00 

t E G, 
j=l 

where appears in (13.13). For simplicity in the notation, we denote again 
by X this representation. Under E(q)(V, dx ) < 00, we will show, exactly as 
in the proof of Theorem 13.6, that this series has a version with almost all 
sample paths bounded and continuous, satisfying moreover the inequality of 
the theorem. By homogeneity, let us assume that Iml = 1. Conditionally on 
(rj), (Wj) and (lj), we apply Lemma 13.5. For every w of the probability 
space supporting these sequences, denote by dw(s,t) the translation invariant 
functional 

dw(s,t) = II(rj- 1/P(w)Re(wj(w)(lj(w,s) -lj(w,t))))lIp,oo' 

Since the lj's take their values in r, the dual group of G, it is easy to verify 
that dw is, for almost all w , continuous on V xV. Indeed, if T is a metric for 
which V is compact, we deduce from (5.8) and Corollary 5.9 that 

E sup dw(s,t)::; KpE sup IY1(S) - Y1(t)1 
r(s,t)<e r(s,t)<e 

s,tEV s,tEV 
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for all C > o. (Kp denotes here and below some constant depending on 1 < p < 
2 only.) The claim thus follows. Moreover, since IlRe(Wl(Yl(S) - Y1(t)))lIp = 

we have from exactly the same tools that 

(13.15) 

for all s, t. Once this has been observed, the rest of the proof is entirely 
similar to the proof of Theorem 13.6. By Lemma 13.5, letting R(w) = 

211 (rj-
1/ p(w))lIp,00, 

00 

Ee supl'L rj- 1/ p (W)C j Re(Wj (w)}j (w, t)) I 
tEV j=1 

(13.16) 
:::; Kp( R(w) + lR(W)(IOgN(V,dw;c))I/qdc) 

and, if this entropy integral is finite, (Ej:l r j- 1/ P(w)c j Re(wj(w)}j(w,t)))tEV 
has a version with almost all (with respect to (c j )) sample paths continuous 
(since dw is continuous on V x V). Wn and bn(w) being as in the proof of 
Theorem 13.6, we have from (13.15) that Ebn :::; Kp2-n. Furthermore, from 
Lemma 13.7, 

Integrating with respect to w, it follows that, when E(q)(V,dx) < 00, for 
almost all w the entropy integral on the left is finite and thus, by the preced-
ing, (Ej:lrj-l/P(w)cjRe(wj(w)}j(w,t)))tET has a version with continuous 
sample paths with respect to (Cj). Therefore, by Fubini's theorem and the 
representation, X has a version with continuous paths on V. Furthermore, 
integrating (13.16) together with the fact that Ebn ::; Kp2-n yields 

EIIXII :::; Kp(l + L(V)I/q + E(q)(V,dx)). 

Since EIIXII is equivalent to IIXllp,oo (Proposition 5.6), the proof of Theorem 
13.12 is complete (recall that we have assumed by homogeneity that Iml = 1). 

Motivated by the previous result, we further investigate in the second 
part of this section random Fourier series with the objective of enlarging the 
conclusions of Theorem 13.6 or Corollary 13.9. In particular, we would like 
to study the case of a sequence (e"'() there not necessarily in L2. One typical 
example is a stable random Fourier series E",( a",(()",("i where (()"'() is a standard 
p-stable sequence. We have seen that this example can be shown to enter the 
previous setting. Now, we present some natural extensions in the context of 
random Fourier series. 

As in Section 13.2, G is a locally compact Abelian group with unit 0 and 
dual group r, V is a fixed compact symmetric neighborhood of 0 and A is a 
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countable subset of r. Let 1 ::; p < 2. Let (a'Y)..,.EA be a sequence of complex 
numbers such that I:'Y la'YIP < 00 and let )..,.EA be a sequence of independent 
and symmetric real valued random variables. We are interested in the almost 
sure uniform convergence of the random Fourier series Y = (YthEG where 

(13.17) Yt = L , t E G, 
'YEA 

in terms of the translation invariant pseudo-metric 

d(s, t) = (L la'YIPI')'(s) _ ')'(t)IP) liP, 
'YEA 

s,t E G. 

The technique of proof of Theorems 13.6 and 13.12 enables us to extend the 
results of Section 13.2 to random variables which do not have finite second 
moments. 

Theorem 13.13. Assume that sUP'Y IIp,oo < 00. Then, if E(q) (V, d) < 00 

where q = pip - 1 and where d is defined above, the random Fourier series 
Y of (13.17) converges uniformly on V with probability one. Furthermore, for 
some constant Kp > 0 depending on p only, 

IlYllp,oo ::; Kp ((1 + L(V)llq) lip + E(q)(V, d)) 
(where IIYllp,oo = II SUPtEV IYtlllp,oo)' 

Proof. It is entirely similar to (actually somewhat simpler than) the proofs 
of Theorems 13.6 and 13.12 so that we only mention a few observations. By 
independence and symmetry, Y can be replaced by 

L , t E G, 
'YEA 

where (c'Y) is a Rademacher sequence which is independent of Then, we 
use Lemma 13.5 conditionally on with respect to the metric 

dw(s, t) = - ')'(t)) i) 'YEA IIp,oo . 

Since the are independent, we can integrate with respect to wand use 
Lemma 5.8 and the hypothesis sUP'Y < 00. The proof is completed 
similarly. 

Note that if the sequence is only a symmetric sequence, the preceding 
theorem holds similarly but with sUP'Y instead of Lp,oo-moments. The ar-
gument is similar but, to integrate dw , since the 's need not be independent, 
we simply use that 

( dw(s, t)::; L - ')'(t)IP 
'Y 
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If the tails of the random variables are close to the tail of a standard 
p-stable variable with 1 ::; p < 2, then the entropy condition E(q)(V, d) < 00 is 
also necessary for the random Fourier series Y of (13.17) to be almost surely 
bounded. More precisely, assume that for some Uo > 0 and some fJ > 0, 

> u} fJu-P 

for all u > Uo and all T' Hence, by (5.2), if (0"1) is a standard p-stable sequence, 

> u}/IP{I0'YI > u} 
"I 

is bounded below for u sufficiently large. Therefore, if L'Y converges 
uniformly almost surely, the same holds for L'Ya'YO'YT by Lemma 4.6. Now, 
we deal with a stable process and the complex version of (13.14) yields the 
announced claim. This approach can also be used to deduce Theorem 13.13 
from Theorem 13.12. 

Finally, the various comments developed in the Gaussian setting following 
Theorem 13.3 also apply in this stable case. The same is true for the equiva-
lences of Theorem 13.4 in the context of stable Fourier series L'Ya'YO'YT' 

13.4 Vector Valued Random Fourier Series 

In the last part of this chapter, we present some applications of the previous 
results to vector valued stationary processes and random Fourier series. The 
results are still fragmentary and concern so far Gaussian variables only. 

Let B be a separable Banach space with dual space B'. Recall that by 
a process X = (Xt)tET with values in B we simply mean a family (Xt)tET 
such that, for each t, X t is a Borel random variable with values in B. X 
is Gaussian if for every tl,,,., tN in T, (Xtt' " ., X tN ) is Gaussian (in B N ). 

As in the preceding sections, let G be a locally compact Abelian group with 
identity 0 and dual group of characters r. Let us fix also a compact metrizable 
neighborhood V of O. A process X = (XdtEG indexed by G and with values in 
B is said to be stationary if, as in the real case, for every u in G, (Xu+t)tEG has 
the same distribution (on B G ) as X. Since B is separable, this is equivalent to 
saying that for every fin B', the real valued process (f(Xd)tEG is stationary. 

Almost sure boundedness and continuity of vector valued stationary Gaus-
sian processes may be characterized rather easily through the corresponding 
properties along linear functionals. This is the content of the following state-
ment. While this result is in relation with tensorization of Gaussian measures 
studied in Section 3.3, it does not seem possible to deduce it from the com-
parison theorems based on Slepian's lemma. Instead, we use majorizing mea-
sures and the deep results of Chapter 12. Recall that L(V) = 10g(IV"I/IVI), 
V" = V + V + V. 

Theorem 13.14. Let X = (XdtEG be a stationary Gaussian process with 
values in B. Then, for some numerical constant K > 0, 
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1 
-(JEIIXolI+ sup JEsuplf(Xt)1) 
2 IIJII9 tEV 

::; JEsup IIXtl1 
tEV 

::; K(l + L(V)1/2) (JE II Xo II + sup JEsup If(Xt)l) . 
tEV 

Moreover, X has a version with almost all continuous paths on V if and only 
if IIXs - X t ll 2 is continuous on V x V and 

lim sup JE sup If(Xt)1 = O. 
1/--+°IIJII9 tE1/V 

Note that, by the results of Section 13.1, X is continuous on V if and only 
if 11/ 1/2 

lim sup (logN(V,dJ(x);e)) de = 0 
1/--+°IlJII9 0 

(and IIXs-Xt Il2 is continuous on VxV) where dJ(x)(s, t) = IIf(Xs)- f(Xt}112, 
fEB',s,tEG. 

Proof. We only show the part concerning boundedness and the inequalities of 
the theorem. Continuity follows similarly together with the preceding obser-
vation. Let be the unit ball of B'. We consider X as a process inq.exed by 

x G. By Theorem 12.9, the real valued Gaussian process Xo = 
indexed by has a majorizing measure; that is, there exists a probability 
measure m on such that 

(13.18) 100 ( 1) 1/2 
sup log (( )) de ::; KJE sup f(Xo) = KJEllXoll 

0 m B f,e 

where, as in Chapter 12, B(f, e) is the ball of radius e with respect to 
the metric on the space which contains its center f, that is, dxo (f, g) = 
IIf(Xo) - g(Xo)112' f,g E Bi· (We use further this convention about balls 
in metric spaces below.) We intend to use (13.1) so let AV" be the restricted 
normalized Haar measure on V" c G. If we bound X considered as a (real 
valued) process on x V with the majorizing measure integral for m x AV" 
(on x V" :J x V), we get from Theorem 11.18 and Lemma 11.9 (which 
similarly applies with the function (log( 1 / x)) 1 /2), 

JE sup f(Xt} 
xV 

100 ( 1 ) 1/2 < K sup log de 
- 0 mXAv,,(B((f,t),e)) 

(13.19) 

where B((f,t),e) is the ball for the L2-pseudo-metric of X on X G, i.e. 

d((f, t), (g, s)) = IIf(Xt} - g(Xs)112' 
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f, g E B', s, t E G. To control the integral on the right hand side of (13.19), 
note the following. By the triangle inequality and the stationarity, 

d((f, t), (g, S)) ::; dxo(f,g) + df(X)(s, t) 

where we recall that df(x)(s, t) = IIf(Xs) - f(Xt}112. It follows that, for every 
(f, t) in x V and all E: > 0, 

where Bdf(X) (t,E:) is the ball with respect to the metric df(x). Therefore, 

( [00 ( 1) 1/2 
JE ;;uYvf(Xt} ::; 2K Jo log m(B(f,e)) dE: 

100 ( 1 ) 1/2 ) + sup log dE: . 
B;xV 0 AVII(Bdf(x)(t,e)) 

The first term on the right of this inequality is controlled by (13.18). We 
use (13.1) (which applies too with the function (log(1/x))1/2) to see that the 
second term is smaller than or equal to 

[00 ( (IV"I )) 1/2 Jo log wrN(V,df(x);e) de. 

Summarizing, we get from Theorem 13.3 that for some numerical constant K, 

JEsup IIXtll ::; K(JEIIXoll + sup JEsup If(Xt}1 + L(V)1/2 sup (JEf2(XO)) 1/2) . 
tEV fEB; tEV fEB; 

This inequality is stronger than the upper bound of the theorem. The mino-
ration inequality is obvious. The proof is, therefore, complete. 

One interesting application of Theorem 13.14 concerns Gaussian random 
Fourier series with vector valued coefficients. Let A be a fixed countable subset 
of the dual group of characters r of G. Let (g')')')'EA be an orthogaussian 
sequence and (X')'hEA be a sequence of elements of a Banach space B. We 
assume that B is a complex Banach space. Suppose that the series L:,), g')'x')' 
converges. Then define (using the contraction principle) the Gaussian random 
Fourier series X = (Xt)tEG by 

(13.20) Xt = L g,),x')',(t) , t E G. 
')'EA 

As in the scalar case, one might wonder for the almost sure uniform con-
vergence of the series (13.20) (in the sup-norm SUPtEV II . II) or, equivalently 
(by Ito-Nisio's theorem), the almost sure continuity of the process X on V. 
Theorem 13.14 implies the following. 
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Corollary 13.15. In the preceding notation, there is a numerical constant K 
such that 

(JE/lL:9-yx-y11 + sup JEsuplL: f(x-y)9-y'Y(t) I) 
-y 11/119 tEY -y 

JEsupllL:9-yX-Y'Y(t)11 
tEY -y 

K(l + L(V)1/2) (JEIIL:9-YX-y11 + sup JEsuplL:f(X-Y)9-Y'Y(t)l) . 
-y 11/119 tEY -y 

Furthermore, L-y 9-yx-y'Y converges uniformly almost surely if and only if 

lim sup JEsupl L: f(x-y)9-y'Y(t) I = 0 
11/119 tEY -yEFC 

where the limit is taken over the finite sets F increasin9 to A. 

The scalar case investigation of Sections 13.2 and 13.3 invites to consider 
the same convergence question for vector valued random Fourier series of the 
type (13.20) when, for example, the Gaussian sequence (9-y) is replaced by a 
Rademacher sequence (e-y) or a standard p-stable sequence (O-y), 1 p < 2. 
These questions are not yet answered. By the equivalence of scalar Gaussian 
and Rademacher Fourier series (Proposition 13.8), it is plain from Corollary 
13.15 that a Rademacher series L-ye-yx-y'Y is characterized as the correspond-
ing Gaussian series provided L-y e-yX-y and L-y 9-yX-y converge simultaneously. 
We know that this holds for all sequences (x-y) in B if and only if B is of 
finite cotype (Theorem 9.16) but, in general, L-ye-yX-y is only dominated by 
L-y 9-yx-y ((4.8)). However, we conjecture that Corollary 13.15 and its inequal-
ity also hold when (9-y) is replaced by (e-y) (of course, note that the left hand 
side inequality is trivial). This conjecture is supported by the fact that it holds 
for Rademacher processes which are K r(T)-decomposable in the terminology 
of Section 12.3; this fact is checked immediately by reproducing the argument 
of the proof of Theorem 13.14. The case of a p-stable standard sequence, 
1 P < 2, in Corollary 13.15 is also open. 

Stationary real valued Gaussian (and strongly stationary p-stable) pro-
cesses are either continuous or unbounded. This follows from the characteri-
zations that we described and extends to the classes of random Fourier series 
studied there. To conclude, we analyze this dichotomy for general random 
Fourier series with vector valued coefficients. 

Let A be a countable subset of r. Further, let (x-y )-YEA be a sequence in 
a complex Banach space B and let ({-y )-YEA be independent symmetric real 
valued random variables. Assuming that L-y {-yx-y converges almost surely for 
one (or, by symmetry, all) ordering of A, consider the random Fourier series 
X = (Xt)tEG given by 

(13.21 ) X t = L: , t E G. 
-yEA 
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Let V be as usual a compact neighborhood of 0 in G. The random Fourier 
series X is said to be almost surely uniformly bounded if, for some ordering 
of A = {Tn; n 2: 1}, the partial sums 2::=1 X"Yn 'Yn, N 2: 1, are almost 
surely uniformly bounded with respect to the norm SUPtEV II . II· Since 
is a symmetric sequence, by Levy's inequalities, the preceding definition is 
independent of the ordering of A and is equivalent to the boundedness of X 
as a process on V. Similarly, the random Fourier series X of (13.21) is almost 
surely uniformly convergent iffor some (or all by It&-Nisio's theorem) ordering 
A = {'Yn; n 2: I}, the preceding partial sums converge uniformly almost surely. 
Equivalently, X defines an almost surely continuous process on V with values 
in B. The next theorem describes how these two properties are equivalent for 
scalar random Fourier series of the type (13.21) and similarly for B-valued 
coefficients if B does not contain an isomorphic copy of Co. The proof is based 
on Theorem 9.29 (which is identical for complex Banach spaces). 

Theorem 13.16. For a Banach space B, the following are equivalent: 

(i) B does not contain subspaces isomorphic to co; 

(ii) every almost surely uniformly bounded random Fourier series of the type 
(13.21) with coefficients in B converges almost surely uniformly. 

Proof. If (ii) does not hold, there exists a series (13.21) such that, for some 
ordering A = {'Yn; n 2: I}, is an almost surely bounded series 
which does not converge. Let us set for simplicity = and Xn = x"Yn 
for every n. By Remark 9.31, there exist wand a sequence (nk) such that 

'Ynk) is equivalent in the norm SUPtEV 11·11 to the canonical basis of 
co· Note that = SUPtEV so that, in particular 
(since 'Ynk(O) = 1), 

> O. 
k 

Similarly, for every finite sequence (ak) of complex numbers with lak I :S 1, 

IlL II :s c 
k 

for some constant C. We can then apply Lemma 9.30 to extract a further 
subsequence from (w )xnk ) which will be equivalent to the canonical basis 
of co· This shows that (i) =} (ii). To prove the converse implication, we exhibit a 
random Fourier series of the type (13.21) (actually Gaussian) with coefficients 
in Co which is bounded but not uniformly convergent. Let G be the compact 
Cantor group {-I, + 1 } IN and set V = G. The characters on G consist of the 
Rademacher coordinate maps En(t). On some probability space, let (9n) be a 
standard Gaussian sequence. For every n, let I(n) denote the set of integers 
{2n + 1, ... , 2n+1}. Define then X = (Xt}tEG by 

Xt = LTn( L 9iEi(t)) en , t E G, 
n iEI(n) 
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where (en) is the canonical basis of co. X is a (Gaussian) random Fourier 
series with values in co. It is almost surely bounded. To see it, note that 

N 

supsupllL 2-n ( L 9iCi(t)) enll = sup sup sup 2-nl L 9iCi(t)1 
N tEG n=1 iEI{n) N tEG n'S.N iEI{n) 

= sup Tn L Igil 
n iEI{n) 

(where we have used that (cn) spans i1 in Loo(G)). Now, we claim that 
sUPn 2-n LiEI{n) Igil < 00 almost surely. Indeed, supn 2-n LiEI{n) JElgil < 00, 

and, by Chebyshev's inequality, 

1P{1 L 19i1-JElgill > 2n} :S 2-n. 
iEI{n) 

Hence the claim by the Borel-Cantelli lemma. With the same argument, X 
does not converge uniformly almost surely. The proof of Theorem 13.16 is 
complete. 

Notes and References 

The main references for this chapter are the book [M-Pl] by M. B. Marcus 
and G. Pisier and their paper [M-P2] (see also [M-P3]). Random Fourier series 
go back to Paley, Salem and Zygmund. Kahane's ideas [Kal] significantly 
contributed to the neat achievements of [M-P1]. 

Theorem 13.3 is due to X. Fernique [Fer4] (with of course a direct en-
tropic proof). (See also [J-M3] for an exposition of this result more in the 
setting of random Fourier series.) It is the translation invariant version of the 
results of Section 12.1 and the key point in the subsequent investigation of 
random Fourier series. The equivalence of the boundedness and continuity of 
stationary Gaussian processes was known previously as Belaev's dichotomy 
[Bel] (see also [J-M3]) (a similar result for random Fourier series was proved 
by P. Billard, see [Kal]). The basic Theorem 13.6 (in the case G = R) is due 
to M. B. Marcus [Mal], extended later in [M-P1]. The proof that we present is 
somewhat different and simpler; it has been put forward in [Ta14]. It does not 
use non-decreasing rearrangements as presented in [M-Pl] (see also [Fer6]). 
The equivalence between Gaussian and Rademacher random Fourier series 
was put forward in [Pi6] and [M-P1]. The remarkable Banach space Ca.s.(G) 
and associated Banach algebra Ca.s.(G) n C(G) have been investigated by 
G. Pisier [Pi6], [Pi7]. He further provided an Harmonic Analysis description 
of Ca .s . as the predual of a space of Fourier multipliers. A Sidon set generates 
a subspace isomorphic to i1 in C(G). As a remarkable result, it was shown 
conversely by J. Bourgain and V. D. Milman [B-M] that if a subset A of r is 
such that the subspace CA of C(G) of all functions whose Fourier transform 
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is supported by A is of finite cotype (i.e. does not contain 's uniformly), 
then A must be a Sidon set. (A prior contribution assuming CA of cotype 2 
is due to G. Pisier [Pi5]). For further conclusions on random Fourier series, 
in particular in non-Abelian groups, examples and quantitative estimates, we 
refer to [M-P1]. 

The results of Section 13.3 are taken from [M-P2] for the case 1 < p < 2. 
The picture is completed in [Ta14] with the case p = 1 (and with a proof 
which inspired the proofs presented here). The complex probabilistic struc-
tures are carefully described in [M-P2]. Extensions to random Fourier series 
with infinitely divisible coefficients and processes are studied in [Ma4]. 
Further extensions to very general random Fourier series and harmonic pro-
cesses are obtained in [Ta17]. 

The study of stationary vector valued Gaussian processes was initiated 
by X. Fernique to whom Theorem 13.14 is due [FerlO] (see also [Fer12]). He 
further extended this result in [Fer13]. Since the conclusion does not involve 
majorizing measures, one might wonder for a proof that does not use this tool. 
Theorem 13.14 was recently used in [I-M-M-T-Z] and [Fer14]. Theorem 13.16 
is perhaps new. 

Finally, related to the results of this chapter, note the following. Vari-
ous central limit theorems (Corollary 13.10) for random Fourier series can 
be established [M-P1] with applications of the techniques to the empirical 
characteristic function [Ma2]. A law of the iterated logarithm for the em-
pirical characteristic function can also be proved [Led1]' [La]. Gaussian and 
Rademacher random Fourier quadratic forms (chaos) are studied and charac-
terized in [L-M] with the result of Sections 13.2 and 13.4. In particular, it is 
shown there how random Fourier quadratic forms with either Rademacher or 
standard Gaussian sequences converge simultaneously. 



14. Empirical Process Methods 
in Probability in Banach Spaces 

The purpose of this chapter is to present applications of the random pro-
cess techniques developed so far to infinite dimensional limit theorems, and in 
particular to the central limit theorem (CLT). More precisely, we will be in-
terested for example in the CLT in the space C(T) of continuous functions on 
a compact metric space T. Since C(T) is not well behaved with respect to the 
type or cotype 2 properties, we will rather have to seek for nice classes of ran-
dom variables in C(T) for which a central limit property can be established. 
This point of view leads to enlarge this framework and to investigate limit 
theorems for empirical measures or processes. Random geometric descriptions 
of the CLT may then be produced via this approach, as well as complete de-
scriptions for nice classes of functions (indicator functions of some sets) on 
which the empirical processes are indexed. While these random geometric de-
scriptions do not solve the central limit problem in infinite dimension (and 
are probably of little use in applications), however, they clearly describe the 
main difficulties inherent to the problem from the empirical point of view. 

We do not try to give a complete account about empirical processes and 
their limiting properties but rather concentrate on some useful methods and 
ideas related to the material already discussed in this book. The examples 
of techniques which we chose to present are borrowed from the works by R. 
Dudley [Du4], [Du5] and by E. Gine and J. Zinn [G-Z2], [G-Z3], and actually 
we refer the interested reader to these authors for a complete exposition. The 
first section of this chapter presents various results on the CLT for subgaussian 
and Lipschitz processes in C(T) under metric entropy or majorizing measure 
conditions. In the second section, we introduce the language of empirical pro-
cesses and discuss the effect of pregaussianness in two cases: the first case 
concerns uniformly bounded classes while the second provides a random ge-
ometric description of Donsker classes, i.e. classes for which the CLT holds. 
Vapnik-Chervonenkis classes of sets form the matter of Section 14.3 where it 
is shown how these classes satisfy the classical limit properties uniformly over 
all probability measures, and are actually characterized in this way. 
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14.1 The Central Limit Theorem 
for Lipschitz Processes 

Let (T, d) be a compact metric space and let C(T) be the separable Banach 
space of all continuous functions on T equipped with the sup-norm II . 1100' 
A Borel random variable X with values in C(T) may be denoted in the process 
notation as X = (XthET = (X(t))tET and (X(t))tET has all its sample paths 
continuous on (T, d). If X is a random variable, we denote as usual by (Xi) a 
sequence of independent copies of X and let Sn = Xl + ... + X n, n 2 1. 

A subset K of C(T) is relatively compact if and only if it is bounded 
and uniformly equicontinuous (Arzela-Ascoli). Equivalently, this is the case if 
there exist to in T and a finite number M such that Ix(to)1 :::; M for all x in 
K, and if for all e > 0 there exists "I = TJ(e) > 0 such that Ix(s) - x(t)1 < e 
for all x in K and all s, t in T with d(s, t) < "I. Combining this property 
with Prokhorov's Theorem 2.1 and the finite dimensional CLT, it follows that 
a random variable X = (X(t))tET satisfies the CLT in C(T) if and only if 
JEX(t) = 0 and JEX(t)2 < 00 for every t and if, for each e > 0, there is 
"I = TJ(e) > 0 such that 

(14.1) limsuP1P{ sup I Sn(s);nSn(t) I > e} < e. 
n ..... oo d(s,t)<1/ n 

Since the space C(T) has no non-trivial type or cotype, and does not 
satisfy any kind of Rosenthal's inequality (cf. Chapter 10), the results that we 
can expect on the CLT in C(T) can only concern special classes of random 
variables. We concentrate on the classes of subgaussian and Lipschitz variables, 
the first of which naturally extends the class of Gaussian variables (which 
trivially satisfy the CLT). 

Recall that a centered process X = (X(t))tET is said to be subgaussian 
with respect to a metric don T if for all real numbers A and all s, tin T, 

JEexp(.x(X(s) - X(t))) ::; exp ( d(s, t)2) . 

Changing if necessary d into a multiple of it, we may require equivalently that 
IIX(s) - X(t) 11"'2 :::; d(s,t) for all s,t in T (or P{IX(s) - X(t)1 > ud(s,t)} :::; 
C exp( _u2 /C) for all u > 0 and some constant C). We have seen in Section 
11.3 that if (T, d) satisfies the majorizing measure condition 

lim sup [1/ (log ) ) 1/2 de = 0 
1/ ..... 0tETJo m B t,e) 

for some probability measure m on T, then the subgaussian process X has a 
version with almost all sample paths continuous on (T, d). Therefore, it de-
fines (actually its version which we denote in the same way) a Radon random 
variable in C(T). Note that by the main result of Chapter 12, the preceding 
condition is (essentially) equivalent to the existence of a Gaussian random 
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variable G in C(T) such that IIG(s) - G(t)1I2 d(s, t) for all s, tin T. Now, 
under one of these (equivalent) assumptions, it is easily seen that the subgaus-
sian process X also satisfies the CLT in C(T). Indeed, by the independence 
and identical distribution of the summands, Sn/ Vn , for every n, is also sub-
gaussian with respect to d. Then, from Proposition 11.19, we deduce that for 
every e > 0, one can find 'fJ > 0, depending on e, T, d only, such that, uniformly 
in n, 

lE I Sn(s) - Sn(t) I 
sup < e. 

d(s,t)<1) Vn 
Hence, X satisfies the CLT by (14.1). Therefore, we have the following result. 

Theorem 14.1. Let X be a Borel random variable with values in C(T) which 
is subgaussian with respect to d. Assume that there is a probability measure m 
on (T, d) such that 

11) ( 1) 1/2 
lim sup log (()) de = 0 . 
1)-+0 tET 0 m B t, e 

Then X satisfies the CLT. 

We turn to the second class of random variables in C(T) which we will 
study here and which are the Lipschitz random variables. They will be shown 
to be conditionally subgaussian and therefore will satisfy the CLT under con-
ditions similar to those used for subgaussian variables. One first and main 
result is the following theorem. 

Theorem 14.2. Let X be a Borel random variable with values in C(T) such 
that lEX(t) = 0 and lEX(t)2 < 00 for all t in T. Assume that there tS a 
positive random variable M in L2 such that for all w 's and all s, t in T, 

IX(w, s) - X(w, t)1 M(w)d(s,t). 

Then, if (T, d) satisfies the majorizing measure condition 

11) ( 1) 1/2 
lim sup log ( ()) de = 0 
1)-+0 tET 0 m B t, e 

for some probability measure m on (T,d), X satisfies the CLT in C(T). 

Recall that we may assume equivalently (Theorem 12.9) that d is the 
L2-pseudo-metric of a Gaussian random variable in C(T). We would like to 
mention that the exposition of the proof of Theorem 14.2 that we give is 
slightly more complicated than it should be. It should actually be similar to 
the proof of Theorem 14.5 below. We chose this exposition so to include in 
the same pattern Theorem 14.3. 
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Proof. Let X, and (Xi)' be defined on (Q,A,P). By Proposition 10.4, or a 
simple symmetrization argument, we may and do assume that X is symmet-
rically distributed. Thus, (Xi) has the same distribution as (�iXi) where (€i) 
is a Rademacher sequence constructed on some different probability space. 
Further, there is a sequence (Mi) of independent copies of M such that 
IXi(W, s) - Xi(w, t)1 Mi(W)d(s, t) for all i, all w, and all s, t in T. By the 
subgaussian inequality (4.1), for every w, every integer n and every u > 0, and 
all s, tin T, 

IPe{ - Xi(w,t»)1 > u} 
n u

2 
2) n l:i=lI X i(W, s) - Xi(w, t)1 

2exp ( - t)2 Mi(W)2) , 

where P e is, as usual, integration with respect to (€i). Let a> 0 to be specified 
and set, for every integer n, and every t in T, 

1 n 

yn(t) = Vn '"' �iXi(t)I{l:n 2 2}' M.<a n i=l j=l J -

From the preceding, it clearly follows that for all s, tin T, all n and all u > 0, 

That is to say, for some numerical constant K, the processes (( K a) -1 yn (t) )tET 

are subgaussian with respect to d. Therefore, under the majorizing measure 
condition of the theorem, we know from Proposition 11.19 that, for all 0 > 0, 
there exists", > 0 depending on 0, T, d, m only such that, uniformly in n, 

(14.2) lE sup IYn(s) - yn(t)1 < ao. 
d(s,t)<1J 

It is easy to conclude the proof of Theorem 14.2. Fix € > 0 and let a = a( €) > 0 
be such that a2 2: 2lEM2/E. Hence, IP{l:J=l MJ > a2n} E/2 for all n. For 
all ", > 0, we can write 

IP{ sup I Sn(S);nSn(t) I > €} + IP{ sup IYn(s) - yn(t)1 > €} 
d(s,t)<1J n 2 d(s,t)<1J 

€ 1 
-2 + -lE sup IYn(s) - yn(t)l· 

€ d(s,t)<1J 

If we then choose", = ",(€) > 0 small enough such that (14.2) is satisfied with 
0= �2/2a, we find that X satisfies (14.1), and therefore the CLT. The proof 
of Theorem 14.2 is complete. 
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Note that if the continuous majorizing measure condition in Theorem 
14.2 is weakened into the corresponding bounded condition, then we can only 
conclude in general to the bounded CLT for the Lipschitz variable X. That 
the continuous majorizing measure condition is necessary is clear with the 
example of the random variable X = (en/(log(n+1))1/2) in C(1NU{ oo}) which 
is Lipschitz with respect to the distance of the bounded, but not continuous, 
Gaussian sequence (gn/(log(n + 1))1/2). 

Although C(T) is not of type 2, it is interesting to mention that Theorem 
14.2 on Lipschitz random variables can be related to the general results on 
the CLT in type 2 spaces of Chapter 10. Actually, it rather concerns operators 
of type 2 and more precisely the canonical injection map j : Lip(T) -+ C(T) 
investigated in Section 12.3. Recall that we denote by Lip(T) the space of 
Lipschitz functions x on T equipped with the norm 

IIxllLip = D-1l1xlloo + sup Ix(s) - x(t)1 
s,pt d(s,t) 

where D = D(T) is the diameter of (T, d). We have seen in Theorem 12.17 
that if there is a (bounded) majorizing measure on (T, d) for the function 
(log 1/u)1/2, then j is an operator of type 2, and that its type 2 constant 
T2(j) satisfies T2(j) K--P)(T,d) for some numerical constant K. Let now 
X be Lipschitz with respect to d as in Theorem 14.2. Then 1EIIXII£ip < 00 

and since j is of type 2, one might wish to use the CLT result for operators 
of type 2 (Corollary 10.6). However, there is a small problem since Lip(T) 
need not be separable and X need not be a Radon random variable in this 
space. This difficulty can be turned around in several ways. For example, from 
Proposition 9.11 for operators, we already have that, for every n, 

(14.3) 

In particular, X already satisfies the bounded CLT in C(T). Now, if there is 
a probability measure m on (T, d) such that, 

(14.4) 11/ ( 1) 1/2 
lim sup log ( ()) de = 0, 
1/-+0 tET 0 m B t, e 

it is not difficult to see that the proof of Theorem 12.17 can be modified to 
show that, for every e > 0, there exists a finite dimensional subspace F of C(T) 
such that if TF is the quotient map C(T) -+ C(T)/ F, then T2(TF 0 j) < e. 
Applying (14.3) to TF 0 j then easily yields the CLT. However, in this last 
step, this approach basically amounts to the original proof of Theorem 14.2. 
As an alternate, but also somewhat cumbersome argument, one can show that 
under (14.4) there exists a distance d' on T such that d(s, t)/d'(s, t) -+ 0 when 
d(s,t) -+ 0 and for which still -y(2)(T,d') < 00. Since the balls for the norm 
in Lip(T, d) are compact in Lip(T, d'), the Lipschitz random variable X of 
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Theorem 14.2 takes its values in some separable subspace of Lip(T, d'). Then 
Corollary 10.6 can be applied. 

Since a random variable X satisfying the CLT in a Banach space B does 
not necessarily verify JEIIXI1 2 < 00, but rather limt->oo t2JP{IIXIl > t} = 0 
(cf. Lemma 10.1), it was conjectured for some time that the hypothesis M 
in L2 in Theorem 14.1 could possibly be weakened into M in L2,oc;)) i. e. 
SUPt>o t 2JP {M > t} < 00. The next result shows how this is indeed the case. 
It is assumed explicitely that X is pregaussian since this property does not 
follow anymore from the Lipschitz assumption when M is not in L2. The proof 
relies on inequality (6.30) and Lemma 5.8. 

Theorem 14.3. Let X be a pregaussian random variable with values in C(T). 
Assume that there is a positive random variable M in L2,00 such that for all 
w's and all s, t in T 

IX(w, s) - X(w, t)1 :S M(w)d(s, t). 

Then, if there is a probability measure m on (T, d) such that 

1T1 ( 1) 1/2 
lim sup log (()) de = 0 , 
TI->0tET 0 m B t,e 

X satisfies the CLT in C(T). 

Proof. First, we have to transform the (necessary) pregaussian property into 
a majorizing measure condition. There exists a Gaussian variable in C(T) 
with L2-metric dx(s, t) = IIXs - X t 1l2. By the comments following Theorem 
11.18, this Gaussian process is also continuous with respect to dx and thus, 
by Theorem 12.9, there is a probability measure m' on (T, dx ) which satisfies 
the same majorizing measure condition as m on (T, d). We would like to have 
this property for the maximum of the two distances d and dx . Clearly, the 
measure J-L = m x m' on TxT equipped with the metric d((s, t), (s', t')) = 
max(d(s, s'), dx(t, t')) satisfies 

1T1 ( 1 ) 1/2 
lim sup log ( (( ) )) de = 0 . 
TI->0TxT 0 J-L B s,t ,e 

Now, we simply project on the diagonal. For each couple (s, t) in TxT, 
one can find (by a compactness argument) a point 'P(s, t) in T such that 
d((s,t),('P(s,t),'P(s,t)) :S 2d((s,t),(u,u)) for all u in T. Then, if d(s,u) and 
dx(t,u) are both < e, it follows by definition of 'P(s,t) that d('P(s,t),u) and 
dx( '1'( s, t), u) are < 3e. Hence B( (u, u), e) C '1'-1 (B( u, 3e)) where B( u, 3e) is 
the ball in T with center u and radius 3e for the metric max ( d, dx ). Therefore, 
letting in = 'P(J-L), in(B(u,3e)) J-L(B((u,u),e)) and thus 

1T1 ( 1) 1/2 
lim sup log _ (( ) de = 0 . 

TI->ootET 0 m B t,e) 
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It follows from this discussion that, replacing d by max(d,dx), we may and 
do assume in the following that dx d. 

We can turn to the proof of Theorem 14.2. Instead of refering to (6.30), it 
is simpler, since we will only be concerned with real valued random variables, 
to state and to again prove the inequality that we will need. 

Lemma 14.4. Let (Zi) be a finite sequence of independent real valued sym-
metric random variables in L2. Then, for all u > 0, 

Proof. Set 0' = (Li EZn 1/2. For any random variable A > 0, we can write 
by the triangle inequality and the definition of II(Zi)1I2,00 that 

II: Zil II: + I: IZiII{IZil>A} 
iii 

II: + : 
i 

Zil > u(411(Zi)112,00 + 0') } > u(2Au + O')}. 
t t 

Let us observe that on the set {IZil A} 

IZil < min(IZil , . 
2Au+0' - 0' 2u 

Hence, by the symmetry of the variables Zi and by the contraction principle 
in the form of (4.7) (applied conditionally on the Zi'S), 

where (£i) is an independent Rademacher sequence. We now need simply apply 
Kolmogorov's inequality (Lemma 1.6) to get the result. Lemma 14.4 is proved. 

Provided with this lemma, the proof of Theorem 14.3 is very much as 
the proof of Theorem 14.2, substituing the inequality of Lemma 14.4 to the 
subgaussian inequality. Since M is in L2,00, by Lemma 5.8, one can find, for 
each £ > 0, some a = a(£) > ° such that, for every n, 

£ 
> av'n} 2' 
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Let, for every n and every t in T, 

1 n 

yn(t) = Vn t; e:iXi(t)I{II(Mj )j:5nIl2,oo::;ay'n} . 

Lemma 14.4 implies that for every s, tin T and every u > 0, 

p{lyn(s) _ yn(t)1 > (4a+ l)ud(s,t)} 4exp(-u2/6) 

since IXi(S) - Xi(t)1 Mid(s,t) and IIXi(S) - Xi(t)1I2 d(s,t) for all i and 
s, tin T. From this result, the proof of Theorem 14.3 is completed exactly as 
the proof of Theorem 14.2 using the subgaussian results (Proposition 11.19). 

We conclude this section with an analogous study of some spectral mea-
sures of p-stable random vectors in C(T). We already know the close relation-
ships between the Gaussian CLT and the question of the existence of a stable 
random vector with a given spectral measure. The next example is another 
instance of this observation. 

Given a positive finite Radon measure l/ on C(T), we would like to de-
termine conditions under which l/ is the spectral measure of some p-stable 
random variable in C(T) with 1 p < 2 (recall that the case p < 1 is trivial, 
cf. Chapter 5). Since this seems a difficult task in general, we consider, as for 
the CLT, the particular case corresponding to Lipschitz processes. Assume for 
simplicity (and without any loss of generality) that l/ is a probability measure 
so that it is the distribution of a random variable Y in C(T). 

Theorem 14.5. Let 1 p < 2 and let q = p/p - 1. Let Y = (Y(t))tET be a 
random variable in C(T) such that IEIY(t)IP < 00 for all t and such that for 
all w 's and all s, t in T, 

IY(w,s) - Y(w,t)1 M(w)d(s,t) 

for some positive random variable M in Lp. Assume that there is a probability 
measure m on (T, d) such that 

11] ( 1) l/q 
lim sup log ( ) de: = 0 
1]-+0 tET 0 m B( t, e:) 

(if q < 00; if q = 00, use the function log+ log). Then, the distribution l/ of Y 
is the spectral measure of a p-stable random variable with values in C(T). 

Proof. It is similar to the proof of Theorem 14.2. For notational convenience, 
we restrict ourselves to the case q < 00. Recall the series representation of 
stable random vectors and processes (Corollary 5.3). Let (Yj) be independent 
copies of Y, and let (e: j) be a Rademacher sequence. Assume as usual that 
( rj ), (e: j ), (Yj) are independent. For each t, since IE I Y ( t)IP < 00, the series 

rj- 1/ p e: j Yj (t) converges almost surely (and defines a p-stable real valued 
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random variable). It will be enough to show that for each e > 0 one can find 
TJ > 0 such that 

(14.5) 
00 

IE sup lI:r;-1/Pe;(Y;(s)-Y;(t))1 <e. 
d(a,t)<f1 ;=1 

Then, the series r;-1/Pe;Y; converges almost surely and in L1 in C(T) 
(Ito..Nisio's theorem). By Corollary 5.5, c;1 r;1/Pe;Y; therefore defines 
there a p-stable random variable with spectral measure v. 

To establish (14.5), we first note that by independence, the contraction 
principle and (5.8), 

00 

IE sup lI:r;-1/Pe;(Y;(s)-Y;(t»)1 
d(a,t)<f1 ;=1 

IE sup Ifr1/Pe;(Y;(s) - Y;(t») I 
3 d(s,t)<f1 ;=1 

00 

KpE sup lI:r1/Pe;(Y;(s) - Y;(t») I 
d(s,t)<f1 ;=1 

where Kp only depends on p. Using Lemma 1.7, for every w of the space 
supporting the sequence (Y;), and every s,t in T and u > 0, 

PE{It,r1/Pe; (Y;(w, s) - Y;(w,t)) I > u} 

where (M;) is a sequence of independent copies of M and where we have 
used that 1Y;(w, s) - Y;(w, t)1 M;(w)d(s, t). Under the majorizing measure 
condition of the statement, we deduce from Theorem 11.14 that, for each 
e > 0, one can find TJ > 0 such that, uniformly in w, 

00 

1EE sup lI:r1/Pe;(Y;(w,s) - Y;(w,t») I ell U-1/PM;(w») IIp,oo . 
d(s,t)<f1 ;=1 

An integration with respect to w using Corollary 5.9 implies (14.5) and, as 
announced, the conclusion. 

14.2 Empirical Processes and Random Geometry 

In this section, we examine the CLT by yet another angle, namely by empirical 
process methods. Actually, we only present a short overview of these empiral 



14.2 Empirical Processes and Random Geometry 403 

techniques with, in particular, a random geometric characterization of classes 
for which the central limit property holds. We refer to [Du5] and [G-Z3] for 
some of the basics of the theory as well as for a more detailed investigation. 

First, we introduce the empirical process language. Let (5, S) be a mea-
surable space. If P is a probability on (5,S), (Xi) will denote here, unless 
otherwise indicated, a sequence of independent random variables defined on 
some probability space (il, A, P) with values in 5 and with common law P. 
We will also use randomizing sequences such as Rademacher or standard Gaus-
sian sequences (€i) or (gi), and denote accordingly by P e, 1Ee, P g, 1Eg partial 
integration with respect to (€i) or (gd. The empirical measures Pn associated 
to P are defined as the random measures on 5 given by 

1 n 

Pn(w)=;;:I>Sxi(w), wEil, n2:1, 
i=l 

where Ox is point mass at x (recall that the Xi'S have the common law P). 
In this section (and the next one), Lp = Lp(P), 0 :::; p :::; 00, is understood 

to be Lp(5,S,PjR) (we write Lp or Lp(P) depending on the context and on 
the necessity of specifying the underlying probability P). Ilfllp denotes the Lp-
norm (1 :::; p :::; 00) of the measurable function f on S, and dp(j, g) = Ilf - gllp 
denotes its associated metric. If f is in L1 = L 1(P), we further denote P(f) = 
E(f) = J fdP. We need also consider the random spaces Lp(Pn), 1 :::; p < 00, 

with their norms 

(
In ) lip 

Ilflln,p = ;;: L If(Xi)IP 
.=1 

where f is a function on 5, and denote by dn,p the associated random dis-
tances. 

By a class of functions on S, we will always mean a family F of (real val-
ued) measurable functions f on (S,S) such that Ilf(x)IIF = sUP!EF If(x)1 < 
00 for all x in 5. (For any family (a(f))fEF of numbers indexed by a class F, 
we set, with some abuse of notation, Ila(f)IIF = sUPfEF la(f)I.) Given P on 
(5,S), the (centered) empirical processes based on P and indexed by a class 
Fe L 1(P) are defined as 

(Pn - P)(f) = .!.. tU(Xi ) - P(f)), f E F, n 2: 1. 
n 

i=l 

As always in this book, we do not enter the various and possibly intricate 
measurability questions that the study of empirical processes raises. In order 
not to hide the main ideas which we intend to emphasize here, we shall as-
sume all classes F to be countable. Instead, we could require a separability 
assumption on the processes ((Pn - P)(f))!EF. 

Since we are assuming that IIf(x)IIF < 00 for every x in S, the maps 
f f(Xd, i E 1N, define random elements in the space foo(F) of all bounded 
functions F R equipped with the sup-norm 11·11.1" In this study of empirical 
processes, we are therefore dealing with random variables taking their values 



404 14. Empirical Process Methods in Probability in Banach Spaces 

in the non-separable (unless F is finite) Banach space ioo(F) entering, since 
we are assuming F countable, our general setting of infinite dimensional ran-
dom variables (cf. Section 2.3). Many results presented throughout this book 
therefore apply in this empirical setting. 

Limit properties are of course the main topic in the study of empirical 
processes as a way to approximate a given law P by empirical data Pn . We 
have the following definitions. A class F as above is said to be a Glivenko-
Cantelli class for P, or P satisfies the strong law of large numbers uniformly 
on F, if, with probability one, 

lim IlPn(J) - P(J)IIF = 0. n-+oo 

This definition extends the classical result due to Glivenko and Cantelli ac-
cording to which the class F of the indicator functions of the intervals [0, t], ° :::; t :::; 1, is a Glivenko-Cantelli class for every probability P on [0,1]. Since 
weak convergence is involved, the definition of the central limit property in 
this non-separable framework requires some more care. Write for convenience 
Vn = ..;n(Pn - P), n 1. Then, a class F of functions on S is said to be a 
Donsker class for P, or P satisfies the central limit theorem uniformly on F, 
if there is a Gaussian Radon probability measure 'YP on ioo(F) such that, for 
every real valued bounded continuous function r.p on ioo(F), 

lim J* r.p(vn)dlP = J r.p d'YP . n-+oo 

The use of the upper integral takes into account the measurability questions. 
By the finite dimensional CLT, the probability measure 'YP is the law of a 
Gaussian process G P indexed by F with covariance given by 

EGp(J)Gp(g) = P(Jg) - P(J)P(g) , /,g E F. 

Furthermore, to say that 'YP is Radon on ioo(F) is equivalent to saying that 
G p admits a version with almost all sample paths bounded and continuous 
on F with respect to the metric II(J - P(J)) - (g - P(g))1I2' /,g E F (cf. 
[G-Z3)). If this property is satisfied, the class F is said to be P-pregaussian, so 
that a P-Donsker class is of course P-pregaussian. As before, these definitions 
extend the classical Kolmogorov-Smirnov-Donsker theorem for the class F of 
the indicator functions of the intervals [0, t], ° :::; t :::; 1; the Gaussian process 
G p appears as a generalization of the Brownian bridge (with P the Lebesgue 
measure on [0,1)). We note for further purposes that if Gp is continuous in 
the previous sense and if IIP(J)IIF < 00 there exists a Gaussian process Wp 
with L2-metric given by EIWp(J) - Wp(g)12 = II/ - = d2(J,g)2, /,g in 
F (the analog of the Brownian motion), which is almost surely continuous on 
(F, d2). We may simply take for example W p(J) = G p(J) + ()P(J) where () is 
a standard normal variable which is independent of G p. To conclude this set 
of definitions, we should introduce Strassen classes satisfying the law of the 
iterated logarithm. Since we will basically be concerned only with the CLT, 
we leave this to the interested reader (cf. e.g. [K-D], [Du5], [D-P]). 
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As for the CLT in the space of continuous functions (cf. the preceding 
section), a class F is a P-Donsker class if and only if the processes Vn satisfy 
a Prokhorov type asymptotic equicontinuity condition. We refer to [Du4] , 
[Du5], [G-Z2], [G-Z3] for a complete description and a proof of the following 
statement which extends (14.1) to this empirical framework. It is already 
expressed in its randomized version (cf. Proposition 10.4) which will be useful 
in the sequel. For every TJ > 0, we let F7) = {J - g; f,g E F, d2(f,g) < TJ}· 

Theorem 14.6. Let F be a class offunctions on (S, S, P) such that IIP(f)IIF < 
00. Then, F is a Donsker class for P if and only if (F, d2) is totally bounded 
and, for every E > 0, there exists TJ > 0 such that 

The equivalence holds similarly if the Rademacher sequence (Ei) is replaced by 
an orthogaussian sequence (gi). 

From the integrability properties in the CLT, in the form for example of 
Corollary 10.2 and (10.2), note that if F is a P-Donsker class we also have 

(14.6) 

and similarly with (gi) in place of (Ed. 
With these definitions and observations, we now turn to the two results 

on Donsker classes that we intend to present. The first result describes the 
effect of pregaussianness on the equicontinuity condition of Theorem 14.6 for 
uniformly bounded classes of functions. It combines Sudakov's minoration 
with exponential bounds. For every E > 0 and every integer n, Fe,n denotes 
F7) for TJ = (E/y'n)1/2. 

Theorem 14.7. Let F be a uniformly bounded class of functions on (S,S, P). 
Then, F is a P-Donsker class if and only if it is P-pregaussian and, for some 
(or all) E > 0, 

Proof. Assume without loss of generality that IIflloo ::; 1 for all f in :F. Only 
sufficiency requires a proof. Let E > 0 be fixed. Since F is P-pregaussian, we 
know that W p is a Gaussian process which has a continuous version on (F, d2 ). 

Therefore, by Sudakov's minoration (Corollary 3.19), limn--->oo Cn(E) = 0 where 

( ) 1/2 ( ( 1 ( ) 1/2)) 1/2 
Cn(E) =.:n 10gN F,d2; 2" .:n 
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By the definition of the entropy numbers, there exists a class g = g(e, n) 
maximal in :F with respect to the relations d2(f,g) (e/y'n)1/2 such that 

(14.7) 

By maximality, for every I in :F there exists 9 in g satisfying d2(J,g) < 
(e/y'n)1/2. Therefore, for every "I > 0, and all sufficiently large n's depending 
on "I, we can write for all 6 > 0, 

> 36} 

.... > 6} + > 6}. 

So, by the hypothesis, it is enough to show that for all 6 > 0, 

Set now, for every n, 

A(e,n) = {V'I i= 9 in g = g(e,n), dn,2(J,g) 2d2(J,g)} 

where we recall that we denote by dn,2(J,g) the random distances 

- g)2(Xi)/n) 1/2. Let h = 1- g, I i= 9 in gj then IIhll oo 2 since:F 
is uniformly bounded by 1 and IIhll2 (e/y'n)1/2 by the definition of g. By 
Lemma 1.6, for all large enough n's, 

P{lIhlln,2 > 211h1l2} - Eh2(Xi» > 

exp( 

exp( -ev/n/50) . 

Hence, by (14.7), 

(14.9) lim sup P(A(e, nn limsup(Cardg(e, n»2 exp( -ev/n/50) = O. 

For each n and for each w in A(e, n), consider the Gaussian process 

Since wE A(e,n), clearly EgIZw,n(J) - Zw,n(J'W 4d2(J,!'). Now Wp has 
d2 as associated L2-metric and possesses a continuous version on (:F,d2). It 
clearly follows, from Lemma 11.16 for example, that 
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which therefore holds for every n and for every w in A(e,n). Standard com-
parison of Rademacher averages with Gaussian averages combined with (14.9) 
then implies (14.8) and thus the conclusion. Theorem 14.7 is established. 

The second result of this section further investigates the influence of pre-
gaussianness in the study of Donsker classes F (no longer necessarily uniformly 
bounded). While we only used Sudakov's minoration before, we now take ad-
vantage of existence of majorizing measures (Chapter 12). The result that we 
present indicates precisely how the pregaussian property actually controls a 
whole "portion" of F. In the remaining part, no cancellation (one of the main 
features of the study of sums of independent random variables) occurs. For 
clarity, we first give a quantitative rather than a qualitative statement. If P 
is a probability on (S,S) and F is a class of functions in L2 = L2(P), recall 
the Gaussian process Wp = (Wp(J))!EF. For classes of functions F,F1,F2, 
we write F C F1 + F2 to signify that each f in F can be written as it + h 
where it E F1 , h E F2 . 

Theorem 14.8. There is a numerical constant K with the following property: 
for every P-pregaussian class F such that IIfllF E L1 = L1(P) and for every 
n, there exist classes Fr, Pi in L2 = L2 ( P) such that F c Fr + F'2 and 

n 

(ii) EIII>d(Xi)/vnll n:::; KEIIWp(f)IIF. 
i=1 F2 

Proof. We may and do assume that :F is a finite class. By Theorem 12.6, there 
exist an ultrametric distance {j 2: d2 on F and a probability measure m on 
(:F, {j) such that 

(14.10) 
rOO ( 1) 1/2 

log m(B(J,e)) de:::; KEIIWp(J)IIF 

where B (J' e) are the balls for the metric {j. K is some numerical constant, 
possibly changing from line to line below, and eventually yielding the constant 
of the statement. We use (14.10) as in Proposition 11.10 and Remark 11.11. 
Denote by lo the largest l for which TJI 2: D where D is the d2-diameter of F. 
For every l 2: lo, let SJI be the family of {j-balls of radius 2- Jl . For every f in 
F, there is a unique element B of SJI with fEB. Let then 7rJl(J) be one fixed 
point of B and let J.LJI( {7rJl(J)}) = m(B). Let further J.L = LJI>JI 2-Jl+JIo+l J.LJI _ 0 

which defines a probability measure. We note that d2 (J,7rJl(J)) :::; 2-JI for all 
f and l and that 7rJl-l 07rJl = 7rJl-I. From (14.10), 
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(where we have used the definition of lo). Now, let n be fixed (so that we do 
not specify it every time we should). For every I in F and l > lo, set 

( 
2l - l0 ) -1/2 

a(f,l) = ..tnTI. log JL({1I"1.(f)}) 

Given I in F and xES, let 

lex, f) = sup { l j 'rI j l, 11I"j(f)(x) - 1I"j-1(f)(x)1 a(f,j)} . 

Define then 12 by hex) = 1I"1.(x,f)(f)(x) and It = 1- 12, and let F1 = Fi = 
{It j I E F}, F2 = Flj = {h j I E F}, with the obvious abuse in notation. 
The classes Fi and :Flj are the classes of the desired decomposition and we 
thus would like to show that they satisfy (i) and (ii) respectively. 

We start with (ii). Set F2 - F2 = {h - j 12, E F2} and u = 
EIIWp(f)IIF. We work with F2 - F2 rather than F2 since the process bounds 
of Chapter 11 are usually stated in this way. By definition of u, this will make 
no difference. We evaluate, for every t > 0 (or only t to large enough), the 
probability 

In a first step, let us show that this probability is less than 1P(A(t)C) where, 
for K2 to be specified later, 

A(t) = {'rI l 2: lo, 'rI1 E F, 

II (1I"1.(f) - 11"1.-1 (f) )I{I1rl(f)-1rl-l(f)I:5a(f,m IIn,2 Ki1t2-I.} 

(recall the random norms and distances 11·11 n,2, dn,2)' Let I, I' in F and denote 
by j the largest l such that 1I"1.(f) = 1I"1.(f'). Then lex, f) j if and only if 
lex, 1') j. That is, we can write for every x in S that 

hex) - = (1I"l(x,f)(f)(x) -

- (1I"1.(x,J,)(f')(x) -

It follows that 

= 1112 -

L II (1I"1.(f) - 1I"l-1 (f) ) I{I 1rl(f)-1rl-l (f)I:5a(f,en IIn,2 

+ L II (1I"l(f') - 1I"1.-1(f'»)I{I1rt(f')-1rl_l(f')I:5a(f',enlln,2 

and thus, on the set A(t), for all 1,1', 
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(by definition of 6 and j). From this property, it follows from the majorizing 
measure bound of Theorem 11.18 and (14.10) that, for all t > 0, 

(14.12) 

for K2 well chosen from (14.10) and the constant of Theorem 11.18. We there-
fore have to evaluate P(A(t)C). To this aim, we use some exponential inequal-
ities in the form, for example, of Lemma 1.6. Note that 1I11"l(f) -1I"l-1(f)1I2 
3 . 2- l . Recentering, we deduce from Lemma 1.6 that, for every I in F, and 
every e > eo, 

1P{ II (1I"l(f) - 1I"l-1 (f) ) IU,rl(f)-7I"l-1 (f)I::;a(f,l)} IIn,2 > Ki1t2- l } 

exp( -tn2-2la(f, e)-2) 

for all large enough t t1 (independent of n, I and e). By the definition of 
a(f, e), this probability is estimated by 

( ( 2l-lo )) 
exp -tlog Jl({1I"l(f)}) . 

If c 2, exp(-tlogc) (ct2)-1 as soon as t t2 where t2 is numerical. 
Therefore, if t to = max(tt, t2), we have obtained 

1P(A(W) L L 2l - lo Jl({1I"l(f)}) 
l>lo {7I"l(f)} 

where we have used that 1I"l-1 01l"l = 1I"l-1 and that Jl is a probability. By 
(14.12), integration by parts then yields 

from which (ii) immediately follows since, for any I in F, 1112112 11/112 + 
2-lo 5u. 

The main observation to establish (i) is the following: since we have 
11I"l(x,J)+1(f)(x) - 1I"l(x,J)(f)(x)1 > a(f,e + 1), for every It in Fb 

IlfIll1 = EI/I L E(ll -1I"l(f)II{17I"l+1(f)-7I"l(f)I>a(f,l+1)}) . 
l?lo 

By Cauchy-Schwarz and Chebyshev's inequalities, 
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1111111 ::; L a(f, f + 1)-1111 - 1rl(f)1I2111rH1(f) - 1rl(f)1I2 
i?lo 

::; La(f,f+l)-13.T2i- 1 

u 
<K1 -- ,;n 

for some numerical constant K 1 , where the last inequality is (14.11) (recall 
that u = 1EIIWp(f)IIF). It is easy to conclude. Set 

Since F1 C F - F2 , we already know from (ii) that 

n 

EIIL€d(Xi)/v'n11 ::;v+Ku. 
i=l Fl 

From the comparison properties for Rademacher averages (Theorem 4.12), 

n 

1EIIL€il/(Xi)I/v'n1l ::; 2(v + Ku), 
i=l Fl 

and further, by Lemma 6.3, 

n 

1EIIL(I/(Xi )I-1EI/(Xi)I)/v'nIlF ::; 4(v + Ku). 
i=l 1 

Since 1111111 ::; K 1un- 1/ 2 for every 11 in F1, (i) immediately follows. Therefore, 
the proof of Theorem 14.8 is complete. 

It is noteworthy that the proof of Theorem 14.8 actually yields more 
than its statement. We have shown that, with high probability, the class 
equipped with the random distances dn ,2 is a Lipschitz image of (F, b) which is 
controlled by the pregaussian hypothesis. The class Fl is controlled in L1{Pn ). 

In this sense, Theorem 14.8 may appear as a random geometric description 
of the central limit property. If F is P-Donsker, then F is decomposed in two 
classes, the first for which the random distances dn ,2 are controlled by the 
(necessary) P-pregaussian property, the second being controlled in the 11·lIn,l 
random norms for which no cancellation occurs. Conversely, such a decompo-
sition clearly contains the Donsker property. Note that the levels of truncation 
chosen in the proof of Theorem 14.8 correspond, when the class F is reduced 
to one point, to the classical level ,;n. 

To draw a possible qualitative version of Theorem 14.8, let us state the 
following (see also [Ta4], [G-Z3]). Recall that F'7 = {I - g; I,g E F, d2(f,g) 
< 17}· 
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Corollary 14.9. Let F be a P-pregaussian class. Then, for all "., > 0 and 
every integer n, one can find classes n(".,), Fr(".,) in L2(P) such that FrJ C 
Ff(".,) + n(".,) and such that 

n 

lim limsup 1EIILgd(Xi )/v'n11 = 0 
rJ-+O n-+oo i=l :F;(rJ) 

and 
n 

lim sup lim sup 1E11 L: If(Xi)l/v'n11 n 
rJ-+O n-+oo i=l :Fl (rJ) 

n 

K lim sup lim sup 1EIIE c:d(Xi)/v'n11 
rJ-+O n-+oo i=l :F'1 

(where K is a numerical constant). In particular, F is P-Donsker if and only 
if 

n 

lim lim sup 1E11L: If(Xi)l/v'n11 = o. 
rJ-+O n-+oo i=l :Fi (rJ) 

14.3 Vapnik-Chervonenkis Classes of Sets 

While the previous section dealt with random characterizations of Donsker 
classes, this section is devoted to the study of nice classes of indicator functions 
for which the classical limit theorems can be established. These classes of 
sets are the so-called Vapnik-Chervonenkis classes which naturally extend the 
case of the intervals [0, t], 0 t 1, on [0,1]. As we will see moreover, the 
limit properties of empirical processes indexed by Vapnik-Chervonenkis classes 
actually hold uniformly over all probability distributions. 

Let S be a set and C be a class of subsets of S. Let A be a subset of S 
of cardinality k. Say that C shatters A if each subset of A is the trace of an 
element of C, i.e. Card(C n A) = 2k where C n A = {C n A j C E C}. Say that 
C is a Vapnik- Chervonenkis class (VC class in short) if there exists an integer 
k :::: 1 such that no subset A of S of cardinality k is shattered by C, i.e. for 
every A in S with CardA = k, we have Card(C n A) < 2k. Denote by v(C) 
the smallest k with this property. The class C = nO, t] j 0 t I} in [0, 1] is 
a VC class with v(C) = 2. The following result is the most striking fact about 
VC classes. 

Proposition 14.10. Let C be a VC class in S and let v = v(C). Then, for 
any finite subset A of s, 

Card(C n A) Card{B C A j CardB < v}. 

In particular, if Card A = nand n :::: v, 

(en)V Card(C n A) -:; . 
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The second part of the proposition follows from the fact that 
Card {B c A; Card B < v} = L j <v (j) and from an easy estimate of the 
latter. In particular, it indicates that we pass from the a priori information 
that Card( C n A) < 2n to a polynomial growth of this cardinality. This section 
is devoted to the applications to empirical processes indexed by VC classes of 
this basic property. 

We may note that if B c A is such that Card( C n A) = 2CardB, then 
CardB < v. Proposition 14.10 therefore follows from the more general fol-
lowing result (by letting U = en A), the proof of which uses rearrangement 
techniques. 

Proposition 14.11. Let A be a finite set and U be a class of subsets of A. 
Then, 

Card U ::; Card {B c A; B is shattered by U} . 

Proof. The idea is to find a simple operation (symmetrization) that will make 
U more regular while at the same time not decreasing the number of sets 
shattered by U. One then applies this operation until the set U is so regular 
that the result is obvious. Given x in A, we define Tx(U) = {Tx(U); U E U} 
where for U in U, Tx(U) = U\{x} if x E U and U\{x} fI. U and Tx(U) = U 
otherwise. The first observation is that 

(14.13) Card Tx (U) = Card U . 

To show this, it suffices to establish that Tx is one-to-one on U. Suppose that 
Tx(U1 ) = Tx(U2) for UI, U2 in U. Then, by the definition of the operation 
Tx, U1 \ {x} = U2 \ {x}. Since U1 = U2 when x E Tx(U1), let us assume that 
x fI. Tx(U1) and that U1 i= U2, and proceed to a contradiction. Suppose for 
example that x E U1, X fI. U2. Then, since U1 \{x} = U2 E U, Tx(U1) = U1, so 
x E Tx(Ut) which is a contradiction. This shows (14.13). Let us now establish 
that if Tx(U) shatters B, then U shatters B. If x fI. B, Tx(U) and U have the 
same trace on B. If x E B, for B' C B\{x}, there is T E Tx(U) such that 
TnB = B'U{x}. Tis of the form Tx(U) for some U in U. Since x E T, both U 
and U\ {x} belong to U, so U shatters B. We can now conclude the proof of the 
proposition. Let w(U) = LUEU Card U. Let U' be such that U' is obtained 
from U by applications of some transformations Tx and such that w(U') is 
minimal. Then, for each U in U' and each x in U, we must have U\ { x} E U' 
for, otherwise, w(Tx(U')) < w(U'). This means that U' is hereditary in the 
sense that if B' c B E U', then B' E U'. In particular, U' shatters each set 
it contains so that the result of the proposition is obvious for U'. Since by 
(14.13), CardU' = CardU and since U shatters more sets than U', the proof 
is complete. 

Let now (8,S) be a measurable space and consider a class C C S. If Q is 
a probability measure on (8,S), we let, for any A,B in S, 

dQ(A,B) = (Q(A6B))1 /2 = lilA - IBI12 
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(where A6.B = (A6.BC ) U (AC n B) and where the norm 11·1/2 is understood 
with respect to Q). Recall the entropy numbers N (C, dQ ; e). The next theorem 
is a consequence of Proposition 14.10 and appears as the fundamental property 
in the study of limit theorems for empirical processes indexed by VC classes. 

Theorem 14.12. Let C C 8 be a VC class. There is a numerical constant K 
such that for all probability measures Q on (S,8) and all 0 < e :S 1, 

10gN(C,dQ;e) :S Kv(C) (1 + log . 

Proof. Let Q and e be fixed. Let N be such that N(C,dQ;e) 2:: N. There exist 
AI"'" AN in C such that dQ(Ak' Ai) 2: e for all k #- t. If (Xi) are independent 
random variables distributed according to Q, P{Xi f/. Ak6.At} :S 1 - e2 and 
thus 

P{ (Ak6.Ai) n {Xl,'" ,XM} = 0} :S (1 - e2)M 

for all k #- l and all integers M. Therefore, if M is chosen such that 
N 2 (1 - e2)M < 1, 

P{V'k#-l, (Ak6.At)n{XI, ... ,XM}#-0} >0 

and there exist points Xl, ••. ,XM in S such that, for k #- l, (Ak6At) n 
{Xl, ... , XM}) #- 0. Then, Proposition 14.10 indicates that, necessarily, 

where v = v(C), at least when M 2:: v. Take M = [2e-2 10g N] + 1 so that 
N 2 (1 - e2) M < 1. Assume first that log N 2:: v (2:: 1) so that v :S M :S 
4e-2 10gN. Then, the inequality N:S (eM/v)V yields 

log N :S v (log + log (10: N) ) 
4e 1 

:S v log 2" + - log N 
e e 

where we have used that log X :S x/e, X > O. It follows that 

4e 
10gN:S 2vlog 2"' 

e 

an inequality which is also satisfied when log N :S v since e :S 1. Since N :S 
N(C,dQ;e) is arbitrary, Theorem 14.12 is established. 

To agree with the notation and language of the previous section, we iden-
tify a class C C 8 with the class :F of the indicator functions Ie, C E C, and 
thus write II . lie for I/·IIF. We also assume that we only deal with countable 
classes C in order to avoid the usual measurability questions. This condition 
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may be replaced by some appropriate separability assumption. The next state-
ment is one of the main results on ve classes. It expresses that ve classes 
are Donsker classes for all underlying probability distributions. 

Theorem 14.13. Let C C S be a VC class. Then C is a Donsker class for 
every probability measure P on (8,S). 

Proof. Let P be a probability measure on (8, S). As a first simple consequence 
of Theorem 14.12, C is totally bounded in L2 = L2(P). By Theorem 14.6, it 
therefore suffices to show that 

(14.14) lim lim sup p{ sup Itei(Ic - ID)(Xi)/..fii1 > e} = 0 
71 ..... 0 n ..... oo dp(C,D)<71 i=1 

for all e > 0 (where, of course, C, D belong to C). Recall the empirical mea-
sures Pn(w) = tix,(w)/n, wE il, n 1. For every wand every n, the ran-
dom (in the Rademacher sequence (ei)) process ei1c(Xi(w))/..fii)cEC 
is subgaussian with respect to dpn(w). Since Theorem 14.12 actually implies 

171 1/2 
lim sup (log N(C,dQj e») de=O, 
71 ..... 0 Q 0 

it is plain that Proposition 11.19 yields a conclusion which is uniform over the 
distances dp.,(w) in the sense that for every e > 0, there exists "I = TJ(e) > 0 
such that for every n and every w, 

1 n 

Ee sup I '- L:>i(Ic - ID)(Xi(w») I < e2 
dPn(w)(C,D)<71 v n i=1 

(14.15) 

where, as usual, Ee is partial integration with respect to (ei). From this result, 
the proof will be completed if the random distances dp.,(w) can be replaced by 
dp, at least on a large enough set of w's. As for (14.15), if C is ve, 

By Lemma 6.3 (actually the subsequent comment), we also have 

The same property holds for Cb.C = {Cb.C' j C, C' E C} since it is also ve 
by Proposition 14.10. Hence, given e > 0 and "I = TJ(e) > 0 so that (14.15) is 
satisfied, there exists no such that P(A(n)) e for all n no where 

A(n) = {1I(Pn - > TJ2/4}. 

We can easily conclude. For all n no, using (14.15), 
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1P{ sup If>i(IC - ID)(Xi)/v'n1 > e} 
dp(C,D)<1)/2 i=l 

::; e + 1P{A(n)C j sup Itei(Ic - ID)(Xi)/v'n1 > e} 
dPn (C,D)<1) i=l 

::; 2e . 

This gives (14.14) so that Theorem 14.13 is established. 

The preceding proof based on the key Theorem 14.12 actually carries more 
information than the actual statement of Theorem 14.13. It indeed indicates a 
uniformity property over all probability measures P. With the same argument 
leading to (14.15) via Theorem 14.12, and as we actually used it in the proof, 
there is a numerical constant K > 0 such that if C is VC, 

(14.16) supIEIIVn(C)11e ::; Kv(C)1/2 
n 

for all probability measures P on (S, S), where we recall that Vn = vn( Pn - P). 
This property implies a uniform strong law of large numbers in the sense that 
for some sequence (an) of positive numbers decreasing to 0 and for any P 

1 
sup -11(Pn - P)(C)11e < 00 almost surely. 

n an 

This may be obtained for example from Theorem 8.6 (or the "bounded" ver-
sion of Theorem 10.12) which yields the best possible an = (LLn/n)1/2. One 
may also invoke the SLLN results in the form of Theorem 7.9 for example. 
(Recall that since we are dealing with indicators, the corresponding random 
variables in foo(C) are uniformly bounded.) 

It is remarkable that these uniform limit properties actually characterize 
VC classes. Following (14.16), suppose for example that we are given a class 
C in S such that, for some finite M, 

(14.17) sup IE IIvn ( C) lie ::; M 
n 

for all probability measures P on (S, S). If we then recall the Gaussian pro-
cesses Gp with covariance P(C n D) - P(C)P(D), C,D E C, introduced in 
Section 14.2, we also have, by the finite dimensional CLT, that 

(14.18) IEIIGp(C)lIc ::; M 

for every P. In particular, if P = t where Xl, .•. , Xk are points in S, 
G p can be described as 

1 k 

Gp(C) = v'k gi(15x ;(C) - P(C»), C E C, 

where (gi) is a standard normal sequence. Therefore, from (14.18), 
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k 

(14.19) EIILYibX;(C)11 ::; (M + l)Vk. 
i=l e 

Now, suppose that C is not a VC class. Then, for every k, there exists a subset 
A = {Xl, . .. , Xk} of S of cardinality k such that Card(C n A) = 2k. Therefore, 
as is obvious, for every a = (a1, ... , ak) in Rk, 

(14.20) 

If we integrate this inequality along the orthogaussian sequence (Yd, we get a 
contradiction with (14.19) when k is large enough. Therefore C is necessarily 
a VC class under (14.18) and thus a fortiori under (14.17). (By an argument 
close in spirit to the closed graph theorem as in Proposition 14.14 below, it is 
actually enough to have that C is P-pregaussian for every P.) 

The next proposition strengthens this conclusion, showing in particular 
that the conclusion is not restricted to the CLT. 

Proposition 14.14. Let C be a (countable) class in S. Assume that there 
exists a decreasing sequence of positive numbers (an) tending to 0 such that 
for every probability P on (S,S), the sequence (11(Pn -P)(C)lle/an) is bounded 
in probability. Then C is a VC class. 

Proof. We may assume that sUPn(anVn)-l < 00. By Hoffmann-Jj/lrgensen's 
inequalities (Proposition 6.8), 

1 
sup -EII(Pn - P)(C)11c < 00. 

n an 

From Lemma 6.3, we see that, for every n, 

n n 

EIIL ci(Ic(Xi ) - P(C)) lie ::; 2EIIL(Ic(Xi ) - P(C)) lie· 
i=l .=1 

Therefore, if we set 

1 n 

= sup -EIIL cJdXi ) II ' 
n nan i=l e 

we clearly get 

1 1 
::; sup r,;; + 2 sup -EII(Pn - P)(C)IIc· 

n ynan n an 

Hence < 00 for every P. We would like to show that there is some finite 
constant M such that 

(14.21) ::; M for all probability measures P. 
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To this aim, let us first show that if pO and pI are two probability measures 
on (8,S), and if P = apo + (1 - a)Pl, 0 ::; a ::; 1, then 4>(P) a4>(PO). 

Let (XP) (resp. (Xl)) be independent random variables with common distri-
bution pO (resp. pI). Let further (Ai) be independent of everything that was 
introduced before and consisting of independent random variables with law 
P{Ai = o} = 1 - P{Ai = I} = a. Then (Xi) has the same distribution as 
(X;i). In particular, by the contraction principle, 

n n 

JEIIE ci1c(XP)IPi=O}IIc' 
i=l i=l 

Jensen's inequality with respect to the sequence (Ai) then yields 

JElltci1c(Xi)II aJElltcdc(XP)II 
i=l C i=l C 

and thus the desired inequality 4>(P) a4>(PO). This observation easily im-
plies (14.21). Indeed, if it is not satisfied, one can find a sequence (p k ) of 
probability measures on (8,S) such that 4>(pk) 4k for every k. If we then 
let P = E;;:l 2-k pk, 4>(P) 2-k4>(pk) 2k for every k, contradicting 
4>(P) < 00. 

Now, we can conclude the proof of Proposition 14.14. If C is not VC, 
there exists, for every k, A = {Xl, . .. ,Xk} in 8 such that (14.20) holds. Take 
then P = 6Xi ' Fix then n large enough so that n > 4Mnan , which is 
possible since an -+ O. Consider k > 2n2 such that P(ilo) 1/2 where 

ilo = tv'i 1= j ::; n, Xi 1= X j } • 

Then, since 4>(P) ::; M, we can write by (14.20) 
n 

Mnan EIIEci1c(Xi)II 
i=l c 

r lit Ci1c(Xi)II P(ilo) 100 i=l C 2 4 

which is a contradiction. The proof of Proposition 14.14 is complete. 

As in Section 14.1, the nice limit properties of empirical processes indexed 
by VC classes may be related to the type property of a certain operator 
between Banach spaces. Denote by M(8,S) the Banach space of all bounded 
measures J.l on (8, S) equipped with the norm 1IJ.l1I = iJ.li(8). Let C C Sj 
consider the operator j : M(8,S) -+ loo(C) defined by j(J.l) = (J.l(C))CEC. We 
denote by T2(j) the type 2 constant of j, that is the smallest constant C such 
that for all finite sequences (J.li) in M(8,S), 

(provided there exists one). We have the following result. 
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Theorem 14.15. In the preceding notation, C is a VC class if and only if j 
is an operator of type 2. Moreover, for some numerical constant K > 0, 

Proof. We establish that T2(j) ::; K(v(C))I/2. Let (J.ti) be a finite sequence in 
M(8,S). To prove the type 2 inequality, we may assume that the measures 
J.ti are positive and, by homogeneity, that Ei lIJ.till 2 = 1. Set Q = Ei lIJ.tillJ.ti. 
Then Q is a probability measure on (8,S) and we clearly have 

for all C, D. Therefore, the entropic version of inequality (11.19) together with 
Theorem 14.12 applied to the process (Ei �iJ.ti(C))CEC where C c S is VC 
yields 

1 +K 100 
(logN(C, dQ; �))1/2d� 

::; 1 + K'(v(C))1/2 

where K, K' are numerical constants. Since v(C) 2: 1, the right hand side 
inequality of the theorem follows. To prove the converse inequality, set v = 
v(C). Since T2(j) 2: 1, we can assume that v 2: 2. By definition of v, there 
exists A = {Xl, ... ,Xv-l} in 8 such that Card(CnA) = 2v - 1. Then 

v-I 

::; T2(j)(V _1)1/2, 
0=1 

and, by (14.20), 

- 1) ::; T2(j)(V - 1)1/2. 

Therefore, T2(j) 2: (v - 1)1/2/22: v1/2/4, which completes the proof of The-
orem 14.15. 

From this result together with the limit theorems for sums of indepen-
dent random variables with values in Banach spaces with some type (or for 
operators with some type) (cf. Chapter 7, 8, 9, 10), one can essentially again 
deduce Theorem 14.13 and the consequent strong limit theorems for empirical 
processes indexed by VC classes. Moreover, one can note that C is actually a 
VC class as soon as the associated operator j has some type p > 1, simply 
because if this holds, we are in a position to apply Proposition 14.14. Finally, 
the property (14.20) makes it clear that the notion of VC class is related to 
if-spaces. The following statement is the Banach space theory formulation of 
the previous investigation. 
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Theorem 14.16. Let Xl, ... , Xn be functions on some set T taking the values 
±1. Let r(T) = 1ESUPtET\L::=l ciXi(t)\. There exists a numerical constant K 
such that for every k such that k r(T)2 / Kn, one can find m1 < m2 < ... < 
mk in {l, ... ,n} such that the set a/values {Xml(t), ... ,xmk(t)}, t E T, is 
exactly {-I, + l}k. In other words, the subsequence X mll ••• 'Xmk generates a 
subspace isometric to it in ioo(T). 

Proof. Let 

M = 1Esupltci(l +;i(t»)1 
tET i=l 

and consider the class C of subsets of {I, 2, ... , n} of the form {i E {I, ... ,n} ; 
Xi(t) = I}, t E T. Theorem 14.15 applied to this class yields 

M K(nv(C») 1/2 . 

Therefore, by definition of v(C), the conclusion of the theorem is fulfilled for all 
k < M2 / K 2n. Note that r(T) 2M +J1i. Since we may assume that M J1i 
(otherwise there is nothing to prove), we see that when k r(T)2 / K'n for 
some large enough K', we have that k < M2 / K 2n in which case we already 
know that the conclusion holds. 

Notes and References 

As announced, this chapter only presents a few examples of the empirical 
process methods and their applications. Our framework is essentially the one 
put forward in the work of E. Gine and J. Zinn [G-Z2], [G-Z3], itself initiated 
by R. Dudley [Du4]. Some general references on empirical processes are the 
notes and books [Ga), [Du5], [Pol), [G-Z3]. The interested reader will complete 
appropriately this chapter and this short discussion with those references and 
the papers cited therein. 

The central limit theorems for subgaussian and Lipschitz processes (The-
orems 14.1 and 14.2) are due to N. C. Jain and M. B. Marcus [J-M1]. 
R. Dudley and V. Strassen [D-S) introduced entropy in this study and es-
tablished Theorem 14.2 with M uniformly bounded. Another prior partial 
result may be found in [Gin) (where the technique of proof is actually close to 
the nowadays bracketing arguments - see below). These authors worked under 
the metric entropy condition; the majorizing measure version of these results 
was obtained in [He1). In [Zil), J. Zinn connects the Jain-Marcus CLT for Lip-
schitz processes with the type 2 property of the operator j : Lip(T) -+ C(T). 
The analog of Theorem 14.2 for random variables in Co is studied in [Pau] , 
[He4], [A-G-O-Z], [Ma-PI]. A stronger version of Theorem 14.3 is established 
in [A-G-O-Z) where it is shown that the conclusion actually holds for local 
Lipschitz processes, namely processes X in C(T) such that for every t in T 
and every c > 0, 
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II sup IXs - xt l1l2,oo :::; €. 
d(s,t)<g 

The proof of this result relies on bracketing techniques in the context of empir-
ical processes. (The arguments of proof are related to Theorem 14.8 and the 
truncations used there; a similar decomposition is developed from which the 
local Lipschitz conditions provide the control of the corresponding L1(Pn)-
portion.) Bracketing was initiated in [Du4]; further results are obtained in 
rOss], [A-G-Z], [L-T4]. In those last two articles, analogous results for the 11L 
are discussed, improving upon [Led1]. The simple proof of the (weaker) The-
orem 14.3 and the inequality of Lemma 14.4 are due to B. Heinkel [He7] (see 
also [He8]). Theorem 14.5 is taken from [M-P3]. 

The equicontinuity criterion for Donsker classes is due to R. Dudley [Du4]; 
its randomized version (as stated as Theorem 14.6) is taken from [G-Z2]. 
E. Gine and J. Zinn made clever use of the Gaussian randomization and the 
Gaussian process techniques together with exponential bounds to achieve re-
markable progress in the understanding of the Donsker property. Theorem 
14.7 is theirs [G-Z2]. Theorem 14.8 and the random geometric description 
of Donsker classes have been obtained in [Ta4] , motivated by the investi-
gation and the prior results in [G-Z2]. We refer to [G-Z3] for an alternate 
exposition and for more details. Further statements in this spirit appear in 
[L-T4]. Donsker classes of sets are investigated in [G-Z2], [G-Z3], [Ta6] (see 
also [V-C2]). 

Vapnik-Chervonenkis classes of sets were introduced in [V-C1] and were 
shown there to satisfy uniform laws of large numbers. CLT, 11L and invari-
ance principle for VC classes have been established in [Du4], [K-D] , [D-P] 
respectively. Our exposition of this section is based on the observations by 
G. Pisier [Pi14]. Proposition 14.10 was established, independently, in [V-C1], 
[Sa], [Sh]. The proof based on Proposition 14.11 seems to be due to P. Frankl 
[Fr]. We learned it from V. D. Milman. The main Theorem 14.12 on the uni-
form entropy control of VC classes was observed by R. Dudley [Du4] to whom 
Theorem 14.13 is due. That VC classes are actually characterized by uniform 
limit properties of the empirical measures was noticed in a particular case (for 
the Donsker property) in [D-D] and completely understood via the map j and 
Theorem 14.15 by G. Pisier [Pi14]. Theorem 14.16 is also taken from [Pi14]. 
Universal Donsker classes of functions do not seem to have similar nice de-
scriptions (see however [G-Z5]); for some results connected with type 2 maps, 
cf. [Zi4]. Let us also mention the extension of the VC definition to classes of 
functions (VC graphs) with, in particular, a characterization of the Donsker 
property [Ale2] in the spirit of the best possible conditions for the CLT in 
Banach spaces (cf. Chapter 10). See [A-T] for the corresponding 11L result. 



15. Applications to Banach Space Theory 

This last chapter emphasizes some applications of isoperimetric methods and 
of process techniques of Probability in Banach spaces to the local theory of 
Banach spaces. The applications which we present are only a sample of some 
of the recent developments in the local theory of Banach spaces (and we 
refer to the lists of references, and seminars and proceedings, for further main 
examples in the historical developments). They demonstrate the power of 
probabilistic ideas in this context. This chapter is organized along its subtitles 
of rather independent context. Several questions and conjectures are presented 
in addition, some with details as in Sections 15.2 and 15.6, the others in the 
last paragraph on miscellaneous problems. 

15.1 Subspaces of Small Co dimension 

Before we turn to the object of this first section, it is convenient to briefly 
present a covering lemma in the spirit of Lemma 9.5 which will be of help 
here. We denote by B2 = Bf the Euclidean unit ball of RN. 

Lemma 15.1. There exists a subset H of 2Bf of cardinality at most 5N such 
that Bf C Conv H. 

Proof. It is similar to the proof of Lemma 9.5. Let N be fixed. For 0 < 8 < 1, 
let ii be maximal in B2 such that Ix - yl > 8 for all x, y in ii. Then the balls 
of radius {j/2 with centers in ii are disjoint and contained in (1 + 8/2)B2 • If 
we compare the volumes, we get 

Card ii ( N volB2 (1 + N volB2 

so that Card ii (1 + 2/ 8)N. By maximality of ii, it is easily seen that each 
x in B2 can be written as 

00 

x = L8khk 
k=O 

where (hk) C ii. Then take {j = 1/2, H = 2ii and the lemma follows. 
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As a consequence of this lemma, note that ii = ! H in the preceding proof 
is such that ii C B!i, Card ii ::; 5N and 

Ixl ::; 2 l(x,h)1 
hEH 

for all x in lRN. 
Let T be a convex body in lR N, that is T is a compact convex symmetric 

(about the origin) subset of lRN with non-empty interior. As usual, denote by 
(9i) an orthonormal Gaussian sequence. We let (as in Chapter 3) 

where t = (t1. ... , tN) in lRN and IN is the canonical Gaussian measure on 
lRN. The result of this section describes a way of finding a subspace F of lRN 
whose intersection with T has a small diameter as soon as the codimension of 
F is large with respect to f(T). This result is one of the main steps in the proof 
of the remarkable quotient of a subspace theorem of V. D. Milman [Mi2]. As 
for Dvoretzky's theorem, we present two proofs of the result, both of them 
based on Gaussian variables. The first proof uses isoperimetry and Sudakov's 
minoration, the second the Gaussian comparison theorems. 

For 9ij, 1 ::; i ::; N, 1 ::; j ::; k, k ::; N, a family of independent standard 
normal variables, we denote by G the random operator lR N lRk with matrix 
(9ij). If S is a subset of lRN, we set diam(S) = sup{lx - yl j x, YES}. If F 
is a vector subspace of a vector space B, the codimension of F in B is the 
dimension of the quotient space B / F. 

Theorem 15.2. Let T be a convex body in lRN. There exists a numerical 
constant K > 0 such that for all k ::; N 

F{ diam(T n KerG) ::; K ejd} 1 -exp( -k/ K). 

In particular, there exists a subspace F of lRN of codimension k (obtained as 
F = KerG( w) for some appropriate w) such that 

diam(T n F) ::; K fjd . 

First proof of Theorem 15.2. We start with an elementary observation. For 
every x in lRN and all u > 0, 

(15.1 ) ( 2)k/2 
p{IG(x)1 < ulxl}::; e: 
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We may assume by homogeneity that Ixl = 1. Then IG(xW has the same 
distribution as g;. For every .x > 0, 

Therefore, 

Choose then for example .x = k/2u2 and (15.1) follows. 
The next lemma is the main step of this proof. It is based on the isoperi-

metric type inequalities for Gaussian measures. 

Lemma 15.3. Under the previous notation, for every integer k and every 
u> 0, 

P{supIG(x)1 >4f(T)+u} ::;5k exp(- uR
2

2 ) 
xET 8 

where R = sUPxET Ixl. 

Proof. By Lemma 15.1 (or rather by its immediate consequence), there exists 
H in with cardinality less than or equal to 5k such that 

IG(x)1 ::; 2 sup I(G(x),h)1 
hEH 

for all x in m,N. Therefore, it suffices to show that for every Ihl ::; 1, 

(15.2) I(G(x), h)1 > 2f(T) + ::; exp ( - ) . 

By the Gaussian rotational invariance and the definition of G, the process 
((G(x), h) )xET is distributed as (Ihl giXi) xET' Then (15.2) is a direct 
consequence of Lemma 3.1. (Of course, we need not be concerned here with 
sharp constants in the exponential function and the simpler inequality (3.2), 
for example, can be used equivalently.) Lemma 15.3 is established. 

We can conclude this first proof of Theorem 15.2. By Sudakov's minoration 
(Theorem 3.18), 

sup c: (log N(T, c:Bt')) 1/2 ::; K1f(T) 
,;>0 

for some numerical constant K 1. Therefore, there exists a subset S of T of car-
dinality less than exp(Krk) such that the Euclidean balls of radius k- 1/ 2f(T) 
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and with centers in S cover T. Let T = 2T n (k-1/ 2f(T)Bf) and define the 
random variables 

A = sup IG(x)l, B = inf IG(x)1 . 
xET xES Ixl 

By Lemma 15.3 applied to T, for every u > 0, 

so that, if u = 6 for example (k 2: 1), 

1P{A> 14f(T)} S exp(-2k). 

On the other hand, by (15.1), 

( 2) k/2 
1P {B < u} S exp (K; k ) 

If we choose u = K:;1Jk where K2 = exp(K? + 3), it follows that 

1P{ B < Ki1v'k} S exp( -2k). 

Therefore, the set {A S 14f(T), B 2: K:;1v'k} has a probability larger than 
1-2exp(-2k) 2: l-exp(-k). On this set ofw's, take x E TnKerG(w). There 
exists Y in S with Ix - YI S k-1/2f(T). Since G(w,x) = 0, we can write 

II II f(T) < IG(w,y)1 f(T)_IG(w,x-Y)1 f(T) 
x s Y + v'k - B(w) + v'k - B(w) + v'k 

< A(w) + f(T) < (14K + l)f(T) . 
- B(w) v'k - 2 v'k 

Hence diam(TnKerG(w)) S Kf(T)jv'k with K = 2(14K2+l). This completes 
the first proof of Theorem 15.2. 

Second proof of Theorem 15.2. It is based on Corollary 3.13. Let S be a closed 
subset of the unit sphere S: -1 of R N. Let (gi), (gD be independent orthogaus-
sian sequences. For x in S and Y in the Euclidean unit sphere S;-1 of Rk, 
define the two Gaussian processes 

N k 

Xx,y = (G(x),y) + 9 = LLgijXiYj + 9 
i=1 j=1 

where 9 is a standard normal variable which is independent of (gij) and 

N k 

Yx,y = L giXi + L gjYj . 
i=1 j=1 
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It is easy to see that for all x, x' in S and all y, y' in 

E(XX,yXXI,yl) - E(Yx,yYxl,yl) = (1- (x,x'))(1 - (y,y')) 

so that this difference is always non-negative and equal to 0 when x = x'. By 
Corollary 3.13, for every A > 0, 

(15.3) 1P{ inf sup Yx,y > A} ::; F{ inf sup Xx,y > A} . 
xES xES 

By the definitions of Xx,y and Yx,y, it follows that the right hand side of the 
inequality is majorized by 

1P{ inf IG(x)1 + g > A} ::; F{ inf IG(x)1 > O} + ! exp( _A2 /2) 
xES xES 

while the left hand side is bounded below by 

where we have set Zk = (L:;=1 g';) 1/2. We can write 

2 k! 2 k = EZk ::; -2 + ZkdF 
10 

< + (EZ4) 1/2 (1P{Z2 > k/102}) 1/2 . -102 k k- , 

since 1EZt (k + 1)2 (elementary computation), we get 

at least if k 2: 3, something we may assume without any loss of generality 
(increasing if necessary the value of K in the conclusion of the theorem). 
Hence, by the preceeding, if A = Vk/20, the left hand side of (15.3) is larger 
than 

1 20 N 
- - -Esup LgiXi. 
2 Vk xES i=1 

Then, let S = r- 1Tnsf- 1 where r > o. We have obtained from (15.3) (with 
A = Vk/20) that 

F{inf IG(x)1 > O} 2:! - l(T) -
xES 2 Vk r 2 800 



426 15. Applications to Banach Space Theory 

Hence, if we choose r = Kl(T)/Vk for a large enough numerical constant 
K, we see from the preceding inequality that P{infzEs IG(x)1 > O} > O. 
Therefore, there exists an w such that IG(w,x)1 > 0 for all x in S. That is, if 
we let F = KerG(w) (which is of codimension k), S n F = 0. By definition of 
S = r-1Tnsf- 1 , this implies that, for every x in TnF, Ixl < r = Kl(T)/Vk. 
The qualitative conclusion of the theorem already follows. To improve the 
preceding argument to the quantitative estimate, we simply need combine it 
with concentration properties. We improve the minoration of the left hand 
side of (15.3) in the following way. Let m and M be respectively medians of 
Zk = 0::=19'J)1/2 and of supzES 9iXi. For every ,X > 0, 

P {inf sup Yz,y > ,X} 
zES YES:-1 

N 

P{Zk - sup L 9iXi > ,X} 
ZES i=1 

N 

P{Zk m -'x} - p{sup L9iXi > m -2'x} 
ZES i=1 

N 

1- P{m - Zk >,X} - p{sup L9iXi > M + (m - M - 2'x)}. 
zES i =1 

By Lemma 3.1, if m - M - 2'x > 0, this is larger than or equal to 

1 -l exp( _,X2 /2) -l exp[-(m - M - 2,X)2/2] . 

Then, let us choose ,X = (m - M)/3 to get the lower bound 

1 - exp[-(m - M)2/18] 

and (15.3) thus reads as 

p{ inf IG(X)I > O} 1- exp[-(m - M)2/ 18] . 
zES 

Previously, we saw that m Vk/lO. On the other hand, if S is as above 
r-1Tn sf-1 , 

N 2 
M :::; 21E sup L 9iXi :::; -l(T) 

zES i=1 r 

so that 

P{diam(TnKerG):::; 2r} P{infsIG(x)1 > O} 
zE 

> 1 _ (Vk _ 2l(T»)2] 
- 2 18 10 r . 

The conclusion of the theorem follows. Again, let us observe that the simpler 
inequality (3.2) may be used instead of Lemma 3.1. 
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Note that this second proof may be rather simplified yielding moreover 
best constants in the statement of the theorem by the use of Theorem 3.16. 
Take Xx,y = (G(x),y) and 

N k 

Yx,y = L 9iX i + Ixl L 9jyj . 
i=1 j=1 

For all x, x' in S and all y, y' in we have 

JElYx,y - Yx',y,1 2 -JEIXx,y - X x',y,1 2 

= Ixl 2 + Ix'I2 - 2Ixllx'l(y, y') - 2(x, x') (1 - (y, y')) 

Ixl 2 + Ix'I2 - 2Ixllx'l(y, y') - 21xllx'i (1- (y, y')) 

so that this difference is always 0 and equal to 0 if x = x'. By Theorem 
3.16, this implies 

JE inf sup Yx,y JE inf sup Xx,y 
xES ESk-1 xES ESk-1 

y 2 Y 2 

and hence, by the definitions of Xx,y and Yx,y, and with S = r-1T n sf-1 , 

. 1 JE mf IG(x)1 ak - -£(T) 
xES r 

where ak = JEZk = JE 9?) 1/2). By the law of large numbers, ak is of 

the order of Jk. Then write 

1P{ inf IG(x)1 = o} 1P{ inf IG(x)I-JE inf IG(x)1 - ak} 
xES xES xES r 

which is majorized, using concentration ((1.6) e.g.), by 

As before, this yields the conclusion of the theorem, with, as announced, 
improved numerical constants. 

15.2 Conjectures on Sudakov's Minoration for Chaos 

Denote by £2 (1N X 1N) the space of all sequences t = (tij) indexed by 1N X 1N such 

that It I = (Li,j 1/2 < 00. Let T be a subset of £2(1N x 1N). Let further (9i) 
be an orthogaussian sequence (on (.f1,A,1P)) and consider the Gaussian chaos 
process (Li,j 9i9j t ij) tET. While we have studied in Chapter 3 the integrability 
properties and the tail behaviors of SUPtET I Li,j 9i9jtijl, little seems to be 
known on the "metric-geometric" conditions on T equivalent to this supremum 
to be almost surely finite (if there are any?). The sufficient conditions of 
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Theorem 11.22 are too strong and by no way necessary. One approach could 
be to view the preceding chaos process, after decoupling, as a mixture of 
Gaussian processes, i.e. to study, given w', (Li gi (Lj gj(W')tij) )tET where 
(gj) is a standard Gaussian sequence constructed on some different probability 
space (il', A', ]pI). Unfortunately, this approach seems to be doomed to failure: 
the random distances 

( 2) 1/2 
dw,(s,t) = - tij)1 

• J 

do not have the property that was essential in Section 12.2, 1. e. that 
]p' {w' ; dw' ( s, t) < e} is very small for e > 0 small. 

Let us reduce to decoupled chaos and set 

(With respect to the notation of Section 15.1, the 2 in e(2)(T) indicates that 
we are dealing with chaos of the second order.) By the study of Section 3.2, we 
know that, at least for symmetric (tij), this reduction to the decoupled setting 
is no loss of generality in the understanding of when T defines an almost 
surely bounded chaos process. A first step in this study would be an analog of 
Sudakov's minoration. As we discussed it in Section 11.3 on sufficiency, there 
are two natural distances to consider. The first distance is the usual L 2-metric 
Is - tl and the second is the injective metric or norm given by 

Iltll v = sup I(th, h')1 = sup Ithl 
Ihl,lh'19 Ihl9 

where th = (Lj hjtij)i· Clearly IItll v ::; Itl. 
First, we investigate an instructive example. Denote, for n fixed, by 

e2 ( n X n) the subset of e2(lN x IN) consisting of the elements (tij) for which 
tij = 0 if i or j > n. Let T be the unit ball of e2 (n x n) for the injective norm 
II . IIv· Clearly 

so that e(2)(T) ::; n. 

Proposition 15.4. Let T be as before, i.e. T = {t E e2 (n x n); Iltll v ::; I}. 
There is a numerical constant c > 0 (independent of n) such that 

(i) (logN(T,I·I;cy'n))1/2 cn; 

(ii) (log N(T, II .llv; !)) 1/2 cn. 
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Proof. (ii) is obvious by volume considerations. We give a simple probabilistic 
proof of (i). Let be a doubly-indexed Rademacher sequence. For 
Ihl, WI :::; 1, by the subgaussian inequality (4.1), for every u > 0, 

By Lemma 15.1, there exists H c 2B2 with Card H :::; 5n such that B2 c 
Conv H. By the preceding, since Card H :::; 5n , 

P{'v'h,h'EH; 
>,J 

By definition of II ·lIv and of H, it follows that 1P{II(cij)lIv :::; 4y'n} 2: 1/2. 
Let TJij, 1 :::; i,j :::; n, be a family of ±1. Then (ICij - TJijI2/4) is a sequence of 
random variables taking the values 0 and 1 with probability 1/2. Recentering, 
Lemma 1.6 implies that for some c > 0, 

1P{ ICij - TJijl2 :::; n2} :::; exp( _cn2). 
>,J 

That is, P{I(cij - TJij)1 :::; n} :::; exp{ -cn2 ). So one needs at least! exp{cn2 ) 

balls of radius n in the Euclidean metric I . I to cover {II (cij) II v :::; 4y'n} c 
4y'nT. Therefore, one needs at least! exp(cn2 ) balls of radius y'n/4 to cover 
T. The proof of Proposition 15.4 is complete. 

It follows from this proposition that, for C = cy'n, 

and, for c = 1/2, 

since, as we have seen, £(2)(T) :::; n. It is natural to conjecture that these 
inequalities are best possible, i.e. that for any subset Tin £2(1N x 1N), 

(15.4) supc(logN(T,I·I;c))1/4:::; K£(2)(T) 
£>0 

and 
supc(logN(T,II.lIv;c))1/2:::; K£(2)(T) 
£>0 

for some numerical constant K. Recently, (15.4) has been proved in [Ta16] 
(relying on an appropriate version of Theorem 15.2), where it is also proved 
that for C > 2 

supc(logN(T, 1I·IIv;c))l/c5 :::; K(C)£(2)(T). 
£>0 
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Now, we would like to present a simple result that is in relation with these 
questions. 

Proposition 15.5. Let (gi), (g;), (9ij) be independent standard Gaussian 
sequences. Then, if (Xij h::;i,j::;n is a finite sequence in a Banach space, 

Proof. We simply write that 

JnlEll t gigjxij II = lEll t 9ik9jxij II· 
i,j=l i,j,k=l 

By symmetry, if (ei) is a Rademacher sequence which is independent of the 
sequences (gik) and (gj), 

n n 

lEll L gikgjxijll = lEll L ek9ikejgjxijll· 
i,j,k=l i,j,k=l 

Jensen's inequality with respect to partial integration in (ei) shows 

lEll t 9ikgjxijll lEll t 9ikgjxijll· 
i,j,k=l i,j=l 

The contraction principle in (g;) (cf. (4.8)) and symmetry imply the result. 

15.3 An Inequality of J. Bourgain 

In his remarkable recent work on A(p)-sets [Bour], J. Bourgain establishes the 
following inequality. Let be independent random variables with common 
distribution 

= I} = 1 - = O} = 6, 0 < 6 < 1. 

Let T be a subset and set 

E = 100 (log N(T, eB:)) 1/2de 

(assumed to be finite). Set further R = SUPtET Itl. An element t in ]RN has 
coordinates t = (t 1, ... , t N ) • 

Theorem 15.6. Under the previous notation, there is a numerical constant 
K > 0 such that for all p 1 and all 1 :S m :S N, 
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Iisup max L II 
tET CardI::;m iEI P 

[ ( 1)-1/2] (1)-1/2 
:::; K R +..;p log 6 + K log 6 E. 

The inequality of the theorem is equivalent to saying (see Lemma 4.10) 
that for some constant K and all u > 0 

p{sup max L > u+ K + -1/2 E] } 
tET CardI::;m iEI 

(15.5) 
( u2 1) 

:::; K exp - K R2 log 6 . 

We will establish (15.5) using the entropic bound (11.4) for the vector valued 
process L:iEI I C {I, ... , N}, CardI :::; m, t E T, with respect to the 
norm 

To this aim, the crucial next lemma will indicate that the increments of this 
process satisfy the appropriate regularity condition. 

As usual, if t = (tt, ... ,tN) E R N , lI(ti)1I2,oo denotes the weak i 2-norm of 
the sequence (ti)i::;N. Recall that lI(ti)1I2,oo :::; Itl. 

Lemma 15.7. Let t be in satisfying lI(ti)112,oo :::; 1 and let also 1 :::; m :::; 
N. There is a numerical constant K such that for all u 

Proof. Let (Zi)i::;N be the non-increasing rearrangement of the sequence 
so that 

m 

max L = L Zi : 
CardI<m 

- iEI i=1 

Note that since lI(ti)1I2,oo :::; 1, and = 0 or 1, we also have that :::; 
1, that is Zi :::; i-1/ 2 , i 1. By the binomial estimate (Lemma 2.5), for every 
i and every u > 0, 
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N N 

LP{ejtj > u}:::; LP{6 > uJ}} 
j=1 j=1 

Therefore, for all integers i :::; N and all u > 0, 

(15.6) 

Without loss of generality, we can assume that m = 2P • Let u > 0 be fixed. 
Let j 1 be the largest such that u2 2e1042j and take j = 0 if u2 < 2el04. 
(We do not attempt to deal with sharp numerical constants.) We observe that, 
if j 1, 

We also observe that 
P 

L Zi:::; L2i Z2l. 

i>2j i=j 

It follows from these two observations that, for all j 0, 

whenever (Ui) are positive numbers such that Ui :::; u/2. Let Vi = 
1O-2u2-(i-j)/2, wi = 1O( 62i)I/2, j :::; I. :::; p, and set Ui = max( Vi, Wi). It 
is clear that Vi :::; u/4 while, when U K and K 103 , 

L Wi:::; 3 . 10 (62P+1) 1/2 :::; 

Hence, we have Ui :::; u/2. By the binomial estimates (15.6), 

(15.7) 1P{t,z; > u} t( 2' 

Note that for 26 :::; x 4, 

log ( log . 

Therefore, the first term (I. = j) of the sum on the right hand side of (15.7) 
gives rise to an exponent of the form 
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2j log -i., > 2j log -j-. = 2j log . > - . -- log -( u2 ) ( v 2 ) (u2 ) 1 u2 1 
eb2J - eb2J el04b2J - 4 e104 b 

provided that 
u2 

2b S; e104 2j S; 4. 

This clearly holds by definition of j 2: 1 and also if j = 0 since u 2: K 
(K 2: 103 ). Hence, 

(15.8) 

for K 2: 4e104 . 

Now, we would like to show that for every e > j 

(15.9) i Ui i-I ui- 1 ( 2) 6 (2) 
2 log eb2i 2: 5" 2 log eb2i - 1 ' 

that is, 

log 2: log 1 ) . 

If Ui-l = Wi-I, then Ui = Wi and this inequality is trivially satisfied by the 
definition of Wi. If Ui-l = Vi-I, we note the following: 

2 212 12 12 > __ . vi-l __ . ui- 1 > _. wi-1 > 23 
eb2" - eb2" - 4 eb2i-1 - 4 eb2i - 1 - 4 eb2"-1 - . 

Using that log(x/4) 2: (3Iogx)/5 when x 2: 25 , (15.9) is thus satisfied. 
We can conclude the proof of Lemma 15.7. By (15.7), (15.8) and (15.9), 

we have 

S; 2exp ( - ;; log 

at least if u2Iog(l/b) 2: 3K. The inequality of Lemma 15.7 follows with (for 
example) K = 12e104 since there is nothing to prove when u2Iog(l/b) S; 3K. 

Proof of Theorem 15.6. For s, tin lRN , define the random distance 

( 1) 1/2 
D(s,t)= log$; max 1:L'i(Si-ti)l. 

u CardI<m - iEI 

Lemma 15.7 implies that for all s,t and all U 2: K(mblogi)I/2, 
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P{D(s,t) > uls -tl}::; Kexp ( -

Here, K denotes a positive numerical constant which is not necessarily the 
same each time it appears. From the preceding, for all u > 0, 

Hence, for all measurable sets A, and all s, t, 

L D(s, t)d1P ::; KP(A)ls - tl (1/;21 (PtA)) + ( m8log 1/2) 

where we recall that 1/;2(X) = exp(x2) - 1. Therefore, we are in a position to 
apply Remark 11.4 to the random distance D(s, t) (cf. Remark 11.5). It follows 
that, for all measurable sets A, 

L D(s, t)d1P ::; KP(A) (D1/;21 (PtA)) + R( m8Iog }) 1/2 + E) 

and hence ((11.4)), for all u > 0, 

D(s, t) > u + K ( R( m8log 1/2 + E) } ::; K exp ( - ) . 

Since for every t, by Lemma 15.7, 

IP{ D(O, t) > u + KR( m8log 1/2} ::; K exp ( - ) 

for all u > 0, the inequality (15.5) follows. The proof of Theorem 15.6 is thus 
complete. 

Note of course that we can replace the entropy integral by sharper ma-
jorizing measure conditions. 

15.4 Invertibility of Submatrices 

This section is devoted to the exposition of one simple but significant result of 
the work [B-T1] (see also [B-T2]) by J. Bourgain and L. Tzafriri. The proof of 
this result uses several probabilistic ideas and arguments already encountered 
throughout this book. 

Let A be a real N x N matrix considered as a linear operator on lR N 

Denote by IIAII = IIA1I2---+2 its norm as an operator Rtf -+ Rtf. If a is a subset 
of {I, ... ,N}, denote by Ru the restriction operator, that is the projection 
from lR N onto the span of the unit vectors (ei )iEU where (ei) is the canonical 
basis of lRN. is the transpose operator. By restricted invertibility of A, we 
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mean the existence of a subset a of {I, ... , N} with cardinality of the order 
of N such that is an isomorphism. If the diagonal of A is the identity 
matrix I, this will be achieved by simply constructing the set a such that 
IIRu(A - < 1/2. 

The following statement is the main result which we present. 

Theorem 15.8. There is a numerical constant K with the following property: 
for every 0 < e < K- 1 and every N K/e, whenever A = (aij) is an N x N 
matrix with aii = 0 for all i, there exists a subset a of {I, ... , N} such that 
Card a eN and such that 

KV6I1 AII· 

The following restricted invertibility statement is an immediate conse-
quence of Theorem 15.8. 

Corollary 15.9. There is a numerical constant K with the following property: 
for every 0 < c; 1, c 1 and N Kcc:- 2 , whenever A is an N x N matrix 
of norm IIAII c with only 1 's on the diagonal, there exists a subset a of 
{I, ... , N} of cardinality larger than or equal to C;2 N / K c such that 
restricted to Ruf!! is invertible and its inverse satisfies 

The following proposition, the proof of which is based on a random choice 
argument, is the main step in the proof of Theorem 15.8. 

Proposition 15.10. Let 0 < 6 < 1 and N 8/6. Then, for all NxN matrices 
A = (aij) with aii = 0, there exists a C {l, ... ,N} such that Carda eN/2 
and such that 

where II . 112-1 is the operator norm fr --+ ftt (M = Card a). 

Before we prove this proposition, let us show how to deduce Theorem 15.8 
from this result. We need the following second step which clarifies the role of 
the norm 11·112-1. 

Proposition 15.11. Let u : f2 --+ fi. There exists a subset T of {I, ... , m} 
with Card T m/2 such that 
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Proof. Consider the dual operator u* : £: -+ £2' IIu*IIoo-+2 = IIull2-+1' By the 
"little Grothendieck theorem" (cf. [PiI5]), if 7r2( u*) is the 2-summing norm of 
u* , 

7r2(U*) :s; (7r/2)1/211u*lloo-+2. 

Therefore, by Pietsch's factorization theorem (cf. e.g. [Pie], [PiI5]), there exists 
positive numbers with Ai > 0, Ai = 1 such that, for all x = 
(X1, ... ,Xm ) in £:, 

( )
1/2 ( m ) 1/2 

lu*(x)l:S; i IIu*IIoo-+2 

Let r = {i:S; mj Ai :s; 2/m}. Then Cardr 2: m/2 and, from the preceding, 

from which Proposition 15.11 follows. 

These two propositions clearly imply the theorem. If N 2: 8/6 and A is an 
N x N matrix with aii = 0, there exists, by Proposition 15.10, a in {I, ... ,N} 
such that Card a 2: 6N /2 and 

Then apply Proposition 15.11 to u = It follows that one can find 
rea with Cardr 2: 2: 6N/4 and such that 

Theorem 15.8 immediately follows. 

Proof of Proposition 15.10. Let 0 < 6 < 1 and let be independent random 
variables with distribution = I} = 1 - = O} = 6. Let A(w) be the 
random operator RN -+ RN with matrix We use a decoupling 
argument in the following form. For I C {I, ... , N}, let 

Since 

BI = ]Eli L eiejaijei ® ejIl2-+1' 
if/.I,jEI 

1 4", 
2N L L aij = 2N aij 

I if/.I,jEI i,j 

(recall that aii = 0), we have 

(15.10) 
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Therefore, we estimate BI for each fixed I C {I, ... , N}. We have 

BI = 1E sup :E (ildi(h)l· 
Ihl9 i<f-I 

Let ((n be an independent copy of ((i). Working conditionally on (j, (j, j E I, 
we get by centering and Jensen's inequality that 

BI ::; 1E sup 1:E((i -1E(i)ldi (h)11 + b sup :E Idi(h)1 
Ihl9 i<f-I Ihl9 i<f-I 

::; 1E sup 1:E((i - Wldi(h)11 + b sup :E Idi(h)l· 
Ihl9 i<f-I Ihl9 i<f-I 

By Cauchy-Schwarz, 

On the other hand, if (ci) is a Rademacher sequence which is independent of 
((i), by symmetry, 

1E sup 1:E((i - Wldi(h)11 ::; 21E sup l:Eci(ildi(h)ll· 
Ihl9 i<f-I Ihl::;l i<f-I 

By the comparison properties of Rademacher averages (Theorem 4.12), we 
have further 

Summarizing, we have obtained so far 

Going back to the definition of di(h), we see that 

If we integrate this expression with respect to the Rademacher sequence and 
then with respect to the variables (i, i f/. I, we obtain 
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Since Ei aTi ::; IIAII2 for every j, we finally get 

( 2) 1/2 
BI ::; 4 1E sup IL Ci{idi(h)1 + 811AIIVN 

Ihl9 illI 

::; 4(8211A1I2 N) 1/2 + 811AIIVN 

::; 5811AIIVN. 
This estimate holds for any I C {I, ... , N}. Hence, by (15.10), 

1EIIA(w)1I2-+1 ::; 20811AIIVN. 
In particular, 

Since clearly 

JP "c. > - >-{ 
N 8N} 1 

... - 2 2' 
i=1 

there exists an w in the intersection of these two events; a = {i ::; N; {i (w) = 
I} then fulfills the conclusion of Proposition 15.10. The proof is complete. 

15.5 Embedding Subspaces of Lp into .e: 
This section is devoted to the following problem of the local theory of Banach 
spaces. Given an n-dimensional subspace E of Lp = Lp([O, 1], dt), 1 ::; p < =, 
and 1/ > 0, what is the smallest integer N = N (E, 1/) such that there is a 
subspace F of l: with d(E, F) ::; 1 + 1/? Here d(E, F) is the Banach-Mazur 
distance between Banach spaces defined as the infinum of 11U1I1IU-1 11 over all 
isomorphisms U : E --4 F (more precisely, the logarithm of d is a distance); 
d(E, F) = 1 if E and F are isometric. Partial results in case E = 12 or in case 
E = l;, 1 ::; p < 2, follow from the general study about Dvoretzky's theorem 
and the stable type in Chapter 9. 

The results which we present are taken from [B-L-M] and [Ta15]. At this 
point, they are different when p = 1 or p > 1 so that we distinguish these cases 
in two separate statements. In the first statement, we need the concept of the 
K-convexity constant of a Banach space [Pill], [Pi16]. If E is a (finite di-
mensional) Banach space, denote by K(E) the norm of the natural projection 
from L2(E) = L2(il, A, IPj E) onto the span of the functions Ei CiXi where 
(ci) is a Rademacher sequence on (il,A,JP). Thus, if f E L2(E), we have 

It has been noticed in [TJ2] that then the same inequality holds when (ci) is 
replaced by a standard Gaussian sequence (gi). We use this freely below. It is 
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further known and due to G. Pisier [Pi8] that K(E) ::; C(log(n + 1))1/2 if E 
is a subspace of dimension n of L1 (C numerical). 

We can state the two main results. 

Theorem 15.12. There are numerical constants "10 and C such that for any 
n-dimensional subspace E of L1 and any 0 < 'r/ < 'r/o, we have 

In particular, 
N(E,'r/) ::; C'r/-2n log(n + 1). 

Theorem 15.13. Let 1 < p < 00. There are numerical constants 'r/O and C 
such that for any n-dimensional subspace E of Lp and any 0 < 'r/ < 'r/O, we 
have 

ifp 2: 2, and 

if 1 < p ::; 2. 

Common to the proofs of these theorems is a basic random choice argu-
ment. First, we develop it in general. 

We agree to denote below by II . lip = II . IILp(IL)' 1 ::; p < 00, the norm 
of Lp(S,E,p,) where p, is a a-finite measure on (S,E) (hopefully with no 
confusion when (S, E, p,) varies). We first observe that, given "1 > 0, a finite 
dimensional subspace E of Lp = Lp( [0, 1], dt) is always at a distance (in the 
sense of Banach-Mazur) less than 1 + 'r/ of a subspace of for some (however 
large) M. This can be seen in a number of ways, e.g. using that Ilf-Ek flip --> 0 
where Ek denotes the conditional expectation with respect to the k-th dyadic 
subalgebra of [0,1]. 

From this observation, we concentrate on subspaces E of dimension n of 
for some fixed M. To embed E into where Ml is of the order M/2, 

we will, for each coordinate, flip a coin and disregard the coordinate if "head" 
comes up. More formally, consider a sequence € = (€i) of Rademacher random 
variables and consider the operator Uc : --> given by: if x = (xik:::M E 

Uc(x) = ((1 + �i)l/PXik:::M. We will give conditions under which Uc is, 
with large probability, almost an isometry when restricted to E. We note that 

is isometric to where Ml = Card{i ::; M; €i = 1} and, with 
probability 2: 1/2, we have M1 ::; M/2. For x in consider the random 
variable 

We have 
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M M M 

Zz = L{1 + ei)lxilP - L IXilP = LeilxilP. 
i=l i=l i=l 

Let El denote the unit ball of E and set 

The restriction Re of Ue to E satisfies IIRell ::; (1 + AE)l/p and IIR;lll ::; 
(1 - AE)l/P so that, when AE ::; 1/2, 

12 
d(E,Ue(E))::; 1 + -AE. 

P 

Since P{AE ::; 3EAE} 2 2/3, we have obtained: 

Proposition 15.14. Let E be a subspace of lif, 1 ::; p < 00, of dimension n 
and let AE be as above. IfEAE ::; 1/6, there exist Ml ::; M/2 and a subspace 
H of lifl such that 

36 
d(E,H)::; 1 + - EAE. 

P 

To apply successfully this result, one therefore must ensure that EAE is 
small. The next lemma is one of the useful tools towards this goal. It is an 
immediate consequence of a result by D. Lewis [Lew]. 

Lemma 15.15. Let E be an n-dimensional subspace of lif, 1 ::; p < 00. Then, 
one can find a probability measure I-' on {I, ... , M} and a subspace F of Lp(l-') 
isometric to E which admits a basis orthogonal in L2(1-') such that 
Ej=l t/J; = 1 and such that lIt/Jill2 = n-1/ 2 for all j ::; n. 

In this lemma, if we split each atom of I-' of mass a 2 2/M in [aM/2] + 1 
equal pieces, we can assume that each atom of I-' has mass::; 2/M and that I-' 
is now supported by {I, ... , M/} where M' is an integer less than 3M/2. Also 
we can assume that Ai = /J( { i}) > 0 for all i ::; M' . We always use Lemma 
15.15 in this convenient form below. 

Let F be as before and let Fl be the unit ball of F c Lp(/J). Our main 
task in the proof of both theorems will be to show that 

M' 

(15.11) AE = E sup IL Aieilx(i)IPI 
ZEFl i=l 

can be nicely estimated (recall that Ai = 1-'( { i} )). If we denote by G C lif' 
the image of F by the map 

M' Lp(l-') --+ lp 

x = --+ 
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then 1EAc = AE and G is isometric to F. Applying Proposition 15.14 to G 
in we see that if AE ::; 1/6, there exists a subspace H of where 
M1 ::; M' /2 ::; 3M / 4 such that 

(15.12) 
36 

d(E, H) = d(F, H) = d(G, H) ::; 1 + -AE . 
P 

This is the procedure which we will use to establish Theorems 15.12 and 15.13. 
When p = 1, we estimate AE by the K-convexity constant K(E) of E while, 
when p > 1, we use Dudley's majorizing result (Theorem 11.17). 

We turn to the proof of Theorem 15.12. 

Proof of Theorem 15.12. The main point is the following proposition. In this 
proof, p = 1. 

Proposition 15.16. Let AE be as in (15.11). Then 

( )
1/2 

AE ::; CK(E) ; 

for some numerical constant C > O. 

Proof. By an application of the comparison properties for Rademacher aver-
ages (Theorem 4.12) and by comparison with Gaussian averages (4.8), 

M' M' 

AE ::; 21E sup II: AiCiX(i)1 ::; J2;1E sup II: Ai9ix (i)l· 
xEF1 i=1 xEF1 i=1 

(Of course, we may also invoke the Gaussian comparison theorems; however, 
Theorem 4.12 is simpler.) 

We denote by (".) the scalar product in L2(P,). There exists f in 
Loo(f.?, A, IP; F) = Loo(F) of norm 1 such that 

Thus 

If we set Yj = 1E(9jf), we have by definition of K(F) = K(E), 
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Now 

Since E7=1'¢J = 1, we can write by Cauchy-Schwarz 

Hence, we have obtained 

(15.13) 

Set Vi = I{i} so that is an orthonormal basis of L2(1-') (Ai = 
I-'({i}». Since is an orthonormal basis of F C L2(1-'), the rota-
tional invariance of Gaussian distributions indicates that 

(15.14) 

Hence, (15.13) reads as 

Finally, since Ai 21M for each i, by the contraction principle, 

M' 
1/2 ('" -1/2 ) \ 1E sup L..J \ 9iVi,X 

xEFl i=1 

( )
1/2 

K(E). 

Proposition 15.16 follows (with C = 2y'1T). 

We establish Theorem 15.12 by a simple iteration of the preceding propo-
sition. We show that, for '" C-1, there exists a subspace H of if such that 
d(E, H) 1 + C'" and with N CK(E)2",-2n where C > 0 is a numerical 
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constant. Note that for any Banach spaces X,Y, K(Y)::; d(X,y)2K(X). As 
we have seen, given .,., > 0, there exist M and a subspace HO of £r with 
deE, HO) ::; 1 + .,.,. In particular, K(HO) ::; (1 + .,.,)2 K(E). Let C1 be the con-
stant of Proposition 15.16 and set C2 = 288C1. Assume that 0 < .,., ::; 10-2 • 

Further, we can assume that M 2: C?K(E)2.,.,-2n otherwise we simply take 
H = HO. By (15.12), we construct by induction a sequence of integers (Mj k::o, 

. M· 
Mo = M, that satisfy Mi+1 ::; 3Mj /4, and subspaces HJ, j 2: 0, of £1 3 such 
that, for all j 2: 0, 

d(Hj, Hi+1) ::; 1 + C2K(E) (;j r/2, 
and we stop at jo, the first integer for which Mjo ::; C?K(E)2.,.,-2n . Indeed, 
suppose that j < jo and that Mo, . .. Mj , HO, .. . , Hj have been constructed. 
Note that 

j ( ()1/2) j ( (3)U-I.)/2( )1/2) II 1 + C2K(E) ;1. ::; II 1 + C2K(E) 4 ;. 
1.=0 1.=0 3 

(15.15) 

(since.,., ::; 10-2). In particular, it follows that 

K(Hj) ::; (1 + .,.,)2elOT/ K(E) ::; 8K(E) , 

and thus, by Proposition 15.16, 

( )1/2 ()1/2 1 
AHi ::; C1K(Hj) ;j ::; 8C1K(E) ;j ::; 6 

so that, by (15.12), there exist Mj+! ::; 3Mj/4 and a subspace Hj+! of 
with 

d(Hj,Hi+1)::; 1 + 36C1K(Hj)(;j) 1/2 
::; 1 + C2 K(E)(;jr/2 

This proves the induction procedure. The result follows. We have 

d(H", H;') /}X (1+ C2K(E) (;J 1/') oS e' '''' 

(by (15.15)) and thus, d(E,HjO) ::; (1 + .,.,)elOT/. The proof of Theorem 15.12 
is complete. 

Now, we turn to the case p > 1 and to the proof of Theorem 15.13. 

Proof of Theorem 15.13. We first need the following easy consequences of 
Lemma 15.15. 
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Lemma 15.17. Let F be as given in Lemma 15.15. If x E F, then 

Ix( i)1 $ nmax(l/p,I/2) IIxllp · 

Furthermore, for all r 1, 

n 

JEIIL gj,pj II $ Crl/2 
j=1 r 

where C is a numerical constant. 

(15.16) 1'( i) 1 (t."1 r (t. Vj (')')", n l/'lIx ll, . 

This already gives the result for p 2 since then IIxl12 $ IIxlip. When p $ 2, 

and thus IIxll2 $ n(l/p)-(1/2) IIxllv- By (15.16), the first claim in Lemma 15.17 
is established in the case p $ 2 as well. The second claim immediately follows 
from Jensen's inequality and the fact that Ej=l,pj = 1. 

Recall that Ai = Jl({i}) > 0, Ai $ 21M, i $ M'. Let J = {i $ M' j 
Ai > 11M2}. Then, by Lemma 15.18, 

JE sup IL Aicilx(iWI $ L Ai n max(l,p/2) $ n max(l,p/2) . 
xEFl i'l.J i'l.J 2M 

Hence, by the triangle inequality and the contraction principle, 

Our aim is to study the process EiEJ A!/2cilx(i)IP, x E Ft, with associated 
pseudo-metric 

and use to Dudley's entropy integral to bound it appropriately. Therefore, 
we need to evaluate various entropy numbers. J being fixed as before, for 
x = (X(i))i:-=;MI in Lp(Jl), we set 
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and we agree to denote by BJ the corresponding unit ball. In this notation, 
let us first observe the following. If x, y E F, Ilxllp, IIYllp ::; 1, then 

(15.18) if p:::: 2 

and 

(15.19) ifp::;2. 

For a proof, observe that if a, b :::: 0, 

Thus 

6(x, y)2 ::; 2p2 L Ai max(lx( i)1 2P- 2 , Iy( i)1 2p- 2) Ix( i) - y( iW . 
iEJ 

If p :::: 2, we proceed as follows. For all i, Ix( i) 12p- 2 ::; Ix(j)IP-2Ix( i)IP and, 
J 

if i E J, Ix(i) - y(iW ::; Ilx - YIl3-. Hence, since Ilxllp, IIYllp ::; 1, using Lemma 
15.17, 

6(X,y)2 ::; 2p2n(p-2)/2I1x - yll3- L Ai (lx(i)IP + ly(i)IP) 
iEJ 

and (15.18) is satisfied. When p::; 2, Holder's inequality with 0: = p/(2p - 2) 
and f3 = p/(2 - p) shows that 

iEJ 

( ) 
(2p-2)/p ( ) (2-p)/p ::; L Ai max(lx( i)IP, Iy( i)IP) L Ail x ( i) - y( i)IP 

.EJ .EJ 

::; + (2P-2)/Pllx - yll;-P ::; 4. 

This yields (15.19). 
The following proposition is the basic entropy estimate which will be re-

quired for the case p :::: 2. It is based on the dual version of Sudakov's mi-
noration ((3.15)) which will also be used for p ::; 2. For every r :::: 1, denote 
by BF,r the unit ball of F considered as a subspace of Lr(J-L) (in particular 
BF,p = FI)' 

Proposition 15.18. Let p :::: 2 and let F C Lp(J-L) be as given by Lemma 
15.15. Then, for every u > 0, 

where C > ° is a numerical constant. 
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Proof. Let r > 1 and let r' be the conjugate of r. By (3.15), for some constant 
C and all u > 0, 

As in (15.14), since (n 1/ 21jJj)j$.n is an orthonormal basis of P, the rotational 
invariance of Gaussian measures implies that the expectation on the right 
hand side of the preceding inequality is equal to 

Therefore, the second assertion in Lemma 15.17 shows that, for some numer-
ical constant C and all r > 1 and u > 0, 

C 
(15.20) logN(BF,2,uBF,r):::; 2m. 

u 

Then, it is easy to conclude the proof of Proposition 15.18. Since p > 2, 
BF,p C BF,2. On the other hand, if x E BF,r for some r, 

M' 

L Ailx(iW :::; 1 
i=l 

and thus Ix(i)r :::; Ail:::; M2 if i E J. Therefore, BF,r C eBJ if r = logM2. 
Hence, for this choice of r, 

N(BF,p, uBJ) $ N (BF,2' ; BF,r) 

and the conclusion follows from (15.20). 

Let us show how to deduce Theorem 15.13 for p 2. By (15.18), 

ro 1/2 r2"fii 1/2 10 (logN(H,b;U)) dU$2pn(P-2)/4 10 (log N(BF,p, uBJ)) duo 

Then note that since n-1/2 BF,p C BJ (Lemma 15.17), by simple volume 
considerations, 

Together with Proposition 15.18, we get 

r2"fii 1/2 
10 (log N(BF,p, uBJ)) du 

( ( ( 2v'n) ) 1/2 r2"fii d $ 10 nlog 1 + un du+ 11 (CnlogM)1/2 uu. 
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It follows that for some numerical constant C, 

Therefore, by Dudley's majoration theorem (Theorem 11.17) and by (15.17), 
if n ::; M, 

An iteration on the basis of (15.12) similar to the iteration performed in the 
proof of Theorem 15.12 (but simpler) then yields the conclusion for p 2: 2. 

Next, we turn to the case 1 < p ::; 2. It relies on the following analog of 
Proposition 15.18 that will basically be obtained by duality (after an interpo-
lation argument). 

Proposition 15.19. Let 1 < p ::; 2 and let F C Lp(J-L) be as given in Lemma 
15.15. Then, for every 0 < u ::; 2n l/p, 

10gN(BFp,uBJ )::; C nmax(_I- , log M) 
, uP p-l 

where C > 0 is a numerical constant. 

Proof. Let q = p/p - 1 be the conjugate of p. Let v ::; 2n(2-p)/2P. Let further 
h 2: q and define (), 0 ::; () ::; 1, by 

1 1-() () 
-=--+-. 
q 2 h 

For x, yin B F ,2, by Holder's inequality, 

IIx - Yllq ::; Ilx - - ::; 21- lI llx -
so that, if Ilx - yllh ::; (v/2)1/1I, then Ilx - Yllq ::; v. Hence, (15.20) for r = h 
yields 

( 1/11) ( ) -2/11 
log N(BF,2, VBF,q) ::; log N BF,2, G) BF,h ::; Chn 

Here and below, C > 0 denotes some numerical constant, not necessarily the 
same each time it appears. Since 

1 
() 

p 2p -- - ...,.--=--
2-p (2-p)h' 

it follows that (recall that v::; 2n(2-p)/2p), 

( ) 
-2p/(2-p) 

log N(BF,2, VBF,q) ::; Chn n 2/ h ¥ 
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Then, let us choose 

so that 

h = h(n) = max(q,logn) 

( ) 
-2p/(2-p) 

logN(BF,2,vBF,q) ::;; Chn 

The proof of (3.16) of the equivalence of Sudakov and dual Sudakov inequali-
ties indicates that we have in the same way 

(15.21) ( ) 
-2p/(2-p) 

log N(BF,p, VBF,2) ::;; Chn 

where the constant C may be chosen independent of p. 
As in the proof of Proposition 15.18, if r = logM2 , then BF,r C eBJ. 

Thus, using furthermore the properties of entropy numbers, for u, v > 0, 

Let us choose 

( ) 
(2-p)/2 

V = 2P/ 2 
e 

(so that v ::;; 2n(2-p)/2p since u ::;; 2n 1/ P). By (15.21) applied to the first term 
on the right hand side of the preceding inequality and (15.20) to the second 
(for r = log M2), we get that, for some numerical constant C (recall that 
1 < p ::;; 2), 

log N(BF,p, uBJ) ::;; Cu-Pn(h + log M) . 

Since we may assume that n ::;; M, by definition of h = h( n), the proof of 
Proposition 15.19 is complete. 

The proof of Theorem 15.13 for 1 < p ::;; 2 is then completed exactly as 
above for p 2. The preceding proposition together with Dudley's theorem 
ensures similarly that 

An iteration on the basis of (15.12) concludes the proof in the same way. 

15.6 Majorizing Measures on Ellipsoids 

Consider a sequence (yn) in a Hilbert space H such that Iyn I ::;; (log( n+ 1)) -1/2 

for all n and set T = {yn; n 1}. We know (cf. Section 12.3) that the 
canonical Gaussian process X t = L.i9iti' t = (ti) ETC H, is almost surely 
bounded. The same holds of course if X is indexed by Conv T. In particular, by 
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Theorem 12.8, there is a majorizing measure on ConvT. However, no explicit 
construction is known. The difficulty is that this majorizing measure should 
depend on the relative position of the yn,s, not just on their lengths. More 
generally, we can ask: given a set A in H with a majorizing measure, construct 
a majorizing measure on Conv A. Of a similar nature: given sets Ai, i ::; n, 
with majorizing measures, construct a majorizing measure on Ai. 

As an example, we construct in this section explicit majorizing measures 
on ellipsoids. The construction is based on the evaluation of the entropy inte-
gral for products of balls. 

Let (ai) be a sequence of positive numbers with Li a; ::; 1. In H = £2, 
consider the ellipsoid 

Let (gi) be an orthogaussian sequence. Since 

=lE(Lg;a;) = 1, 
• • • 

we know by Theorem 12.8 that there is a majorizing measure (for the func-
tion (log(1jx))1/2) on £ with respect to the £2-metric (that can actually be 
made into a continuous majorizing measure). One may wonder for an explicit 
description of such a majorizing measure. This is the purpose of this section. 

What will actually be explicit is the following. Let h, k 2: 0, be the disjoint 
sets of integers given by 

h = {i; 2-k - 1 < ai ::; 2-k }. 

Note that since Li a; ::; 1, we have that Lk 2-2kCard Ik ::; 4. Then, consider 
the ellipsoid 

£' = { x E H; L 22k L x; ::; 1 } . 
k iEh 

We will exhibit a probability measure m on V3£' such that, for all x in £, 

(15.22) 1= ( 1) 1/2 
log de: < C 

o m(B(x,e:)) -

where C > 0 is a numerical constant and where B(x,e:) is the (Hilbertian) ball 
with center x and radius E: > 0 in V3£'. Since £ c £', we can use Lemma 11.9 
to obtain a majorizing measure on £ (however less explicit). Furthermore, it 
can be shown to be a continuous majorizing measure. We leave this to this 
interested reader. 

Let U be the set of all sequences of integers it = (nk k:::o such that nk ::; k 
for all k and such that Lk 2-nk ::; 3. For such a sequence it = (nk), let [[(it) 
be the product of balls 
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lI(n) = {X E H j 'V k, L :5 Tn" }. 
iEI" 

The family {lI(n) j n E U} covers e'. Indeed, given x in e' and k an integer, 
let mk be the integer such that 

Tm,,-l < L :5 2-m ". 

iEI" 

Then x E lI(n) where n = (nk), nk = min(k, mk). Note conversely that 
11 (n) c vae' for every n in U. The main step in this construction will be to 
show that the products of balls lI{n) satisfy the entropy condition uniformly 
over all n in U j that is, for some constant C and all n in U, 

(15.23) LTP(logN{1I{n),TPB2))1/2 C 
P 

(where B2 is the unit ball of (2). 
Therefore, let n = (nk) be a fixed element of U. Set for all k, lk = nk + 2k, 

and consider the product of balls 

11 = lI{n) = {x E H j 'V k, L Tl" } . 
iEI" 

Note that since Ek 2-2kCard Ik 4 and Ek 2-n" 3, by Cauchy-Schwarz 
and the definition of lk' 

(15.24) L(2-1"Card Ik)1/2 2V3. 
k 

In addition, we may assume that the sequence (21"Cardlk) is increasing. This 
property will allow us to easily select the balls with small entropy in the 
product 11. 

For any integer p, let k{p) be the smallest such that 

Then 

L 2-1" 2-2p- 2 . 

N{lI ,2-P B2) N(lIp, 2-p - 1 B2) 

where IIp is the finite product lIk<k(p)B(k) of the finite dimensional Euclidean 
balls 

B{k) = {{Xi)iEI" j 2-1" } . 
tEl" 

We agree to denote similarly by B2 the unit ball of 12 and of the finite dimen-
sional space lr for the corresponding dimension (that will be clear from the 
context). Let us now recall that, by volume considerations, for every e > 0, 
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(15.25) 

Furthermore, it is easily seen that if (ck)k<p are positive numbers with 
'" 2 < 2-2p- 2 th L.Jk<k(p) 10k _ ,en 

(15.26) N{IIp, r p - 1 B 2):S II N(B{k) ,£kB 2) . 
k<k(p) 

Let us choose in this inequality 

2 _ 2-lk-4(p-j)-1 
10k -

where j is such that k(j - 1) :S k < k(j). We have 

L = L 2-4(p-j)-1 L 2-lk 

k<k(p) j$.p k(j-l)$.k<k(j) 

:S L 2-4(p-j)-1 L rlk 

j$.p k'2k(j-1) 

:S L 22j-4p-l :S r 2p- 2 

j$.p 

by definition of k(j -1). Thus, we are in a position to apply (15.26). Together 
with (15.25), it yields that 

logN{II,rP B 2 ):S L logN(B{k),ck B 2) 

k<k(p) 

:S L( L Cardlk ) log(22(p-j)+2). 

j$.p k(j-1)$.k<k(j) 

It follows that for some numerical constant C 

L2-P (log N{II,r PB 2 ))1/2 

p 

(15.27) 
( )

1/2 

:S cLr j L Cardh 
J k(j-1)$.k<k(j) 

For every j, set 
Uj = L (rlkCard Ik)1/2 

k(j-1)$.k<k(j) 

so that Ej Uj :S 2y3 by (15.24). Since the sequence (2lk Card Ik) is increasing, 

(15.28) ( l . ) 1/2 Cardlk :S Uj 2 k{J)-lCardh(j)_l . 
k(j-1)$.k<k(j) 
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By definition of k(j), Lk>k(j)-1 2-1k > 2-2j- 2. Hence, 

Therefore, 

L 2-1k > 2-2j- 2 _ 2-(2j+1)-2 = 2-2j- 3 . 

k(j)-I<k<k(j+1) 

T 2j (21k(;)-lCard Ik(j)-I) 1/2 :s; 23 ( L 2-1k ) (2lk(j)-lCard Ik(j)-I) 1/2 
k(j)-I<k<k(j+1) 

:s; 23 L (TlkCardlk)I/2 
k(j)-I<k<k(j+1) 

:s; 23 ( Uj + Uj+1) 

where again we have used that (21k Cardlk) is increasing. Therefore, by 
(15.28), 

LTj( L cardlk) 1/2 :s; LT2jUj(2lk(j>-lCardlk(j)_t}1/2 
j k(j-l)$k<k(j) j 

:s; 23/ 2L(Uj(Uj + uHd) 1/2 . 
j 

Since Lj Uj :s; 2V3 by (15.24), the announced claim (15.23) follows from the 
Cauchy-Schwarz inequality and (15.27). 

Now, we make use of this result (15.23) to exhibit a concrete majorizing 
measure satisfying (15.22). Recall that we denote by U the set of all sequences 
of integers n = (nk)k;:::o, nk 2: 0, such that nk :s; k for all k and Lk 2-nk :s; 3. 
For every j 2: 0, let <pj be the restriction map from NIN onto Nj+1, i. e. 
<pj«nk)) = (nk)k:::;j. Set Uj = <Pj(U) and note that CardUj :s; (j + I)!. As for 
the elements of U, for every n = (nk)k:::;j in Uj , we denote by ll(n) the (finite 
dimensional) product of balls 

ll(n) = {x E H j 'V k :s; j, L :s; Tnk , 'V k > j, 'V i E Ik, Xi = O} . 
iElk 

For every j and every n in Uj, let (x(j,n)) be a family of points in ll(n) 
of cardinality N(ll(n), 2-j B2), such that the Euclidean balls with centers in 
(x(j,n)) and radius 2-j cover ll(n). Consider 

m = L L (2j+1(j + 1)!N(ll(n), Tj B2)) -1 8x(j,n) 
j;:::OnEUj 

where 8x is the point mass at x. Since ll(n) c V3£' for every n in U, m is a 
measure on V3£' such that, by construction, Iml ::; 1. Now, if x is in £ C £1, 
there exists n in U with x E ll(n). For every j 2: 0, one can find x(j) in 
ll( <pj(n)) with Ix - x(j)1 ::; 2-j . Then, by the definition of m, 
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m(B(x,Ti+1)) 2: m(B(x(j),2-i)) 

2: (2i+1(j + 1)!N(1J(<Pi(n)),TiB2))-1. 

Note that, for every c: > 0, 

N(1J(<Pi(n)),c:B2) :::; N(1J(n),c:B2)' 

Hence, by (15.23) (and E:' C B2 ), the annoum;ed result (15.22) is clearly 
established. This concludes the explicit construction of a majorizing measure 
on ellipsoids that we wanted to present. 

15.7 Cotype of the Canonical Injection - L 2 ,1 

In this section, we develop a consequence of Sudakov's minoration for Rade-
macher averages (Theorem 4.15) to the cotype properties of the injection 
f! -> L 2 ,l. The result is due to S. J. Montgomery-Smith [MSl). 

Let S be a compact metric space and let C(S) be the Banach space of 
all continuous functions on S equipped with the sup-norm II . 1100' Consider 
an operator T from C(S) to a Banach space B. We denote by C2 (T) the 
Rademacher cotype 2 constant of T, i.e. C2 (T) is the smallest number C such 
that 

for all finite sequences (Xi) in C(S). In particular, we have 

(15.29) 

This is expressed by saying that T is (2, I)-summing (cf. [Pie]). Hence, if 
T: C(S) -> B is of cotype 2, it is (2, I)-summing (i.e. satisfies (15.29)) with 
a (2,1 )-summing constant less than or equal to C2 (T). 

We recall that for a measurable function X on a probability space (S, E, J.l), 
we can define a quasi-norm by 

IIxll2,l = 100 (J.l(lxl > t))1/2dt. 

This quasi-norm defines the Lorentz space L2,l(J.l). It is known (and easy to 
see, cf. [S-W)) that II . 112,1 is equivalent to a norm and, for simplicity, we will 
use below that II ,112,1 as defined above behaves as a norm. 

The canonical injection C(S) -> L2,l(J.l) (or Loo(J.l) -> L2,l(J.l)), for any J.l, 
is (2,1 )-summing. Indeed, by Cauchy-Schwarz, 

( [lIxlioo 1/2 ) 2 
= 10 (J.l(lxl > t)) dt 

:::; IIxli oo 100 J.l(lxl > t)dt = Ilxll oo J IxldJ.l. 
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Hence, if (Xi) is a finite sequence in C(8), 

IIxilloo J IXildJL IXi(S)I) 2 
,t t 

[G. Pisier [Pi17] has shown conversely that an operator T : C(8) -+ B 
that is (2, I)-summing (Le. satisfying (15.29)) factors through L 2,l(JL), i.e. 
there exists a probability measure I' on 8 such that for all X in C(8), 

IIT(x)1I KCllxlI2,l, 

where K is a numerical constant.] 
It is a natural question whether the canonical injection C(8) -+ L2,l(JL) 

is also of cotype 2. The answer to this question turns out to be no [TalO]. 
Nonetheless, we have the following rather remarkable result. 

Theorem 15.20. Consider a probability space (8, E, 1') where E is assumed to 
be finite and with N atoms. Then, the cotype 2 constant C2(j) of the canonical 
injection j : Loo (I') -+ L2,l (I') satisfies 

C2(j) K log(1 + log N) 

where K > 0 is a numerical constant. 

When I' is uniform measure on N points, it can be shown that C2(j) 
K-l(1og(1 + log N))1/2. We conjecture that, in Theorem 15.20, the term 
log(1 + log N) can be replaced by (log(1 + log N))1/2. From the subsequent 
proof, this would be the case if the conjecture on Rademacher processes pre-
sented at the end of Chapter 12 were true. 

Proof. Our proof of Theorem 15.20 relies on Sudakov's minoration for Rade-
macher processes (Theorem 4.15) that can be reformulated as follows. 

Lemma 15.21. Consider a finite sequence (Xi) in Loo(8, E, 1'), where E is 
finite, such that JEll Li eiXilloo 1. Then, for all k, one can find a subalgebra 

E' of E that has at most 22" atoms and E' -measurable functions on 8 such 
that, for all i, Xi = + Yi + Zi where 

IlL: IYill1 = sup L: IYi(S)1 SKI 
• 00 s . t , 

and 

for some numerical constant Kl >-0. 
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Proof. There is no loss of generality to assume that S is finite and that E is 
the algebra of all its subsets. Assume that (xd = (Xi)i::5M. By Theorem 4.15, 

M 2k the subset {(Xi (S) )i::5M; S E S} of R. can be covered by 2 translates of 
the ball K1(B1 + Tk/2 B 2) where B1 = Btt and B2 = Br respectively are 
the £1 and £2 unit balls of R. M. Thus, we can find a partition of S in at most 
22k sets A such that, given A, there exists SA E S with 

For S in A, set = Xi(SA). The conclusion is then obvious. 

As a consequence of this lemma, note that by the triangle inequality 

(15.30) 

Since II Li IYiliioo ::; K 1 , the fact that j is (2, I)-summing already indicates 
that 

The main objective will be to establish the following fact. 

Lemma 15.22. If E has N atoms, then 

for all finite sequences (xd of functions on (S,E,p,) where K2 > 0 is a nu-
merical constant. 

Once this has been established, it follows, together with Lemma 15.21 and 
(15.30), that if lEll Li cixilloo ::; 1, for all k, 

(15.31) 

where (xD are functions which are measurable with respect to a subalgebra 
E' of E with at most 22k atoms and satisfy lEll Li ::; 1. If E has less 

2 k +1 
than 2 atoms, then (15.31) reads as 
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for some numerical constant K3. An iterative use of this property shows that 
if (Xi) is a finite sequence in Loo(S, E, p.), where E has less than 22" atoms, 
with JEll Ei cixill 1, then, for some numerical constant K, 

This shows Theorem 15.20. 
Thus, we are left with the proof of Lemma 15.22. 

Proof of Lemma 15.22. It relies on two observations. First, if X is in L2,1(P.), 
and each atom of p. has mass a > 0, then 

(15.32) 

Indeed, assuming that IIxl12 = 1, we have IIxlioo a1/ 2 • Hence, 
-1/2 r ( )1/2 dt 

IIx1l2,1 1 + 11 tp.(lxl > t) vt 

( [00 ) 1/2 ( [a- 1
/

2 dt) 1/2 
1 + 10 tp.(lxl > t)dt 11 t 

and (15.32) follows. 
The second observation is as follows. Let v be the probability measure on 

(S, E) that assigns mass 1/ N to each atom of E. Let 9 = (p. + v). Since 
p.(lxl > t) 29(lxl > t), we have IIxIlL2.1(1l) v'2l1x II L 2 .1 (8)· 9 assigns mass 

1/2N to each atom of E. Thus, by (15.32), 

IIxIIL2.1(8) 2(1 + log(V2N'))1/2I1xIlL2(8). 

When Ei Xi(s)2 1 for all s, Ei IIXiIlL(8) 1 from which the conclusion 
then clearly follows. The lemma is established. 

15.8 Miscellaneous Problems 

In this last section, we present various problems about (or in relation to) the 
topics developed in this book. Some of them have already been explained in 
their context so that we only briefly recall them here. 

Problem 1. Does inequality (1.1) (Chapter 1) of A. Ehrhard [Ehl] 

4>-1 (-yN('\A + (1- '\)B)) ,\4>-1 (-yN(A)) + (1- '\)4>-1 (-yN(B)) 

hold for all Borel sets A, B in RN (and not only convex sets)? 
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Problem 2. Consider a Gaussian measure J.L on a separable Banach space 
of unit ball B1 • Consider the function on R+, F(t) = J.L(tBt). It follows from 
(1.2) that log F is concavej thus it has right and left derivatives at every point. 
It is shown in [By] that these derivatives are equal so that F is differentiable 
(the proof of [Ta2] is erroneous). One may wonder how regular F is. Actually, 
in all the examples that we know the function F has an analytic extension in 
a sector largzl < 0 (think for example of Wiener measure on C[O, 1]). This 
is a fascinating fact, since a priori one would think that the regularity of F 
should be related to the speed at which F(t) goes to zero when t - O. 

Problem 3. Consider a locally convex Hausdorff topological vector space 
E and J.L a Radon measure on E equipped with its Borel a-algebra that is 
Gaussian in the sense that the law of every continuous linear functional is 
Gaussian under J.L. It is known that there is a compact metrizable set K with 
J.L(K) > o. But does there exist a compact convex set K for which J.L(K) > O? 
An equivalent formulation is the following. Consider the canonical Gaussian 
measure "IN on RN and a compact set BeRN such that "IN(B) > O. Let E 
be the linear space generated by B, i. e. E = Un Bn where 

Bn = [-n,n]B + [-n,n]B + ... + [-n,n]B , , 
v 

n times 

(and [-n,n]B = {Ax; 1>.1 :s: n, x E B}, D + D = {x + Yj X,Y ED}). Is it 
true that for some compact convex set A with "IN(A) > 0, we have ACE? 
It is not difficult to see that this problem is equivalent to the following. Does 
there exist n with the following property: whenever BeRN is such that 
"IN(B) 2: 1/2, then Bn contains a convex set A such that "IN(A) 2: 1/2. It 
does not seem to be known whether n = 3 works. 

Problem 4. In relation with Corollary 8.8 (Chapter 8), are type 2 spaces the 
only spaces B in which the conditions lE(IIXII 2 / LLIIXID < 00 and lEf(X) = 0, 
lEJ2(X) < 00 for all f in B' are also sufficient for X to satisfy the bounded 
(say) LIL? It can be seen from Proposition 9.19 that a Banach space with this 
property is necessarily of type 2 - e for all e > 0 (see [Pi3]). 

Problem 5. Theorem 8.10 completely describes the cluster set C(Sn/an) of 
the LIL sequence in Banach spaces. In particular, using this result, Theorem 
8.11 provides a complete picture of the limits in the LIL when Sn/an _ 0 
in probability. One might wonder what these limits become when (Sn/an) is 
only bounded in probability, that is when X only satisfies the bounded LIL. 
What is in particular A(X) = limsuPn-+oo IISnli/an? Example 8.12 suggests 
that this investigation might be difficult. 

Problem 6. Try to characterize Banach spaces in which every random vari-
able satisfying the CLT also satisfies the LIL. We have seen in Chapter 10, 
after Theorem 10.12, that cotype 2 spaces have this property, while conversely 
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if a Banach space B satisfies this implication, B is necessarily of cotype 2 + g 

for every g > 0 [Pi3]. Are cotype 2 spaces the only ones? 

Problem 7. Theorem 10.10 indicates that in a Banach space B satisfying the 
inequality Ros(p) for some p > 2, a random variable X satisfies the CLT if 
and only if it is pregaussian and limt-+oo t2p{IIXIl > t} = o. Is it true that, if, 
in a Banach space B, these best possible necessary conditions for the CLT are 
also sufficient, then B is of Ros(p) for some p > 2? This could be analogous 
to the law oflarge numbers and the type of a Banach space (Corollary 9.18). 

Problem 8. More generally on Chapter 10 (and Chapter 14), try to un-
derstand when an infinite dimensional random variable satisfies the CLT. Of 
course, this is in relation with one of the main questions of Probability in 
Banach spaces: how to achieve efficiently tightness of a sum of independent 
random variables in terms for example of the individual summands? 

Problem 9. Try to characterize almost sure boundedness and continuity of 
Gaussian chaos processes of order d 2. See Section 11.3 and Section 15.2 in 
this chapter for more details and some (very) partial results. As conjectured 
in Section 15.2, an analog of Sudakov's minoration would be a first step in 
this investigation. Recently, some positive results in this direction have been 
obtained by the second author [Ta16]. 

Problem 10. Recall the problem described in Section 15.6 of this chapter of 
the explicit construction of a majorizing measure on Conv T when there is a 
majorizing measure on T. 

Problem 11. Almost sure boundedness and continuity of Gaussian processes 
are now understood via the tool of majorizing measures (Section 12.1). Try 
now to understand boundedness and continuity of p-stable processes when 
1 P < 2. In particular, since the necessary majorizing measure conditions 
of Section 12.2 are no longer sufficient when p < 2, what are the additional 
conditions to investigate? From the series representation of stable processes, 
this question is closely related to Problem 8. The paper [TaI2] describes some 
of the difficulties in such an investigation. 

Problem 12. Is it possible to characterize boundedness (and continuity) of 
Rademacher processes as conjectured in Section 12.3? 

Problem 13. Is there a minimal Banach algebra B with A( G) B C( G) 
on which all Lipschitz functions of order 1 operate? What is the contribution to 
this question of the algebra B discussed at the end of Section 13.2? Concerning 
this algebra B, try to describe it from an Harmonic Analysis point of view as 
was done for Ca .s. by G. Pisier [Pi6]. 
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Problem 14. In the random Fourier series notations of Chapter 13, is it true 
that 

for every (finite) sequence (x'Y) in a Banach space B when is either a 
Rademacher sequence (c'Y) or a standard p-stable sequence (01'), 1 < p < 2 
(and also p = 1 but for moments less than I)? The constant K may depend 
on V as in the Gaussian case (Corollary 13.15). 

Notes and References 

Theorem 15.2 originates in the work of V. D. Milman on almost Euclidean 
subspaces of a quotient (cf. [Mi2), [Mi-S), [PiI8)). V. D. Milman used in-
deed a version of this result to establish the remarkable fact that if B is a 
Banach space of dimension N, there is a subspace of a quotient of B of di-
mension [c(c)N) which is (1 + c)-isomorphic to a Hilbert space. A. Pajor and 
N. Tomczak-Jaegermann [P-TJ] improved Milman's estimate and established 
Theorem 15.2 using the isoperimetric inequality on the sphere and Sudakov's 
minoration. The first proof presented here is the Gaussian version of their ar-
gument and is taken from [PiI8). The second proof is due to Y. Gordon [Gor4) 
with quantative improvements kindly communicated to us by the author. 

Proposition 15.5 was shown to us by G. Pisier. As indicated in the text, 
some positive answers to the conjectures presented in Section 15.2 were re-
cently obtained in [TaI6). 

Section 15.3 presents a different proof of the sharp inequality that J. Bour-
gain [Bour) uses in his deep investigation on A(p )-sets. 

Theorem 15.8 is taken from the work by J. Bourgain and L. Tzafriri 
[B-Tl) (see also [B-T2) for more recent informations). The simplification in 
the proof of Proposition 15.10 was noticed by J. Bourgain at the light of some 
arguments used in [TaI5). 

Embedding subspaces of Lp into e: was considered in special cases in 
[F-L-M), [J-Sl), [PiI2j, [Sch3), [Sch4) (among others). In particular, a break-
through was made in [Sch4] by G. Schechtman who used empirical distribu-
tions to obtain various early general results. Schechtman's method was refined 
and combined with deep facts from the Banach space theory by J. Bourgain, 
J. Lindenstrauss and V. D. Milman [B-L-M). In [Ta15)' a simple random choice 
argument is introduced that simplifies the probabilistic part of the proofs of 
[B-L-M]. The crucial Lemma 15.15 is taken from the work by D. Lewis [Lew). 
Theorem 15.12 was obtained in this way in [TaI5]. It is not known if the K-
convexity constant K(E) is necessary. The entropy computations of the proof 
of Theorem 15.13 are taken from [B-L-Mj. 
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The proof of the existence of a majorizing measure on ellipsoids was the 
first step of the second author on the way of his general solution of the ma-
jorizing measure question (Chapter 12). A refinement of this result (with a 
simplified proof) can be found in [Ta21], where it is shown to imply several 
very sharp discrepancy results. 

The results of Section 15.7 are due to S. J. Montgomery-Smith [MS1] (that 
contains further developments). The proofs are somewhat simpler than those 
of [MS1] and are taken from [MS-T]. 
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